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1. The well-known system of Rademacher functions was generalized to
a system of functions whose values are o*, 2=0,1,2,...., &« —1, where «
is a natural number and o is one of the primitive a-th roots of 1, by P.Lévy
[3], and the latter was made to be a complete orthonormal system, i.e. the
Wa system of generalized Walsh functions by H. E. Chrestenson [1]. These
systems are known to preserve some essential properties of original ones.
In this direction, it would be of some interest to ask if analogous generali-
zation is possible for the Haar system [2], which is very close to the Walsh

system, and we shall show it is possible, preserving some of the convergence
characters of the Haar system.

2. We shall define two systems of orthogonal functions, with period 1,
the latter we shall call the generalized Haar system or simply the Ha

system ; the denomination will be seen natural, as the argument proceeds.
We put

PA%) = @o,o(x) =1 0=x<1)
@1(%) = @1,(%) = o tlazx<k+1)]a, k=0,1,...., xa—1)
and generally for A =2,
o (plart + klar < x < plar1+(k+1)/aMkE=0,1,....,a—1)
Prul®) = {0 elsewhere

p=01 ..., —1;A=23,....,
Xo(%) = @o(%)
XD = (qn, M(x))v e A-Dr2 (’: Z })” . "’.i“a_:—} - 1;)” =12 ... )
and we arrange x{"), lexicographically with respect to A, u,».
It is clear that the system {x } = x{", thus defined forms an orthonormal
system, i.e.

1 1 (m = n)
f Xn(X)Xn(%) dx = {
0 0

(m = n).
Moreover, it is also a complete system, for, f& L(0,1) and

f fX)Xn(x)dx% =0 n=012....)
0

imply in particular
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1 1
fﬂx)dx:O, fﬂx)(q;l,o(x))”dx:o @w=1....,a—1)
0 0

and, denoting f f(t)dt by F(x), we obtain
0

RO)=F1)=0
a-1

E+1 k
Em"’"(F(a—) _F(E))=O =1 ....,aa—1).
The determinant of these linear equations with respect to F0), F(),....,
F(+1)/a) — F(k/ag) (=1, ....,a —1)is the simplest alternating function of
o"s, and w being a primitive a-th roots of 1, this determinant has a value
other than 0. So we have

F0) = FQ1)= F(k+ 1)/a) — F(k]/a) = 0 (k=1,....,a—1)
ie.
Fla)=10 (=0,1,...., a).
Similarly, starting from
1 , (n+1)/@ Y .
[ 1o (s Yax= [ 70 (usin ) ax=0
0 ple
Wwe see
Fpla + klaz)=0 - (k=01,....,a; p=0,1,....,a —1).
The same argument shows, in general, that
Fklar) =0 (=0,1,....,a*—1; A=0,1,2,....)

and since F(x)is (absolutely) continuous, it follows that F(x) vanishes identi-
cally for 0 < x < 1, from which follows at once
Ao =2 Fmy=0 ae.

It should be noticed that every Ws (resp. H,) function is a finite linear
combination of Hy, (resp. Ws) functions, and so, the completeness of one
of the two systems is deduced from the same property of the other.

3. Fourier expansion. Let f(x) € L(0,1) and put
1
(¢)) Cn = f FX)xa(%) dx.
0

We shall call the (formal) series
(2) J(%) ~ coXo(x) + aXa(x) + ... + caXn(2) + .. ..
the Ha. Fourier series of f{x); the sign ~ means that the coefficients c, are
defined by the formula (1).
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Let su(X) = sa(x; /) be the sum of the # first terms of the series (2):

sw(®) = ﬁax.-(x) B §_:x,~(x) f SOX:(t)at

i=0 t=0
1
- f F@) Ko, £) dt
0
where
n-1

K%, 8) = 0 Xu(HXa(2).

