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Introduction. It was proved in [3] that if X is arcwise connected and
τri(X) = 0 for i < n, n < i < q, then Ht{X, G) ς* Hι(K, G) for i < q, and Hq(X,
G)/Xq(X,G) ^ Hq(K,G), where K= K{iτm{X, m)), and XHX,G) is the spherical
subgroup of the q-th homology group Hq{X,G). In other words under the
above conditions, the group τrn determines in a purely algebraic fashion the
homology structure of X in dimension < q. The group iτn also partially
determines the ^-dimensional homology group of X. In [3] Eilenberg-MacLane
invariant k 7 + 1 determines fully the structure of X in the dimension <i q.

A. L. Blakers introduced the notions of group system and set system in
[2]. It was proved that if in the set system © = {Xt} the natural homomor-
phisms 7n(Xi-i) -*τrι(Xi) for all i < q (q > 0) are trivial, then the chain trans-
formation K induces isomorphism K* . 27<(S(©)) ̂  Hι(K(TI{<&)) for all i < q,
and for i = q, the induced homomorphism K* : Hq(K(<S))-+Hq(K(Π.(<&)) is
onto.

In § 2 we give a generalization of Eilenberg-MacLane invariant kα + 1(Φ)
this invariant is a cohomology class of a suitable algebraic cohomology group
fl*+1(/£(Π(@), τrQ(Xq)) of the group ϋΓ(Π(©)), with coefficients in πτq{Xq\

It is shown that this invariant k 9 + 1(Φ) fully determines the structure
S(@) in the dimension < q, and we have the following:

THEOREM. If the natural homomorphisms 7Γi(Xf _i>->7Γi(Xi) /or i < q,q >0
are trivial, then

HKS{(S), G) ^ mK(Π((&), G) for i < q

H%S(B), G) ^ H%K*, G),

where K* is the new complex which we will define in § 3.
The main purpose of the present paper is to show the second .part of

the above theorem.
In § 4 we state algebraic considerations.

1. Preliminaries. We shall use notations and terminologies in [2] and
[3].

Let X be an arcwise connected topological space with a point XQ which
will be used as base point for all of the homotopy groups considered in the
sequel. Let a sequence © = {Xt}, i = 0,1, be a set system in X (cf. [2]).
With the system we associate the groups 7Γt(©j = 7n{Xi, X-i), i = 1,2,
with Xu as base point. (τrι(@) = WiGXΊ, Xo) = ττι(X).) We consider operator
homomorphisms Δ*: Wi(©)->7Γi-i(@), for i = 2, 3

(1.1) For each set system © ί/iβ groups TΓK©) «^J homomorphisms Δ«
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a group system. Π(©) is called the group system associated with the set system
@. {See [2], § 10).

We write [n] for the naturally ordered set of integers {0,1, n}. Let
a : [m] -• [n] be a monotonic map, such that a{i) <Ξ a(j) for i < j . The map
a is called degenerate if a{i) = a (7) for some 1 < / We introduce the special
monotonic maps 8n : M -> [«] defined as the identy map and £l

n : [w — 1] -• [«].
If i = 0, w, the map βι

n (i fixed) is defined as the monotonic map of [n — 1]

onto the ordered set {0,1, , i — 1, 1 + 1, w}.

(1. 2) £ί £>_, = Si S^ 0^j<iSn. (See [1J § 1)

aω . [m — i] _• [w] for # . [m] -> [w] a r e defined by α ( 0 = a 8ι

m. If 0 ̂  ιΊ <

< ir<:m, then we define #«!»<»»•••»<»•> inductively by tfd.'*••••*!•> = [^('2. ι'r)](Ί)#

Let 0 ̂ i , < yx < < m be the set complementary to ilf ir in [m], then
we also write

