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1. Introduction. Let a(x) be bounded mesurable in every finite interval
of =0 and let

) = pa s 1y ), @ - Draa) dea> — 1,
o) = Na + s, w)/u*, @ > — 1,
and let
o_(u) = us_(u) = ua(u).
If o, (u) > s as u— oo, then we say that the integral

(1.1) j:a(u)du

is evaluable (C,a), @ > — 1, to s and write

(C, a)j;a(u)du =s.

If [ |do,(u)| is finite and o,(u) —> s as u — oo, then we say that the integral
Jo

(1.1) is evaluable |C,a,] @ > — 1, to s and write

1C,a]j(; a(u)du = s.

Recently, Rajagopal [5] defined the Riemann-Cesaro methods of summability
for integrals. In the following, let p» be a positive integer and let & be a
real number such that &« = — 1. The integral (1. 1) is said to be evaluable
(R, p, @) to s if the integral

A
(1.2) C;Lt"‘“‘/; sa(u)( sin uf. )pa’u,

where

1 fm a—P 1P — —
pr_{I‘(a+) sinudu, —1<a<p—lora=0,p=1,
1, a= —1,

converges in some interval 0 < z < ¢, and its limit tends to s as t—>0 + .
The purpose of this paper is to establish the summability theorems for inte-
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grals analogous to those for series.
Rajagopal [5; Theorem I(A)] proved the following

THEOREM A. Let 0=a+1<p. Suppose that the integral (1.1)is evaluable
(A) to s and that

fo ()| dz = O).

Then the integral (1.1) is evaluable (R, p, @) to s.
Concerning this Theorem, we have the following two theorems.

THEOREM 1. Let 0 < r + 1< a + 1 < p. Suppose that the integral (1.1)
is evaluable (A) to s and that

(1.9) [ 1o/@)1dz = 0
Then the integral (1.1) is evaluable (R, p, @) to s.

If the integral (1.1) is evaluable (C, ) to s, then it satisfies the condition of
Theorem 1. Hence we have

COROLLARY. Let 0 <7r + 1= a + 1 < p. If the integral (1.1) is evalu-
able (C,r) to s, then it is also evaluable (R, p, @) to s.

THEOREM 2. Let 0=a+1<r+ 1<p. Suppose that the integral
(1.1) is evaluable (A) to s and that (1.3) holds. Then the integral (1.1) is
evaluable (R, p, &) to s, provided that

(1.4) sa+1(we) = o(u).

The series analogues of Theorems 1 and 2 are Theorem 3 in the paper [3].
For the series, the condition corresponding to (1.4) is superflous, reasoning
that the limitation theorem (Hardy [1; Theorem 56]) holds. But the limita-
tion theorem of this kinds does not hold for integrals. In fact, in the section
6, we shall show that there exists a function a(x) defined in (0, o) such
that the integral (1.1) is evaluable (C, 8) to zero for some 8, 0 < B < 1,
while it is not evaluable (R, p, @) for p = 2 and — 1 < a@ < 0. This example
shows that the condition (1.4) is not dropped in Theorem 2 for p == 2 and
— 1= a<0. On the other hand, we have the following

THEOREM 3. Let 0=a + 1< p. If the integral (1.1) is evaluable
|C, p| to s, then it is evaluable (R, p, @) to s, provided that (1.4) holds. Fur-
ther, if the integral (1.1) is evaluable |C,1| to s, then it is also evaluable
(R, 1,0) to s.

The series analogue of this Theorem is Theorem 4 in the paper [3]. Here,
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also, the supplementary remark to Theorem 2 is needed. In fact, we shall
show, in the section 6, that there exists a function a(«) defined in (0, =)
such that the integral (1.1) is evaluable |C,p| to zero, while it is not eva-
luable (R, p,a) for p=2 and — 1 < @ < 0. Theorems 1,2 and 3 are proved
in the sections 3,4 and 5, respectively. We shall prove, in the section 6,
the following

THEOREM 4. Let p = 2. Then, there exists a function a(u) defined in
(0, ) such that the integral (1.1) is not evaluable (R,p,a) for any a, — 1
< a <0, but it is evaluable (R, p, B) to zero for some B, 0 < B < 1.

