A GENERAL APPROXIMATION METHOD OF EVALUATING
MULTIPLE INTEGRALS

Lee-tscu C. Hsu

(Reeived O:tober 24, 1956)

The object of this paper is to investigate a general method concerning
the approximate evaluation of multiple integrals with periodic continuous
functions as integrands. As it will b2 shown, our general method has some
practical advantage when applied especially to the cases of double integrals
and triple integrals which are taken over circular regions and sphearical
domains respectively.

Throughout the papsr we always denote, for a continuous function

flxy, .. .., %) defined on a certain n#-dimensional domain D,
M; = mgx[f(xl, ..... %Xn)l,
w8y, ..., ) = max (X, ooy %) — S, oo 2], (2 — %] S 60
where the maxima are all taken with respect to (x;, ...., %) € D, (x]....,%)

€ D, the letter one being restricted to | — x| <&: (1<i=<=n). Moreover,
for a real number x >0, we shall always denote its decimal part by <x>,
i.e. <x> = x—[«], [x] being the integral part of x.

1. A fundamental lemma and its consequences. Hereafter D, is

always used to denote an n-dimensional hypercubic domain of (¥, ...., %) in
euclidean n-space,namely, Dn; 0=, <1, ...., 0<%, < 1. We are now going
to establish a useful lemma which actually forms a basis of our method.

LEMMA. Let f(xi, ..., %, Y1, ---.,Y:) be any continuous function defined on
D,,. Then for all positive integers Ny =2 (i =1, ....,k) we have
1) f Az, y)dxdy — ff(x, <Nw>)dx gm(l, Lo .0 )

N N
Doy Dy

where x, dx etc. are abbreviations for (%, ...., %), d% ....dx, efc. respectively;
and <Nx> stands for <N1x%, >, ...., <NiXs>.

As is easily seen, the meaning of this lemma is that it replaces the 2k-
fold integral by the k-fold integral with an error estimation expressed by

the modulus of continuity @ N7, ....,N;', 0,....,0). In order to save space
in its proof, we have to adopt more abbreviations here, e.g.
VAT V1AT1 Vi ATE

f stands for f

(v-1z (r1-1azy (v —1)ATg

Nz Ny
; 2 stands forz 2 ;

vi=1 vg=1
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rv—1 —1 v —1
f( N ,y) stands for f(2—= N1 v T ,yl,....,yk).
Let us now define
vAT
1 1
IN) = f < : ( =—,....,Ax=—>,
)= fix, <Nx>)dx Ax A ©= N

Vo (v=-1ar

L v—1 1
w2 105 )t
N) sz N )T mY

VAT 1
B(N) = Ef dxf fix,y)dy,

Vo (w-Daz

0= [ ae [ 151 5)

(v—-1)Az

D(N) = 2[ f(y ]—;fl’ <Nx>)dx.

v w-Dar

It is clear that C{N)= A(N)= D(N) and

IN) = fﬂx, <Nx>)dx, B(N)= ff(x,y)dxdy.
D Doy,
Putting py(N)=IN)— A(N) and p.,/Nj= AN)— B(N), we may write

I(N; = py(N) + p,/N) + B(N); so it folloWs that

{ffx <Nv>)dx— ff(xy)a’xdyl < Ip)] + [P
Doy
Now we have to estimate |p,(N)| and |p,(N)|. In fact, we have
|pu(N)| = lI(N)——A(N)I = |I(N)— D(N)|

<2f v—1

fix, <Nx>)-f( ==, <Nx>>'dx

Vo (w=1)Az

1 1
= eee, =,0,....,0
wf<N1 ’Nlc, y ) >

[pAN)| = IA(N) — B(N)| = |GIN) — B(N)|

= Zf dxf ’f — y) —f(x,y')) dy

Voo(v=1ar
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VAT 1
1 1
ng dxf w,(}vl,....,M,O,..‘.,O)dy
vV w-Daz 0
—afl 1
“‘”(NI"""NL.’ 0,...., 0).