Let © = {Gi,ψi} be a group system. Blakers introduced the semi-simpli-
cial complex /£(($) on the group system. We shall recall the definition and
some results. An w-cell of K(($) is defined to be a sequence of functions Φ =
(ψ\,φ*, ), where φt (i fixed) is a function of a variable a, a being the
map from [1] to [n] with values in d subject to the following conditions:

(Φl): If a: [1] -»[n] is degenerate, then î(<%) = 0 for n > 2,
£>i(αθ = 1 for n = 1 or 2,

(Φ2): ψ*p*(a) = ^i(α:(2>) ^i(α(0>J[^i(αα>)]-1, where α is a map [2]->M,

(Φ3): ψ3φ3(a) = [^i(α(o,i))^α w )] W α ^ f W α ^ ) ] " 1 ^ ^ ^ ) ] " 1 ! w h e r e

α: is a map [3] —• [w],

(Φf): Ψi(φi)(a) = ^iίΛ(o,i))^i-ito(O)) + 2 ) - / ~ ^ V i - Λ where
α: is a map [ι]-> M.-

We define the i-facs (i = 0,1) of an 1-cell Φi to be the unique 0-cell Φ,,.
The /face Φ%> of an w-cell Φn (j = 0,1, . . . . , n) is defined by Φ<» = (φ™, φ^\

such that φ\*\a) = φt(S{a) where α is the map [ι] -> [w — 1]. ^ ( 0 satisfy
the conditions (Φl), (Φ2;, (Φ3), (Φt).

With these definitions K{(3) is obviously a semi-simplicial complex. We
shall intoduce the symbol Φ(ίl> ^ = Φo0, M-r) ^ o r 0 S «i < '̂2 < 4 < ^ ^

Let Φ = (φ1} ψ.λ ) be an w-cell, then φn+1 is the trivial functions.
Since φn has the only non-degenerate map 8n: [n] -> \n], φn is determined by
ψn'8n) € Gn. We define y(Φ) by γ(Φ) = φn(£n).

Let G be an abelian group with Gι as operator, and we assume that φ-zG^
is trivial on G. Then we can construct a local system of abelian groups in
K, and we denote by H'(K(($), G) the cohomology group of K with coefficients
in this local group. Let S(X) be the total singular complex. We denote by
S(©) the subcomplex of S(X) consisting of all singular simplexes T such that
T: Δq -> Xic:X for £ > 0. A subcomplex M\©) of S(@) will be called minimal
provided : (i) For each q > 0 the collapsed ^-simplex T : Δ^ -> x0 is in Λf(©)
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and (ii) For each T € S(©),Λf(©) contains a unique sigular simplex T € S(©)
compatible with and homαtopic to T.

We shall consider the prism Π 7 = Δ7-i x /, q > 0 where Λi-ι is the {q —
l)-simplex used to define singular (q — l)-simplexes. The maps ^ - i : Δ7-2->-
Δ,-i, * = 0, . . . . , q - 1 define maps p\: Uq-X -> ΠQ by setting #(#, *) = (e^t), t).

We further have the maps b\: Δ^-i -> Πβ (0 ̂  ί <; 1) defined by &£(#) = (#,
J). P : Π Q ~ > X is a singular #-prism in X, and P ( 0 = P£*: Πq-i-^X is the
2-th face of P, i = 0, , q — 1. The singular (q — l>simplexes P(t) = pb\:
Δq-i ~> X, 0 <; t ^ 1 will be considered.

