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Introduction. Recently, the concept of the crossed product of rings of
operators has been introduced and studied by T. Turumaru and N. Suzuki
[9], [8]. The results in this paper, generally speaking, are concerned with
the relationships that exist between the direct products and the crossed
products of finite factors, which will be stated in §2.

1. Preliminaries. Throughout this paper, we assume that all W*-alge-
bras are finite factors with the invariants C = 1 for the sake of convenience.
An isomorphism between W^-algebras means a ^-isomorphism, and thus an
automorphism of a W^-algebra is understood as a *-automorphism. By a
group of outer automorphisms of a W*-algebra, we understand as a group
of automorphisms all of which are outer automorphisms except the unit.

Next we shall explain the construction of the crossed product of a finite
factor by its group of automorphisms (see [8]). Let M be a finite factor
with the invariant C — 1 on a Hubert space H and G a group of automor-
phisms of M. Let φ be a separating and generating trace vector for M and
we put p(a) = (aφ, φ), for all a € M. For each σ € G we define uσ(aφ)
= aσ~ιφ, for every a € M, where aτ is the image of a by an automorphism
T. Then we have \\uσ(aφ)\\2 = Wa^ΦW* = p((a*a)σ-1) = p(a*a) = \\aφ\\\ and

thus uσ can be extended to a unitary operator on H which is also denoted
by uσ.

Now consider the Hubert space H (g) /2(G). If we choose the complete

orthonormal set{εσ}σίG in 12(G) such as £σ(τ) = 1 for r = σ, and = 0 other-

wise, each vector ^ € H ® h(G) is expressed in the form φ = ΣσtG Ψ<*® ^<"

where φσ € H and Σσ^ll^^ll3 < °° We define the operators α(= cΓ) and uT

o n H ® /2(G) for each a € M and T e G by

σ ® eσ) = Σσ6G aφ* <g> eσ9 and

for all ΣσeQφ*®£* ^ H®/ 2 (G). It is easy to see that utauσ = aσ for all

a € M and σ € G. The set © of all finite linear combinations ^Zi 2^2^ (αt

€ M, σt € G) is a *-algebra on H ® /2(G) and the W*-algebra generated by
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the system © is called the crossed product of M by G and denoted by
(M, G). It is noted that Φ§ξ)£e € H ® 12(G) is a separating and generating
vector for (M, G) where e € G is the unit element.

We shall provide some lemmas.

LEMMA 1. Let M and N be finite factors with the invariants C — \
and θ be an iso?norphism of M on N. Let Gι and G2 be groups of automor-
phisms of M and N respectively and η an isomorphism between Gλ and G2

such that

θ(aσ) = θ(aYσ) for all a € M and σ € G,.

Then, the crossed product (M, Gx) of M ό y G! is spatially isomorphic to the
crossed product ( N , G2) of N έy G2.

PROOF. If we denote the underlying Hubert spaces of M and N by H
and K respectively, then, by our hypothesis, there is a linear isometric map-
ping u from H to K such that

θ{a) = uaύ~x for every a € M.

Let φ € H be a separating and generating trace vector for M, then uφ = ψ
€ K is a separating and generating trace vector for N. Using the traces pι

and ρ2 such as p^a) = {aφ, φ) for each a € M and ρ2(a) = (aψ, ψ) for each
a € N, we construct the crossed products (M, GO and (N, G2) on the Hubert
spaces H (g) ZaCGj) and K ® /2(G2) respectively. Now we define the correspon-
dence u between HCg/Z/GO and K(g)Z2(G2) as follows: For each Σ ^ ^ σ &

It is obvious that J is a linear isometric mapping of H ^ Z / G i ) on

(G2). Next we define the mapping £Όf the crossed product (M, G J to the
crossed product (N, G2) by

for every finite linear combinations ^ . 2ί5σi € (M, Gx). It is easily seen

that uη(σ) — uuσu~ι for all σ e G2. For any <z, έ € M and σ, T 6 Gx we
have

= ~θ{u* a* ) = ^(α* σ ^.

)-i = 2 %(σ)

and
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= θ(a)~ θ(bT*σ)-1 uη{σ)ηω = θ(aT

= θ(auσ) θ(buτ).

Moreover we have

u~ι \θ(aua)\u(φ Cg> £e) = u~\Θ{aTu^σ)) (uφ (g) £,

= u~1(uau~ιuuσu~ίu

where e € Gi is the unit element. As φ (§) £e is a separating and generating

vector for the crossed product (M, Gx), we have, for all Σ αiΐiσi € (M, Gx)

Hence, by the construction of (M, GJ and (N, G2), the mapping θ is extended
to a spatial isomorphism between the crossed product (M, Gι) and the cros-
sed product (N, G2).

REMARK. AS a special case, we see that if θ is an isomorphism of M
on N and if Gi is a group of automorphisms of M, then the formula aσ* =
θ[{θ~ί(a)\σi'] for each a € N, defines an automorphism of N for each σi 6 Gx

and G2 = {<r2\ satisfies the condition in Lemma 1.

The following lemma is derived from [ 1 : Chap. 1, §4, Prop. 2], and we
omit the proof.

LEMMA 2. // M, N are finite factors with the invariants C = 1, and
G1} G2 are groups of automorphisms of M, N respectively, then the direct
product G = Gι X G2 admits a faithful representation as a group of autom-
orphisms of the direct product of M and N, in which for any a € M, b ^
N, and σ = (σl9 σ2) € G, (a <g) b)σ = aσi <g) tf\

2. The theorems. In this section we shall prove the results stated in the
introduction. The following theorem shows the commutativity of the crossed
product operation and the direct product operation.