This completes the proof of our lemma.
For =1 and %k = 2 the lemma yields some simple but interesting conse-
quences. We now mention a few of them as follows:

COROLLARY 1. For any continuous function f(x,y) of two variables defined
on 0=x<1, 0=y=<1, we have
1

1 1
2) }rim flx, <Nx>)dx = f f flx,y)dxdy,
i 0 0 0
where N — oo through the sequence of positive integers.
COROLLARY 2. Let f(x,y) be a continuous function defined on 0 <x =<1,
0=y =<1 and satisfying the following Lipschitz condition
fxy) — x| =Alx—], O0=x=x=1)
where A is an absolute constant independent of y in 0 <y <1. Then for all
Dositive integers N =2 we have
1 1 1
(3) U. f f(x,y)dxdy—ff(x, <Nx>) dx é?vi
0 0 0 :

COROLLARY 3 (An improvement of Maréchal-Wilkins' theorem). Let g(r, 0)
be a continuous function defined on the circular region SO <r < R, 0=<0 < 2w),
(7,0) denoting polar coordinates. Denote

@,(8,8') = max|g(7,6) — g(7’, Ml (lr—7r'1 =8, |10-6|=<9).
Then for all positive integers N =2 we have

R
l
(4) Iffg(r,@)ds—z'n'fg r’2err rdr
; ’( R ) |

0

, 1 1
g4wk~{(R+1)m,,(7v—, 0) +Mgﬁ} ,

where M, = max|g(r, 0)|, g(r,0) = g(r,0 + 2m), (00 < +).
Proor. Making the substitutions
r= pr, 6= 50, g(Rr2mbir = fir,0)
and noticing that f(r,,6,) is of period 1 in 6;, we get

1 1
(5) ffg(r, 0)dsS = ZerZf f Sf(r1, 0,)dr, db,,
S 0 0



48 L.C.HSU

R 1 1
(6) 27rf g(r, 2N %)rdr = ZWR‘f f(ry, Nry)dr, = Zer‘f Sfry, <Nri>)dr..
0 0 0

Denoting the plane region 0<x=<1, 0<y=<2n% by A, we clearly have

1 1
o (3 0) = max|g(Rs v — g(Re 21, (1x—#1= ),
= mazX!g(Rx,y) —9(Rx', y)|x+ max|g(Rx,y)|-|x — ¥'|
A

<o (R, 0)+ Myplz—x|

1
N
Thus the inequality (4) is implied by (1) in view of (5) and (6).

It is known that J.E.Wilkins has given a proof by means of Fejér’s
theorem on Fourier series, justifying the limiting process of A.Maréchal
(See [1] and [2]; cf. also Grosswald [3]):

<(R+ 1)wq(%, 0) + M,

R 1 R
1 ffg(r, 6)dS = limf glr,v|p)(rt + p%) 2 dr = lirnf g(r,r/p)rdr.
3 p90+0 p%0+0

2m

Apparently our Corollary 3 is more precise than this original result; yet its
proof here presented seems more elementary than the original one.
It may be noteworthy that a slight modification of the proof of our lemma

(taking for instance 2= 1 and Ax = Ax;, = 7{, (B — a) etc.) will easily show

that the formula (2) can be slightly generalized to the following form
;]

f 8 1
(7) lim fix, <Nx>)dx = f dx f S(x, y)ay,
S
[:7 @ 0

where f(x,y) is assumed to be bounded and continuous in a<x< B3, 0=y
=<1
This remark enables us to state the

COROLLARY 4. For any continuous function f(x,,2) defined on 0 <x<1,
0=y=<1 0=<z=x1, we have

1 1 1 1
(8) lim limf f(x, <xAx>, <px>)dx = f f f fix,y,2)dxdy dz,
0 0 0 0

u>oo Ao

where A, u—co are assumed through the sequence of positive integers.