(1.3) For any q-simplex in S(@), ίΛβrβ is « singular (q + lyprism Pr in
X subject to the following conditions : (i) PS) = Py0, (ii) Pr (0) = T, (iii)
PAX) € M(©), (iv) / / T € Λf(@) /Aβ/i Pr(0 = T for all t ζ I, (v) Pτ(t) (Δq,i)a
Xt. (cf [1] §5 (5. lj)

If we denote ψtT = Pτ(t) (Qt^t <, 1), then for every singular ^-simplex
in S(©) (φtT)(p) is continuous with respect to /> and ί and conditions (i>(v>
can be rewritten as follows: (i)' φt: S(©)-> Sί©) is simplicial, (ii)' <p0 is the
identity, (iii)r φ{Γ € Λf(@J, (iv)' ^ofT = T for T € Λf and 0 ^ ί ^ 1, and (v)'

Δq^CZXi.
This is proved similary as ([1] §5). Thus we have the following:

(1. 4) The inclusion simplicial map i : M(©) -> S(©) ^^^ ίAe simplicial map
φι: S(©) -> M(©) «rβ maps such that the composition φγ i: M{β) -> Λf(©) is
ίAβ identity, while the composition iφι . S(©) -* S;©j zs cAαm homotopic to the
identity.

A corollary of (1. 4) is

(1.5) The inclusion map i . Λ/\©)—> SV©) induces isomorphisms of the
homology and cohomology groups of the S(©) M;#A ί/ίos^ o/ //Ϊ^ minimal complex

Let G be a local coefficient system in S(©) and G' be the induced local
system in M(@).

(1.6) TA^ inclusion map i : Λf(©)->S(©) induces isomorphisms

i* : H%S((&), G) ^ #'(Λf(@), GO,
), G) ̂  Hq(M(&), G).

In particular, when τri(©) acts as a group of operators, on G and ^37ra(©)
acts trivially on G, the group G induces a local coefficient on S(©) and local
coefficient system on

(1. 7) T/t̂  simplical map φx maps the minimal complex Mi isomorphically
onto the minimal complex M.

Let X, A be arcwise connected topological spaces such that XZDA ^ XO A
singular ^-simplex T: ΔQ->Xsuch that T(Δq, Q-ι)aA, T(d>) = x0 determines an
element of the homotopy group 7rq(X, A). We denote this element by a{T).
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Consider a map/: Δ^+i^-^X such that f(d°q+1) = *b, then the map / deter-
mines an element c(f) of 7rq(X).

(1. 8) Let f be a map such that Δq+i, Q -* X, /(Δg+i, q-i) -> Λ «/&/ /(Δ^+i, 0) =

*b. Ze* Γ* = /ej+1 (i = 0, ...., # + 1). If q = 1, Γ* (1 /z*£d) determines an element
a(T) of irι(X), and if q :> 2, T* {f fixed) determines an element a(T) of τrQ(X
A). Moreover, the following relations hold good:

c(f) = aφWFMT1)-*, q = 1

where a is the element of τri(AΓ) determined by the edges d°Ί+ι, dι

q+ι and the map
fjq> r7Γq(X)~>'7rq{Y,A) is a homomorphism induced by the injection X-+(X,A).
(cf [2]).

2. Invariant. Let T € S(@) be a singular ^-simplex. For a : [z] -> [q],
l<^i^q. Ta is an ί-simplex of S(@). Let To: be a map such that At -• -X*,
Tα(Δ ί | t-i) c: X_i and Tα(d?) = Λb. Hence an element a{Ta) € τrί(©) is deter-
mined.

We put ψi{a) = a{Ta). φι (i fixed) is a function of a variable, the variable
being a map from |Y] to [q] with values in 7Γί(©). We assume that if a is
degenerate ^(α) = 0 for i > 2 and 9?<(α) = 1 for 1 = 1, 2. The sequence of
functions (φlf tφnj ) will be called the schema of the singular simplex
T. The function φn is trivial for n > q. The function of the schema satisfies
certain identities which are immediate consequences of the additivity theorem
(1.8) and the definition of homomorphism Δί (cf. [2] §3).

