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In studying the crossed products of rings of operators, we have shown
in [4] that an arbitrary countable group admits a faithful representation as
a group of outer automorphisms of an approximately finite factor on a
separable Hilbert space (the so-called outer automorphic representation).
The object of the present paper is to discuss the algebraic properties of
groups of outer automorphisms of the approximately finite factor, which
are the outer automorphic representations of certain torsion free groups.

An automorphism (a group of automorphisms) of a factor is said to be
ergodic if it leaves only the center elementwise invariant. Our first task is
to ask whether there exists an ergodic group of automorphisms of the
approximately finite factor. Indeed, we shall find the necessary and sufficient
condition that the outer automorphic representation of a group be ergodic.
The second one is to examine the outer automorphic representation of a
free product of two arbitrary torsion free countable groups and show that
the crossed products of the approximately finite factor by such groups of
automorphisms are not approximately finite.

1. In the starting point, we shall recall the construction in [4] of the
outer automorphic representation of a countably infinite group G. Let Δ be
a set of all functions a on G taking only the values 0,1 such that a(g) = 0
except for a finite number of #'s. Then Δ is an additive group with the
addition \a + 0] (g) = a(g) + β(g) (mod 2). Further, define Δ' as a set of all
functions φ on Δ taking only the values 0,1 such that φQy) = 0 except
for a finite number of 7's, and make Δ' into a group by the addition [<p +
ψ] (γ) = φ(y) + ψ(y) (mod 2). Now we make the pair 9 = (Δ'> Δ ) into a
group by defining

(φ, a)(ψ, β) = (φβ + ψ, a + β)

where φ, ψ € Δ', a, β € Δ and φ\y) = φ(γ + /S). Let j V^,α) ((?,*)# be unitary
operators on /,(£) defined by [F ( , , α ) /] ((*, β)) = / ( ( * , β) (φ, a)) for all / €=
40?), then a factor M generated by (V^,*)}^,*^ is an approximately finite
factor on a separadle Hilbert space. Hereupon, for each g € G, define an
automorphism Tg on Δ by
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[Tgά] (g) = a(gg) for all g € G,

and successively an automorphism Tg on Δ' by

lT'g φ] (7) = φ(Tg-ιy) for all 7 € Δ.

Then the mappings V^φ>U) —> Vθ<> = V^V^*) g i γ e a group of outer automor-

phisms of M and the mapping g —> θg gives the outer automorphic represen-

tation of G.

Following the previous paper [4], we shall state the necessary and suf-

ficient condition that the outer automorphic representation of a group be

ergodic.

THEOREM I. Let G be a countably infinite group with the unit e, then

for each element g =$= e in G, the corresponding outer automorphism θg is

ergodic if and only if the order of g is infinite

The proof is given successively by means of the following lemmas.

LEMMA I. If g is an element of finite order in G, then there exists

(φ, a) € $ such that (φ, a) = (Tg ψ, TQd).

PROOF. Let us select an element a € Δ as follows: oc(g) = 1 on a finite

set F = \e, g, g2, , gn~\n : the order of g)) and = 0 elsewhere, and choose

an element φ € Δ' such that φ(y) = 1 on an a € Δ and = 0 elsewhere

Then it is easily verified that (φ9 a) = (Tgφ, Tga), in fact, [Tgά] (g) = 1 on

F and = 0 elsewhere, i. e. Ύga — a, and also \Tgφ] (7) = 1 if 7 = Tga = a

and == 0 elsewhere, i. e. Tgφ = φ.

LEMMA 2 If g is an element of infinite order of G, then for any finite

subset F of G, Fg + F (jgF =+= F).

In fact, if Fg= F, for a fixed element h € F, all of hgn (n = 0,1, 2, ...)
are distinct and belong to F and so it contradicts to the finiteness of F.

LEMMA 3. If g is an element of infinite order of G, then (φ, <x) =4=

( 7 > , Tga) for all (φ, a) + (0,0) € 9.

PROOF. Let (φ, a) =+= (α, 0) be an element of #. If Λ"=+=0, i.e. a(g') = 1

on a finite subset F of G and = 0 elsewhere, then [Tgά](g) = 1 on a finite

subset g~ιF and = 0 elsewhere. However, since Fφg~ΊF by Lemma 2, TQa

==f= a. If cc — 0, then φ may be taken as an element of A' such that φ(y)

= 1 on a finite subset Δo of Δ and = 0 elsewhere. Putting Go = \J [g'ι

= 1}, Go is a finite subset of G and each element a € Δo vanishes on G

— Go. But, since G0=ί=5r"1Go by Lemma 2, there must be an element β €
Tj,Δ0 which does not vanish on G — Go, and so Δo 4= TgΔ0> or T'gφ =+= <P
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Therefore, for each (φ, a) + (0, 0) € S% (φ, a) 4= (T'gφ, Tga).