Proor. First, an application of our lemma with 2=2, Ni=N,=N
gives at once the result

1 1 1 1 1 1
f f [ f flx,y,2)dxdydzdu = li_>mf f %y, <px>)dxdy.
J oo
0 0 0 0 0 )
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Now ¢.(x, ¥) = f(x,y, <ux>) is obviously a bounded function, continuous in
v—1

each rectangular region <x< 7:’— >, 0=y=<1 (w=12,....,u). Thus,

by applying (7) we obtain

1 .1 “ am 1
fff(x,y, < px>)dxdy = Ef d'xff(x,y, < upx>)dy
0 0

=U-nj 0

" m 1
= Z{L‘Ef fx, <ax, >, <px>)dx= }\grif fx, <Ax >, < px > )dx.
v=1 v-1p 0
This is what we need to show.
As a final remark, we mention that the order estimation O(N-!) for the
left-hand side of (3) cannot be improved. In fact, taking f(x,%) = xy for
instance, we easily find

1 1 1
}f f xydxdy — [ x< Nx >dx
0 0 ("J

the order being precisely of N-! as N — oo.

_ 1 _
= (N=23 ....)

2. A reduction principle. Since any (2k — 1)-fold integral taken over
D,-, can always be expressed as a 2k-fold integral over the domain Dy, we
see that a successive application of the fundamental lemma (with the case

N = N, = .... = N,) enables us to state the following principle:
Let F(xi,....,%s)(n = 3)be a continuous function definedon D, (0 <% <11
and let it be periodic in x;, ...., x, with the periods all equal to 1. Let s be an

integer such that 2°-! < #<2% Then the multiple integral f F(x)dx can
Dy

1
always be reduced to a certain definite integral f '\If(xl)dxl with an error -
0

estimation, p(N, ...., N;) say, such that p(V;, ...., N;y)—>0 as Ny—> o, ....,
N1 — o successively, where Yr(x;) is a pieca-wisely continuous function of x
involving the s integral parameters N, ....,N.. More precisely, we may
express
1
(9) dexl....dxn: f '\If‘(xl,‘dxl +P(N], ....,M),
D, 0
where the function (x,) is of the form F(x, ¥, ....,Y-1), V1, ..., Yn-1) being

a certain permutation of (n — 1) symbols out of the 2° — 1 svmbols below :
KNy <Ny< ... .. <Ny, >....>>>, IZv<n<....<n=s; 1St=<s).
In fact, it is not difficult to verify that the pariod’city assumption upon

X3, ...., % sufficiently ensures the pieca-wise continuity of F(x;, %1, ...., Yn-1)
in . A simple instance with n = 4 will suffice to illustrate this point, as



50 L.C.HSU

its reasoning is true in general. If f(x,, 2, ») is a continuous function defined
on D, with the property that fix,,0,%) = f(x,3,1,u), f(x,9,2,0) = f(x,3,2,1),
then ¢(x,9) =f(x,y, <Ax>,<pux>) is easily verified to be a continuous
function of (x,y) and Yr(x) = ¢$(x, < vx > ) is piecz-wisely continuous in x,
where A, u,v are arbitrary integers=2. Also, we easily observe that the
further assumption f(x, 0, z, #) = f(x, 1, 2z, %) will imply the continuity of Yr(x).

As an illustration of the principle, we now give the following result,
corresponding to the case n = 3:

THEOREM 1. Let f(x,9,2) be any continuous function defined on D; with
f(x,9,0)=f(x,9,1). Then we may express

1 1 1 1
(10) f f f f(x,9,2)dxdydz = f fx, <px >, <Ax>)dx+ p(\, ),
0 0 0 ' 0

where |p\, p)| < 2{w¢/n"1,0) + 0;A"1,0,0)}, and ¢ = d=f(%,y, <Ax>)is a
continuous function of (x,y), u, A being any positive integers = 2.