" The kernel K.(x, t) is a quasi-positive kernel, i.e. it satisfies

1° fllK,.(x,t)ldtgc =12 ..;0<5x<1)
for some C (indep(:ndent of » and %),

2° flK,.(x,t)dt=1 n=12...;0<x<1)
3° ”1_1){_131| zrnﬂ:g IOKn(x, B =0 for every (small but fixed) 8 > 0.

2° is a direct consequence of the orthonormality of the H, system. For
the proofs of 1° and 3°, it will be convenient, after Haar [3], to illustrate

the behaviour of K(x,?).
We note, first of all, if a*-! < #n < a*, then the last of X’s in Ky (i.e. Xn-1)
is the X{"), where :
A-1

n=l+@—-1)Da" ! + pla—1)+v=a 1+ pa—1)+»
=1 .

with
0<pu<a), 1Sv<a—1
Next, it is easily seen that, if @y (B, u(?) =0,

§(¢t\,u(x)5x.u(t)>v = {tf__; '

v=1

in accordance with the fact that ¢ is, or is not in the interval
L(x): klar < x< (& + 1)]a* N 2 e |
and consequentely

"‘2“ ) (LD {a" —ar1 (t € I\(x))
XM ()X () =
el —aM1 (t € h-y(%) — IN(%)).
From this equality it follows that

e T (@ ket %4t < (D] k=01, .., (u + Da—1
B3) Kar-1iquen@-n(% L) = *a’\-l, mlar-1 < x,t < (m+1)/ar, m=p+1, . . ar1—1
0, elsewhere. ,
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The circumstance is illustrated in the figure for the case
a=3x=3u=3

; =3 A=3 p=3
Ky X0 [
' 9
|
i
i 9 E
9 {
-------- g
1 X
In particular, for p=a*!—1,
a?\
0 K%, t) = { ¢t 1)
X (t € Ix)).

Now it would be clear that K, satisfies the condition 3°, for, the
K,\(x, t) does vanish except for ¢ € I\(x), and so do all the Xs,
arsn=sart —1.

The inequality
1 1 v 1

f IKn(xy t)ldtéf Ku"“1+,,.(m-1)(x: t) dat + Ef IXuk—l-'.p(w-1)+i(x)}7m>\—1+p.(¢-1)+i(t)ldf
0 0 i=1g
=l1+rv=Sl4+(@—-D=a
shows that K.(x,t) satisfies also 1°, with C = a.
Thus we have proved the following proposition :

THEOREM. The H, functions form a complete orthonormal system; for any
integrable function f(x), the H, Fourier series of f(x) converges atl every point
of continuity to f(x); in particular, if f(x) is continuous at every point of an
interval [a,b] < [0,1), its Hx Fourier series converges to f(x) uniformly in [a, b].

N.B. 1. A moment’s consideration shows that the constant C in 1° can
be replaced by 1+ a/2 if a is even, and by 1 + (e —1)/2 if a is odd.

2. We have incidentally shown (see the formula (4)) that if K}(x, ¢) denotes
the kernel of W. system, then
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K (% 1) = Ko\x, 1)
and, for every integrable f, we have

S x; N = f [t) K \(x, t)dt = a*f J)dt = f(x) a.e.

@)

as A\ —> oo,
3. From the formulas (3) and (4) it is easily seen that, for every A, p
(which may be measurable functions of x),

Ky 14 ueny@-1(%, ) either = K,\(%,1) or K,\_.(%, ).
And the argument in proving 3° shows

| Sn(ax(®)| = ’ f AOKAx, 1) dtl

= f ) K% t)dt + f If(t)lzlx‘”(x)x‘” ()lat

=1
= 20(x) + 2D(x) = 4P(x) (I=xorn—1),
where ®(x) is the “maximal average” of |AZ)| at ¢t = x:
£ 238
= t .
D(x) = Sup - 2h [A)| dt
Thus the well-known maximal theorem of Hardy and Littlewood gives
1 1r 1
(f [ Sn(2)[" dx) = A,f 1f(x)| dx O<r<l).
0 0
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