Then the schema Φ = {φuφh ) of T is an w-cell of /?(![(©)).
We define κ(T) by κ(T) = Φ. Obviously κ{T^) = Φ ( 0 , hence /cisa simpli-

cial map. Since Λf(@) is a subcomplex of Sί@),

is defined. By ([5] p. 391) we have the following:

(2.1) If To and 7Ί ̂ r^ m^s such that (Aq, Δ7-i, rf°)->(-Xi, Xq-U Xo) and
Ti) = a(T0) -

LEMMA. //" in the set system © = {Xi} the homomorphisms τπ(Xi_i) -> 7Γi

(X), / < i>, # > 0 αr^ trivial, then there is a semi-simplicial map K :

M(^>)such that KK'= ί/̂ g identity and K is determined uniquely on /^

PROOF. M(©) and ^C(Π(©)) have exactly one 0-simplex T° and one 0-cell
Φ° respectively. We define <Φ°) by AΓ(Φ°) = T°. Let Φ1 be a 1-cell of .ff(Π
(©)) and V a map which represent γ(Φx) € wi(X), then there is T1 € Λf
homotopic with Γr. We define ^(Φ1) by ^(Φ1) = T1. It satisfies ^ ( Φ 1 ) = Φ1.
Suppose that K is well defined for all cells of dimension < i (1 < i ̂  q). Let
Φ be an /-cell of #(Π(©)), such that γ(Φ) € τrί(Xi,X-i), γ(Φ(ί)) € w*-i (ΛΓ<-ι,
Xt-a), 7(Φ(o.i>) € 7Γi(XΊ). By the inductive hypothesis there are(/ — l)-simplexes
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Tj, j = 0, . . . . , i in M such that Tj = (*ΦC») and we have T) = TV"1* for £ < /.
This implies the existence of a m a p / : Δ«,ί-i->Xi-i such that fe{ = T/,y =
0, , /. A map / such that /(Δί,t-i)c:.Xi-i determines an element c(f) € 7Γί_i
CXi-i). The elements c{f), 7(Φα )), 7(Φ«M)) are connected by (1.8) and the

elements γ(Φ), 7(Φ ( O), 7(Φ(o,i)) a r e related by

Δ27(Φ) = 7(Φ(o,i))7(Φ(O)) [7(Φ ( 1 ))]-\
Δ 3 7(Φ)= Γ7(Φ(O J D)7(Φ ( O ) ) ] 7(ΦC2))

Δiτ(Φ) = 7(Φ<U.D) 7(Φ ( 0 )) + Σ l - i

It follows that Δί(7(Φ)) = λ«-i(c(/)), where λί_! are the natural homomorphisms
λί-j: TΓί-xCXί-i) -> in{Xi-l} Xi-z). That is λi-ι9ι(7(Φ)) = λ t-i c(/") where 3* are the
natural homomorphisms 9,;: 7Γt(Xt , X _i)->7Γt-i(^ί_i). But from the hypothesis
the natural homomorphisms 7Γi-i(Xt_2)->7Γt_i(Xi_i) are trivial, and hence
from the exactness property of the homotopy sequence of the pair (Xi-i,
Xi_2\λ{_i are isomorophisms into and hence 3*7(Φ) = c(f).

It follows that the mapping / has an extension VAt -> Xi such that 7(Φ)

= c(T') and there is an element T € M(©) compatible and homotopic with
T. We define κ(Φ) by *Γ(Φ) = T. It satisfies KK (Φ) = Φ.

Now, we shall prove the uniqueness. If q = 1, this is obvious. Suppose

that the uniqueness has been proved for 0 <ί / < # — 1. Assume that /c(Φ) = T

and Λ:'(Φ) = T, where Φ is an /-cell in K(Π(®)). Then Γ^> = ΐ" (φω) = ί7

(φθ>) = Γ/o>, hence Γ, T' is compatible. By (2.1)

\id(T, T) = fl(T) - tf(Γ') == 7(Φ) - 7(Φ) = 0.
Since λί (i fixed) is an isomorphism, d(T, T) € r7n{Xt) is zero. Therefore T, Tr

is homotopic in Xi fixing the boundary of Xif and by virtue of the fact that
T, T € Λf(@), it follows that T = T', and hence /e = Λ:'. q. e. d.