This is obviously a refinement of Corollary 4 in §1; and its proof is
easily completed by repzated appliciation of the fundimental lamma. More-

over, it is clear that lim lim pA,x) = 0; sinc2
A>eo pu>oo

liri}w¢<%, 0) =0, lim w(4-,0,0)=0.

Similar results for th= cises # =4 and » =5 can also be obtained by
means of our principle. Finally, we recall that a dafinite integral of a
continuous function can always be evaluated approximately by various nu-
merical methods; so that our reduction principl: actually asserts a general
way of approximately evaluating multiple intagrals of pazriodic continuous
functions extend=d over hypsarcubic domains.

3. Some approximation formulas. Fo:- tha sake of practical applica-
Tion, we are particularly interested in-tha approximate evaluation of double
integrals and triple integrals. In this section we shall make usz of Corollarly
3 (§1) and Theorem 1 (§2) t> obtain son: app-oximaition formulas for inte-
grals of the forms:

I= ffﬂ(r,ﬁ)dS, J= fffF(r,¢,0)dr,

where S and o dznnte respactively thz2 cicular region SO<r»<R, 0560
27r) and the spherical domain cl0<7<R, 0@ =<, 06 <27), (r,0) and
(r, @, 0) bzing known as polar c>s-dinat2s and spherical coordinates respecti-
vely.

Denote by &, ....,E{™ th= zercs of the L2gandre polynomial

Pu(x) = —L

o D¥xt—1), (n=1,2,....) and 1=t
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A® =

1 1
T — EPP P EE * % = 3(1 + Ei:"), A1<Ek=<n).

Then by appealing to Gauss’ formula for numerical integrations (See for
example, [4; pp.605-611] and [5; pp. 85-86]), we may immediately deduce a
theorem from Corollary 3, viz.

THEOREM 2. For every continuous function g(r,0) defined on SO <r <R,
0 <60 =<2r) we have

(11) f f g(r,6)dS = lim 2mrR* 3 AQg(Re, 2wNa)E + p(N)
S

k=1

with

(12) |p(N)] < 4R {(R + ey (37, 0) + My 2 |,

where M, = max|g(r,0)|, g(r,0) = g(r,0 +27), 0<0< +x), N=2,34, .....
In fact it is well-known that (cf. [4; p.605])

1

lim 2 A« g(Rx, 2 Nx{)ex™ = f 9(Rx, 2w Nx)x dx.
k=1

n->c0
0

“Therefore (11) is inferred from (4).
For large N and #, we may write, in view of (11) and (12),

11y f f 9(r,0)dS ~ 27w R? 2 APg(Rx, 2mwNx)x™.
s k=1

This formula applies to every continuous function (with period 27z in 6)
defined on S, provided that both R and M, are relatively very small when
.compared with N. In practical calculation, we usually take N to be very
large in order to make p(NN) very small. As to numerical values of A{™, x™
(1<n=<8), one may refer to [5: pp. 85-86] or elsewhere.

ExAMPLE. Assuming R =1 and taking N = 10,000 and » =8, we may
-gain at once the following numerical integration formula from (11):

Ziffg(r, 6)dS ~=0.0010 x ¢{0.0199, 3.4601) + 0. 0113 x ¢(0.1017,4.1947) +
T
S

+ 0.0372 x ¢(0.2372,2.1230) + 0.0740 x ¢(0.4083, 5. 1949) +
-+ 0.1073 x ¢(0,5917,1.0882) + 0.1197 x ¢(0. 7628, 4.1601) -+
+ 0.0999 x ¢(0. 8983, 2. 0885) + 0.0496 x ¢(0.9801, 2. 8230).
We have purposely worked out a simple numerical example in which
.z = ¢(r,0) just represents a hemispherical surface with radius 1 and centre
at the origin of the (7,6)-plane ((r,6,2) being understood as the cylindrical
«coordinates), showing that the error produced by the above formula is less
ithan 0.002. It is believed that the accuracy of such a kind of formulas can
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be considerably increased by taking N = 1,000,000 and »# = 10 or 12.