PROOF OF THE THEOREM. The necessity have been already proved by
Lemma 1, and so it remains only to show the sufficiency. Let A be an
element in M fixed under θg, then A = AV for all n = 1,2, According
to Lemma 5. 3. 6 in [1], A is expressed in the form:

where Σ is taken in the sense of metric convergence in M and a family
|λ(^α)} of scalars is unique. Thus we have

for all w. Now suppose that \iφ α ) =f= 0 for some (φ, a) =f= (0, 0), then since a
sequence (T'(Jή

ιφ, Tg«Qί) consists of distinct elements of $ from Lemma 3, by
the uniqueness of the family jX ,̂*)} we obtain

which contradicts ^ \\φ*a)12 < °° Therefore A is a scalar multiple of

the identity.

2. Let Gέ be two torsion free countable groups (i = 1, 2) and let G =
Gi*G2 be the free product of Gt. From the preceding theorem we see that
the outer automorphic representation of G is ergodic and in particular it
consists of ergodic automorphisms of M except the unit. Furthermore we
shall show that it possesses the distinguished algebraic property relative to
the norm [[ ]] defined by the canonical trace Tr (Recall that for A £Ξ M,

[[A]] = Tr(A*A)h

LEMMA 4. The outer automorphic representation of the group G with
the unit e has the following property: There exists g=$=e in G such that,
for all A e M with Tr{A) = 0,

where k is a positive constant and does not depend on A.

PROOF. By the expression in [1 : Lemma 5. 3.6] used in the above
section, an element A with Tr(A) = 0 is expressed in the following form:

and hence [[A - A*" 1 ! = (Σ ( , , β)eS l λ (
,£*)=*= (0,0)

for all g in G. Define the equivalence relation on $—(0,0) as follows: (φ, a)
Ξ CΨ1, β) (mod G) if and only if there exists g € G such that (T'gφ9 Tgά) =
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(ψ, β), and decompose $ into equivalent classes |ί?t}. Then the elements of

9ι can be written as (T'gφ, Tgά) where (φ, ά) is a fixed element in &t and

g runs over G, and as all elements (T'gφ, Tgά) are distinct by Theorem 1,

their expressions are unique. Thus, putting st = [Σliφ β)eςi \\ψ,β) \2p~ and vt(E)

= Σ Λ ^ I ^ CV^A )! 2 ^ O Γ a n y s u - s e t Έ °f G9 then

Pick up gι=$seι in Gj and g^g^^e^ in Gz(eu e2 being the unit of Gί9 G2

respectively) and put Pu = { Σ ( M ) ^ t lλ^>jB) - \rg^Tgp\2)~r (j = , 2, 3), then

and

I Vi(EV - ^(JSgr,)^ I ̂  /»«(i = i, 2,3) (1)

for any subset E of G. Now we define Eι as the set of Λ's, h=fc e having

the normal form hx h2 hp in which kp belongs to Gι and E2 = G - Ex.

Then, by the inequality (1),

and hence we have

- μ t ( W I ̂  Λi + ^2. (2)

Since E^g^E^ E, - E1gig1+φ, and (2) gives

vlE, - E.g.g,) = z/̂ JEO - vJiE^g,)

^ F + vlE^g^) ^ ^ ( P , , + P12). (3)

Furthermore, similarly we obtain

I ^ ^3 + P,i. (4)

Therefore (2) and (4) yield that

k(£iflW0~- ^ ( £ i M i F I ^ 2Pn + P i 2 + P i 3,

and so {vlE.g^,) - vi(E1g3g1)\ ^ 2si(2Piι + P ί 2 + P i s). Since £

£1 — Eτg2gl9 we have by (3)

t l + P i 2 + P i3) + vi(E1g3g1)

i + 2P i2 + P i3). (5)

Thus by (3) and (5),
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vlEτ) = vi(E1 - E1g2g1) + vi(E1g2g1)

^ 2sUPa + 3Ptl + Pi3). (6)

Next, applying to E2 the argument similar to that of the preceding para-
graph, we obtain

and also \vt{E2g^ - vt{E2g3)\ ^ 2si(Pi2 + Pi3).
But, since vi{E2 - E2g3) ^ 2stPi3 and E2g2 cz E2 - E2g3,

vlE2g,) S 2Si{Pi2 + Pi3) + 2*P I 8 = 2^(P i2 + 2P ί3).
Thus !/,(£,) = ^,(£2 - £2#3) + vlE2g,) ^ 2^(P i 2 + 3P4S). (7)
Therefore, (6) and (7) yield that

A = i't(G) = ^ ( £ 0 + vlEt) ^ SSi(Pn + Pi2 + Pί3),

and so st/8 ^ Pix + P i 2 + P i 3 .