Let Φ be a (q + l)-cell of 2Γ(Π(@)), then 7φ ( ί> = T ( i ) is a ^-simplex of
M(©). By the simpliciality of «Γ, (T(O)°> = (ΓCf))«-υ for j < /, hence a map of
(Φ): Δ/+i,Q -> XQ is defined by f(Φ)e\+ι = T ( O . Then/(Φ) deterxΊiines an element
cίΛΦ)) oiirJJQ. We define ^ + 1 ( Φ ) by ^ + 1 ( Φ ) = c(f{Φ)) € irq{Xq). Thus ^ + 1

(Φ) is a cochain, i. e., #*+1(Φ) € Cq+\K,irq{Xq)). We have easily the following
lemma (cf. [3] p. 503):

LEMMA. & Q + 1 ( Φ ) is a cocycle.

The cohomology class of the cocycle kq+1(Φ) will be denoted by kα + 1(Φ).
It is an element of the cohomology group Hq+1(K, 7rq(Xq)).

By the way analogous to the proof of Theorem 1 of [3] we have easily
the following

THEOREM I. If in the set system © = {Xt} the natural homomorphisms
f7Γi(Xt-ι)->7ri(Xi) for all i< q, q > 0 are trivial, then the cohomology class k9+1

(Φ) € Hq+1(K, 7rq(Xq)) is a topological invariant independent of the choice of

minimal complex Λf(@) and the simpliciάl map K used in its definition. If k is
any cocycle in the class kQ+1(Φ) and M(©) any minimal subcomplex of
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then a suitable choice of K will produce k as the cocycle kq+1.

3. The m a i n theorem. Suppose that Λf(@) be a fixed minimal subcom-

plex of S(©). We assume that Ίn(Xt-ι)->in(Xi) are trivial for* < q, q > 0,

and that a function ιc has been selected so that to every cell Φ of UL(Π(©))

of dim <i q, there corresponds a singular simplex *r(Φ) of MijS) such that KK

(Φ) = Φ.

The obstruction cocycle defined by making use the function Φ is kq+1 £t

Z*+1(K(Π(β)), τrq{Xq)). For each /-cell / < q, Φ of #(Π(©)) we shall denote

by [Φ] the singular simplex Λ ( Φ ) .

Thus κ[Φ] = Φ, and [Φ]' = [Φ«>]. For each tf-cell Φ of KOUβ)) and for

each x € πJXq) we shall denote by [Φ, x] the unique ^-simplex of Λf(@)

compatible with κ{Φ), such that d(/c(Φ), [Φ, X\) = *. Thus Λ:[Φ, X] = Φ, [Φ,

0] = ~fcφ, d([Φ, x], [Φ,y]) =y-x, and [Φ, Λ]«> = [Φ«>] for ί = 0, . . . .q.

Every tf-simplex T of M(©) is of the form [Φ,x] i.e. T = |>7\ J(/c^
T, T)]. Thus a complete description of the simplexes of M(©) of dimension
<i# is obtained.

(3.1) Zβί [Φo,#], [Φi.Λfi], , [ΦQ+I, Λ^+I] fe ^ii^Λ. A (^ + D-simplex T
in Λf(@) s^c/i ί toί T ( O = [Φί,ΛΓt] Ĵt:/5ί5, ?/ UWG? ow/y ?/ /^er^ /s a (q

2 = 0 and if ^ = 2, iq(kq+1

Q + l

(Φ) + α*b + 2 ( - 1)ίΛΓί) = °

LEMMA. Zβ/ /0 and A be two maps such that Δq+i^-tX, /o(Δ9+i,o) =/i
(ΔQ+I,O) = Λύ «wJ/) =/i o^ Δ,+i,7-i, tf > 1. Z ^ Γj -fje!