In order to obtain an approximatoin formula for the triple integral J,
we need first to establish the ‘

THEOREM 3. Let f(x,,2) be any continuous function defined on D; with
f(%,9,0) = fix,y,1). Then for all integers N = 2 we have

1 1 1 1
(13) l[ f fﬂx,y,z)dxdydz—ff(x, < N:x>, < Nx>)dx
0 0 0 0

1 1
<< il =
= 8wf<N’ 0, N)'

Proor. By Theorem 1 we obtain

1 1 1 1
(14) U fffdxdydz—ff(x, < Nx >, <Nx>)dx‘
0 0 0 0

< 2”’(71\f" 0, 0) + 2%(1%, 0,)

where ¢ = ¢(x,9, < Nx >). Let us estimate [wys(N-20)|. Define the inter-
vals I, = [(k —1;/N, k/N], (= 1,2, ....N). For a pair of points x, x’ belonging"
to the interior of some I, with |x — &'| < N2, we clearly have | < Nx' > —

< Nx>| < N1; so that

Ifix,y, < Nx >)—flx,y, <Nx>)| < w,(lv\%,q _1,>

N
For other possible cases we may assume x & Iy, ¥ € Iy1, |X— X | SN2,
and we may write x = Zli/' —&,% = -]’% + &, (£, =0, £ =20,6 + ESN?2).
Then we find

fix,y, < N¥ >) —f(x,5, < Nx>)|
< ix,y, < Nx' >) —f(x%,3, < N¥' >)| + [f(xy, < N¥’ >) —f(x,y, <Nx >)|

= “’f(JIVz ,0, 0) + fix,y, N&) —fix, 9,1 — N&)|

= mf(%, 0, 0) + fix,5, N&:) —f(x,9,0)] + |fix.y,1) —flx,9,1 — N&)|

1) =30r( 55 0 )

Thus we can conclude that ws(N-2 0) < 3w,/ N~ 0, N-1). The inequality (13)
is therefore' inferred from (14). ‘

For a continuous function F7,®,0) defined on the spherical domain
c0=Z7r=<k 0Z@p=<m 0<6<2r), we can always extend its definition
to the region c*(0 =<7 <R, 0@ < -+, 060 < +0) by assuming

Fr,9,0) =F7r2r—q,0),
Fr,®,0) = Fr, @+ 2km,0) = Fr, 9,0 + 2k}, r=1,2,3,....).

< or( 3, 0, 0) + 260, 0
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“That is to say, F can always be made continuous and periodic in ¢ and 8
with periods both equal to 27r. Thus we may express

I f dq)[ 9 f Flr, @, O)r* sin ¢ dr

fffﬁxy,z)dxdydz

‘where f(x,9,2) = F(Rx, 2mz, 2my)x!sin(2mz), 0=x<1, 0Zy<1, 0<2z=<1).

Now in order to apply Theorem 3, it requires to estimate w/{N-!,0, N~1).
Clearly we have (with x, #’, 2,2’ being subjected to |x — x| S N7, |z 2| =
N-1):

w,<%/_—, 0, iN) — max| F{Rx, 27z, 2my)x* sin (2m2) — F(R¥, 22, 2my)x’* sin (2m2)|
= wr (%, 2% s 0>lx2 sin (272)| + Mp+|x* sin (27rz) — %2 sin(2mz2’)|

<or(E, 2T, 0) 4 Mplxt — ¥l Isin @ma)| + M|

| sin (27rz) — sin (2mw2’)]

gwf(j“v’i, 24":, O)+2MF- L + 2Mp|sinm(z — 2')-cos m(z + Z')|
gwp({%, ,0) + 2M;- 1%, +2Mr’sm - ‘