Now, let g be one of gj\j = 1, 2, 3) such that [[A - Aθ0J] ;> [[A - A^"1]]

( i = 1, 2, 3). Then, noting that [[A - A^" 1]] 2 = X £ P | , ( j = 1, 2, 3), we

obtain

[[A - AΘ°JT ̂  - | - Σ J = I , [ [ A A*"1]]' Σ

^ - J Γ Σ , (P,x + Pί2 + Pn)2 ̂  (Σ, «i) /242 =

However since it holds clearly that [[A — A"0]] <= 2[[A]J, we conclude that

t[A]]/24 =S [[A - Λ*Ή ^ 2[[Λ]].

Further, since it is evident from the above argument that k = 1/24 does not
depend on A, the proof is completed.

For each g € G = Gχ*G2, let F<, be the unitary operator on /2(G) defin-
ed by {Vgf] (fiO = /(flrV) (/ ^ 4(G)). Then it is directly deduced from
Lemma 6.2.1 and Lemma 6.3.1 in [1] that the factor M generated by
{Vg\geG is of type IIX and does not possess the following property (the
so-called property (Γ)): Given any system Al9 A29 , Am € M and any
£ > 0 there exists a unitary U = U(Al9 A2, , Am) with TriJJ) = 0 and
ίίU^AitU — AJ] < 8 ίor k = 1,2, , m. Thus such a factor is not app-
roximately finite. This fact was proved essentially by the following lemma
(see [2: Lemma 10] or [1 : Lemma 6. 2.1]).

LEMMA 5. Let f(g) be a complex-valued function on G = G^ G2 such

that ΣgeG \f(9) 12 < °° Then there exist gl9 g2 € G such that for any S > 0,

where k
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does not depend on 8.

Using this lemma and Lemma 4, we shall show that the crossed product
of the approximately finite factor by the outer automorphic representation
of G — Gi* G2 is of type Πα and not approximatley finite. That is to say,
Λve see that it is produced a factor of different algebraical type from an
original one by the extension of a factor in this manner.

THEOREM 2. Let M be the approximately finite factor and let G be a
group of automorphisms of M which is the outer automorphic representation
of the free product of two torsion free countable groups. Then the crossed
product of M by G is of type II2 and not approximately finite.

PROOF. We shall freely use the definition and the notation with respect
to the crossed product in [3]. By [3 Theorem 4], (M, G) is a factor of
type IIj, and so it remains only to show that it is not approximately finite.
Denote by gl9 g2 the elements of G in Lemma 5 and gz the element of G
stated in Lemma 4. Now, assume that the crossed product (M, G) has the
property (Γ), that is, for any 8 > 0, there exists a unitary V = V(Uσ19 U<j2,
Uθ3) in (M, G) with Tr{V) = 0 (where Ugk(k = 1, 2, 3) are unitary operators
defined in [3 : Lemma 2]), and [[Ug/C ~ V'lUg!Vj\ < 8 (k = 1, 2, 3). By [3 :

Theorem 1], V is uniquely expressed in the form ΣϋeGAgUg(A € M ® I) in

the sense of metric convergence in (M, G), and [[V]] = \ΣLff€GίίAg]']2)'ϊ' = 1.

Thus 8 > [[£/„ - V'ιUgkVj] = [IV - UgkVU^J]

Hence, by Lemma 4, [[Ae - A?]] < 8 (e the unit of G) implies [[AJ]
^ kτ8 where kτ does not depend on 8. On the other hand, putting f(g) =

G), then

ggk) - fig) 12)^ <s ( Σ j ί A - A%_vJ]2)i < 8.

Applying Lemma 5, we obtain (ΣgeGlϊ.
AJl2)^~ = {ΣgeG l/(#)l 2 )^ < k*s w h e r e

ί/Φβ </Φβ

k2 does not depend on 8. Therefore we can conclude that

i = OXΠ = ( Σ ^ Q A l l 2 ) ^ [[AJI + (Σ^tCAJ!2)-^ < U, + *,)e.

Hence, choosing 8 < 1/(&X -f k2) we have the contradiction, which completes
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the proof.

REMARK. It is readily seen from the preceding argument that the
statements analogous to Lemma 4 and Theorem 2 are true for the free
product of n arbitary torsion free countable groups (n 2^ 2).
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