q+ι be maps such that
Δq -» X for i = 0, . . . . , q + l,y = 0,1. Smc- Γj and T[ are compatible, d{T'^ T[)
is defined. Let a be the element of 7Γi(Xq) determined by the edge JJ+1, *ζ+ 1 and
either of the maps f0 or Λ (which agree on this edge). Then

Q+l

cC/i) - c(Λ) = a d{T>n, T\) + 2 ( - 1)' 4JI TO- (cf. [3], p. 515)
1 = 1

PROOF OF (3.1). The necessity can be proved in the same way as the proof

of ((4.1) [3]). We shall prove now the sufficiency. Let Φ and ΛΓ(Φ(O) are a
(q + l)-cell of ϋΓ(Π(@)) and a ^-simplex of M^©) respectively. Then we have

ί/(ΐ(Φ(O),/i) = Xi for Xi € rτrq(Xq)y where/ί is a simplex of M(@) such that A
= [Φ ( O , Xil Map / : Δβ+i.β -> Xq is defined such that / ^ + 1 = /*. The map / will

be extended to a map / : Δ^+i -* Xq+ι. To prove it we consider the map /e(Φ(O):
then the map defines a map £: ΔQ+i,Q->Xg such that gΊ = iĝ J+i =

[φ(0 ; 0]. Since feι

q+1 =ft = [Φ(ί>, Λ ] , we have / = # o n Δ,+i,β. By the
above Lemma
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Therefore c(f) = k(Φ) + 2 / 1 / " 1)iχi>

iΛf)^ h (*(Φ) + ΣHo ί

hence/can be extended to map/7 Δ^+i ->- Xq+i If we take a simplex of

Λf(©) compatible and homotopic to /«, then we have

yco = (/)« = /, = [φco> Λ] = [φ,, Xi],

The case # = 2 is proved similarly.
These considerations lead to a description of the cochains of dimension

<Ξ q on the Λf(©) with coefficients in any group G. Indeed the cochains of
dimension < q may be identified with the corresponding cochains of UL(Π(@)).
The cochains of dimension q are G-valued functions /(Φ, x) of two variables
of which the first is a ^-simplex of ϋΓ(Π(©)) while the second is an element
of w-XXi).

Such a function / is a cocycle on M(©) under following assumptions.
For every (# + l)-cell Φ of HL(Π(©)) and for every system of elements x0,

, Xq+ι^.irq{Xq) such that

the equality

holds for q > 2. If # = 2 then in (*), (**) we have to replace the terms x0

and /(Φ ( o ), x) by a#0 and af(Φw,x), where a^ττι(Xq) is the element repres-
enting the 1-cell Φ(0,i).

A function f(Φ, x) yields a coboundary in MCS) proveded there is a cochain
g € C-HKOK®)), G) such that (Sg) (Φ) =f(Φ,x) for all Φ and x.

Therefore, we define the new complex K* as follows: each (q — l>cell of
K* corresponds 1 to 1 to each #-cell Φq € K(IL(<&)), a #-cell of K* is the
symbol Φ = [Φ, x], (q + lj-cell of K* is Φ = [Φ, x] such that its faces [Φ (ϋ),

Xol, , [Φ ( < ϊ + 1 ), xq+1] satisfy the condition iq(kq+ι(Φ)) + Σ ( ~~ ^)ίχ0 = ^.
i=ϋ

Resuming the above results we have the following theorem:

THEOREM II. Let © = {xt} be a set system, and let natural homomorphisms
rτri(Xi-ι)-^ΊΓi{Xi) for i < q, q > 0 be trivial. Then for any coefficient group G,
the cohomology group HHSiQ), G) is isomorphic to H(K*, G) for i <L q, i. e.

mS(&), G) ^ H(K*, G) for i ^ q.