<(R+1)@r+ 1)m(w, 20+ omMeL, (N2

In an analogous manner, if we define g(x, v, 2) = F(Rx, 2wy, 272) x* sin (2my),
then it can be found that
1

mg(%, 0, —1ﬁ>§(R+1)(27r+1)wr<N s

Thus we see that Theorem 3 entails the following

r
7&0

)+2MF- 7

THEOREM 4. Let F(r,p,0) be any continuous function defined on the
spherical domain c0<7r<R 0SR=7,0=<6=<27) with F(r,p,0)= F(r,

2w — @, 0) and with period 2w in both @ and 6. Then for all integers N =2
we have

1
1 _ IaA s
Py f f f Fr, @, 0)do f F(Rx, 2 Nx, 2 N*x)x* sin (27 Nx) dx
4 0

{s)

gB'{(R+1)(27r+1)au'<N N,0)+(2W+2>M”W}

THEOREM 5. Let F(r, ®,0). be defined as in Theorem 4. Then
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o R3 f f Fr,p, 0)de — f F(Rx, 2w N2x, 2 Nx) 22 sin 2w N*x) dx

(16)

1
) + 2Mz- N }
Moreover, as an immediate consequence of Theorem 4, we obtain
COROLLARY 5. For every continuous function F(r,p,0) as in Theorem 4,
we have

1
<8{<R+ 1)(27r+1)wp\ 5.0, 3

1
1 T b o
a7 Dy f f F(z, @, 0)do = 1133.1 f F(Rx, 2w Nx, 2or N*x)x* sin (27 Nx) dx,
0

s R3 f f f Fdo = 11m§;A<">F(Rx<"> 2N, 27 Nx(™)-

N->co Tm
(x2m)2 sin @ Nx{™) + pw,
where |py| S 8{(R+ 1) 2 + Lwr(N-1, N-1,0) + 27 + 2) Mr-N-1}, (N =2).

The formula (17), or the more precise relation (15), may obviously be
regarded as an improvement over |a result of E. Grosswald [3] concerning
an extension of the Maréchal-Wilkins theorem to the euclidean 3-space.
Moreover, (18) actually provides a type of numerical integration formulas

for J= [ [ [ F,9,0ds. In particular, if both R and Ms are relatively

very small as compared with N, and if the function F is not very irregular,
then we may write, in view of (15),

J =~ 2R3 f F(Rx, 2w Nx, 2w N*x) x* sin (27w Nx) dx.
0

Note added. It is not difficult to justify that the Corollary 4 of §1
remains valid when A — oo’ and ‘uw— oo’ are assumed through any sequences
of real numbers; and consequently we may apply the Corollary to establish
the following theorem :

If ®(x,y,2) is continuous and bounded on the domain D( — o < x < 0, 0 =
Y=< o, 0=2=<w,), and if it is periodic with periods w., w. in ¥,z respectively,
then for every function f(x) summable over ( — o, ) we have

lim hm [(x)P(x, \x, ,u,x) dx
>0 A>oo

—co

1l

ey ff(x)dxf dyf ®(x,9,2) dz.

0 0

This is not only a generalization of Maréchal-Wilkins’ theorem, but also
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a new extension of the well-known Riemann-Lebesgue lemma. In fact, the
lemma follows easily by taking
w; = 2w, ®(x,y,2) = cosz or sinz.
For proof, it suffices to notice that an easy substitution of variables can |
show that the Corollary 4 implies

b

b w1 w2
lim lim D(x, Ax, ux) dx = 1 f dx f dy f D(x,9,2)dz,
Mo A—poo @i1°W;

a a 0 U

where @ and b are any two finite numbers. The passage from this relation
to the more general one as stated in the theorem goes similarly as in the
ordinary case of the Riemann-Lebesgue lemma, since in fact

oo

f f(x)|dx < +o0, |P(x,9,2)] < M = constant.

—c0
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