THEOREM 1. Let M, N be finite factors with the invariants C = 1 and
Gu G2 groups of automorphisms of M, N respectively, then (M (g) N, Gγ X G2)
is isomorphic to (M, GO ® (N, G2), where Gγ X G2 is the group of automor-
phisms of M ® N assured in Lemma 2.

PROOF. Suppose that M and N act on Hubert spaces H and K respecti-
vely. Let ΦXresp. φ2) be a separating and generating trace vector for M (resp.
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N). Then Φ — Φi (& Φ2 is a separating and generating trace vector for M §£>
N. Considering the traces p^a) = (aφλ φL) for a € M. /°2(£) = (bΦz> Φ2) for £
€ N, and ρ(.r) = (xφ, φ) for .r € M ® N, we construct the crossed products
(M, GO, (N, G2) and (M(g)N, Gx X G2). The underlying Hubert spaces of
these crossed products are H (g) l2(Gι\ K (g) 4(G2) and (H (g) K) (g) //Gi x G2)
respectively. It is known the existence of linear isometric mapping v from
(H<g>Z2(G,))®(K(g>/a(G0) onto (H ® K) <g) (/2(G0 <g) /2(G2)) such that

for >̂ € H, ψ € K, / € 4(Gi) and g* € /2(G2). Choosing a complete ortho-
normal sets {εσ\σeGlκG{t {Sσι}σuGι and \Sσ2}σ9βGit of ^(Gi x G2), /2(G0 and /2(G2)
respectively, we define a mapping u0 of /2(Gi x G2) to /2(Gi) ® /2(G2) by

M0(O = £σ! ® ^ a for each σ = (σl9 σ2) € Gx X G2.

As \Sσι^)6σs)σι-Ghσ^G2 constitutes a complete orthonormal set of /2(GX) ®
4(G2), 0̂ can be extended to a linear isometric mapping w of 4(Gi x G2) on
4(Gi)®/ 2(G 2). Thus using these mappings v and w, we define a correspon-
dence u0 of (HφKXgϊ/.CG! x G2) and (H(g)/2(G1))(g)(K(g)/2(G2)) as fol-
lows. For each φ € H ® K and / € /.(Gj X G2),

Being isometric, w0 can be extended to a linear isometric mapping u of
(HφKX&Z^Gi x G 2)on (H (g) ̂ (GJ) (g) (K(g) /2(G2)). Finally we shall show

that w induces an isomorphism between (M (g) N, Gx X G2) and (M, Gx) (g)

(N, G2). To this end we define the mapping θ0 from (M, GO <g) (N, G2) to

(M <g) N, Gι x G2) as follow: For every Σ . 3,^σ i l € (M, GO and ]Γ^

€ (N, GO,

= Σ Λ t ( « t ® ^ΓScσi.^) € ( M 0 N , G1 x G2).

Then for any Zu^ ~cuτι € (M, GO and buσ29 duT2 € (N, G2), we have

βo((Zuσι®Zuσ2T) = βo(2ίi2* <g> Sί2ό*) = 6?0(α*σi uσι-i (g) έ*σ2 2^,-0

= (α σ i (g) ό σT*w ( σ i i σ 2 )-i = (α (g) δΓσ*wfσi)σ2) = w?σi,σ2) (α

= ((α (g) b)~uiσuσt))* = (θla uσi ® 6 O ) * ,

and



T.SAITO 303

Moreover, noting u(σiyσ2) (φj ® φ2) = uσiφx ® uσ2φ2, we get

u'\auσι ® %uσ^u\φ ® θ(βl |βs))

= 5 Γ 7 ( α ^ ® «Σσa) (Φ, ®

= (α ® bΓuCσiσoJ) (Φ ® £ ( e i ea)) = ? 0(α5 σ l ® *W

where ^ 6 G! (resp. £2 ^ G2) is the identity of Gt (resp. G2). Thus, as

•£(β])«2) is a seperating and generating vector for (M ® N, G{ x G2), we obtain

u~ι(jiuσι ® bu<r2)u = θo(auσι ® έSσ-2)

Hence 6̂  can be extended to an isomorphism # of (M, GO ® (N, G2) and

(M ® N, Gi X G2), and the proof is completed.

Let M be an approximately finite factor on a separable Hubert space
with the invariant C = 1 and G a group of automorphisms of M. It is
known that M is the direct product of two approximately finite factors Mx

and M2 on separable Hubert spaces with the invariants C — 1 (cf. [4: Lem-
ma 5. 2. 1] and [6 : Lemma 4]). As remarked after Lemma 1, G admits a
faithful representation G as a group of automorphisms such as the crossed
product (M, G) is isomorphic to the crossed product (M2, G'). Now we consi-
der the identity automorphism e of Mj in which every element of Mj remains
in place and observe that M{ is isomorphic to the crossed product (M1? e).
Then, by Theorem 1, the direct product Mj ® (M2, G ) is isomorphic to the
crossed product (M, e X G). It is obvious that e X G is isomorphic to G.

On the other hand, as shown in [8], the crossed product (M, G) is a
factor of type IIX if G is a group of outer automorphisms of M, and then
(M2, G ) is also a factor of type II^ Hence, as M r has the property Γ, M!
® (M2, G') is a factor of type Πj with the property Γ by [2 : Theorem 2] if
G is a group of outer automorphisms of M.

Furthermore it is proved in [7] that an arbitrary countable group is
isomorphic to a group of outer automorphisms of the approximately finite
factor on a separable Hubert space.

Summing up the above we obtain

THEOREM 2. Let M be the approximately finite factor on a separable
Hilbert space and Go an arbitrary countable group, then there exists a group
G of automorphisms of M, isomorphic to Go, such that the crossed product
(M, G) is a factor of type IIj with the property Γ.
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