4. Algebraic considerations. We consider the following algebraic
situation. Let (S = (TΠ, G) be a group system and G be an abelian group and
suppose that a cocycle Zq+1 (K{&), irq(Xq)) is given for 1 < q. We consider a
function f(Φ, x) with values in G, of two variables, the first of which is a q-
cell of K(&), while the second is an element of irq{Xq). These functions /(Φ,
x) are subject to the following condition:

(4.1) For every (q + l)-cell Φ of K(($) and for every system of elements XQ,
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, xq+ι € trq(Xq) the equality

(i) i/MΦ) + Σ lo( - W = °
implies

(ϋ) 2 ( ~ 1/ /ΪΦ<O. ft) = 0,

where iq is the injection homomorphism iq\ πq{Xq)-*πq{Xq+ι). If q = 2, m (i)
«wJ (ii; we have to replace the terms x0 and fΦ^, OCQ) by axΰ7 and α / ( Φ ( 0 ) , XQ)
respectively, where a € πJXq) is the element represented by Φα .n

The following lemma shows that these functions f(Φ, x) break up into
the sum of functions of one variable each.

(4. 2) Every function f(Φ, x) € G satisfying (4.1) may be represented as

f(Φ, x) = p(x) + r(Φ)

(iv) p 6 HomWXi), G;, PΛ^CO)) = 0, rζCq(K(®), G),

(v) δr = p*.

Conversely every pair (p, r) satisfying (iv; « ί̂/ (v) yields by (iii) β function
f(Φ, x) satisfying (4.1;. T/̂ β representation (iii) zs unique and is given by

(vi) pi*) = /(Φ ; Λ) - / ( Φ , 0), r(Φ) = /(Φ, 0).

We obtain the proof of (4.1) by modifying the proof of (5. 2) of [3].
We now form the group Zq[k, G) as the group of all those pair (p, r) in

the direct sum Horn (ττq(Xq), G) + C\K(Tl(&), G) such that Sr = pk, p(iq'
l(0)) =

0. Any pair (0, r) with Sr = 0 satisfies the last conditions, hence each cocycle
r € Z7(ϋΓ(Πί©), G) may be identified with the element (Ό, r), accordingly Z*(K(Π
(©;), G) is a subgroup of Z*(fc, G). Since B'(ΛΓ(II(@), G) is a subgroup of
Z'(k, G) we may form the factor group

E%k, G) = Z"(A, G)/BχK(Π(&), G).

Then //'(/SlIIC©), G) is a subgroup of Eι. The following theorem is
proved:

THEOREM III. The group system Π(S), groups irq(Xq), G and the cocycle
k € Zq+1(K(Π.(&), iΓqiXq)) determine an abelian group E°(k, G) and a homomor-
phism X of this group into Horn (prq(Xq), G). The kernel of this homomorphism
is the group Hη(K(ΐl(<&)) regarded as a subgroup of Eq.

The image of X is the subgroup A(k) of Kora(tπrq(Xq\ G) which consists of
every homomorphism p : 7rq(Xq) -> G such that pk is a coboundary: pk € B4+1

(ΛL(Π(@)), G). Thus (EQ, X) is an abelian extension of HχK(Π(<&), G) by A(k).
The subgroup A(k) of Rom(Ίrq(Xq), G) and the extension in question are
independent of the choice of the ocycle k within its cohomology class in IP+1

), G).
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THEOREM IV. Let © = {Xt} be a set system and let natural homomorphisms

7n{Xi-i)-+Tri(Xi) for i< q,Q>0 are trivial. Then for any coefficient group

G, the cohomology group HXSi!&), G) (i < q) is determined by @, G as

fl»(S(@), G)«IP(K(IU<&), G) i < q,

while iϊ"9(S(©), G) is determined by the characteristic cohomology class k 9 + 1 £

) as

where k is any cocycle in the cohomology class kQ+1.

Proofs of Theorem III, IV are analogous to that of Theorem II, Theorem

IV in [3].
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