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The series 2 a is said to be evaluable (R, p) to zero if the series

n=1
S (sm_"t)
"\ nt

n=1

converges in some interval 0 < ¢ < £, and its sum tends to zero as ¢ — 0.
In the preceding paper [1], the author proved the following

THEOREM 1. ZLet 8 >0 and let 0< a < 1. 1If
™ = D' AB-lva, = o(nP¥),
v=1

where A) ts Andersen’s notation, and

oo

> la, — al = 0@,

then the series D an is evaluable (R,1).
n=1
Later, the author [2] stated the following
THEOREM 2. Let 0 < B <1 and let
™ = O(nPrn),

where An >0 and 2 Au/n converges. Then the series 2, an is evaluable (R, 1).

n=l

And I proposed a problem: whether we may replace B<1by B >1 in
Theorem 2. The solution is given by

THEOREM 3. Let B =1. Then, there exists a series Ean such that

n=1

@ T = o(n/log n)

and the series zan is not evaluable (R, 1).

n=1
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Further we may prove, by the method analogous to one by which we obtain

Theorem 3, that, if 3=p and p' = 2,3,4, then, there exists a series 2"a..
n=1

such that
@) 8 = o(n?/logn)

and the series E,an is not evaluable (R,p). These results are intresting in
nml

some meaning. If (2) holds when 8 >p =1, then we have evidently
78 = O(nf/(log n)'**), &>0.

This implies the summability |C, 8| of the series an.. Thus, Theorem 3

n=1
and its supplementary remarks show that, when B > p, the summability
|C, B| does not always imply.the summability (R,p). Therefore we see that
the following Obreschkoff’s theorem [3] is best possible in their kinds.

THEOREM 4. The summability |C, p| implies the summability (R, D).

We shall now prove Theorem 3. For the proof, we may suppose,
without loss of generality, that 8 is an integer. Let @n,t) = (sinnt)/n%t.
Then Abel’s transformation shows that

< _ sinut <
2a— = g,

v=1 val

n-p
= 38 Ap(r, ) + T8 _p APl — B+ L,8) + ... + Tip(n, 1)
v=l
where A?@(n,t) denotes the y-th difference of @(n,¢) with respect to n. By
(1), when ¢ is fixed,

Y Y-1 — = n . 1 ):
Ty 7l = + 1,0 = o 1) = o)
when v= 1,23, ....,8. Therefore the series

- — w
@) Sa T and 3 AP, b)

N=1 N=1

are equiconvergent for a fixed £ Thus, for the proof, it is sufficient to
prove that (1) does not always imply the convergence of the second series in
(3) in an arbitrary neighbourhood of the origin. Let us write

“4) 2 TBAPp(n, t) = 2 Encn(t),

n=1 n=1

where &, = n-l7hlog (n + 1) and ca(t) = nAPp(n, t)/log(n + 1). Then we have
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&= 0(1) as n— o0, by (1). In order that the sequence-to-function transform

oo

(4) is convergence-preserving, by Kojima-Schur’s theorem, 2 len(®)] must

fi=l
uniformly bounded in 0 < £ < #,. But this series is divergent at some point
in an arbitrary neighbourhood of the origin. This is shown by the following.
Let ¢ = 2w /k, where k is an arbitrary positive integer. Since

B ‘
APgp(kn, t) = —2% 2( — 1y (‘f) (kn + v)~2sin 2vmr/k),
v=0
we have

B
mz—}:— (eny: Aol £) = 3 (—1(% ) sin @ v/

ve=()
= J{@A — ez**/*)B} % 0.
Hence, there exist an integer s, and some constant, independent on #n,C >0

such that :
|APp(kn, t)| = CK-'n—2

when n =n,. Thus we have
< - n
les®) = 24 Jo57, o | APp(n, B)]
2 2 log(n+1) &%
S L L VY
=& Jog(kn+1) '7 P
= CE (nlog (kn + 1))~ = +oo.

n=ng
Thus, Theorem 3 is completely proved.
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