In the last section 7, we shall prove the following

THEOREM 5. Let p = 3. Then, there exists a function a(u) defined in
(0, =) such that the integral (1.1) is not evaluable (R, p, &) for any a, — 1
< a <1, but it is evaluable (R, p, B) to zero for some B,0 < B < 2.

Concluding this section, we shall state the following two theorems without
the proofs. The methods of the proofs are quite similar to those of series
analogues which are found in the paper [2].

THEOREM 6. Let — 1< a =0 and let p be a positive odd integer. Sup-
pose that
sp(w) = o(u"), 0 <y < B,

and
= la(z)] s
L I dr = O(u™%"9),

where

0<d=pB—v/B+1-p) <1
Then the integral (1.1) is evaluable (R, p ,a) to zero.

THEOREM 7. Let —1=<a =0 and let p be a positive odd integer. Sup-
pose that

[ 1@l dz = ot log w)

and

j; MEZ,:,)I dz = 0w™®), 0 <8< 1.
Then the integral (1.1) is evaluable (R, p ,a) to zero.
2. Preliminary Lemmas.

LEMMA 1. Let 0= a + 1 < p and let
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) =alu) —s (0 u<1)
=alu) (A=Zu< o)
If the integral (1.1) is evaluable (R, p, @) to s, then the integral

j: mb(u) du

is evaluable (R, p, @) to zero, and conversely.

PROOF. For @ = — 1, Lemma is obvious. For a > — 1, let

1 *
. = 1) fo (4 — 2Yb(z)dx.
Then, if « <1,

a+1

T (u) = 1?(514——61; (u — x)a(x)dx — I‘(S—Z;i-tZ_) = s,(u) — I‘EZ—+2)’

and, if v =>1,
Tuw) = 5.() = iz gy 4™ — (= D).

Hence we have formally, putting @{z) = (z7'sin x)?,

< * @+1 1
tw+1j; T (w) p(ut)du = ¢ +1j; su(w) @(ut)du —I"(%—Ff)j; w p(ut)du

stm+l

T T(a+2)h (™ — (u — )" | plut)du.

where
t’u+1 1
' ——————— a+] -
1,5?1’(61—*—2)[] w*@(ut)du = 0.
Therefore, for the proof of Lemma, it is sufficient to prove that
t’t+1 £ 1 fao
S A § o+l _ 1@+l ’ — R S a—P ;P
l,g(l,ll‘(a+2)j: Su (w — 1)* "V plut)du = C,,, Na+1)J, » sin udu

This is easily proved by an elementary calculation.

LEMMA 2. Let @(x) = (x7'sin z)". Then

d’m
(2.1) " ) = 0(1)
and

d’lﬂ
(2.2) o #(@) = O(=™).

This is due to Obreschkoff [4].
LEMMA 3. Let 0 < 8§ <1 and let
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2. 3) Gz, t) = ‘/:n(u - x)'a‘% o(ut)du.
where @(u)=(sin u/u)’. Then, for x >0 and t > 0,
(2.3) Gz, 1) = O(")

and,

(2.4) Gz, t) = O@*"z").

PROOF. Since

L “an Put)du = —@(xt),

we have, using (2.1),

z4+1[t d
Gz, 1) = j; (w — z)® du p(ut)du + [(u — ) *p(ut)]ieu i
+ L;” o(u — x)7% p(ut)du

r+1/t oo
—o([ @-ara)r 0@+ o([ | w2 du)
= O(),
which is the required (2.3). On the other hand, using (2,2),

z+1]t d
G =] -2 pluddu + [ — 2 *Put)ioerrn

+ Sf m(u — )% p(ut)du
r+1/t

—o(r=] -yt urdu)+ 0@ +1/0)
+O<t‘pL+m (u—x)"s']u'pdu>

: x+1/t

= O(t"px‘pf (u—x)“adu> +O(£#~?2"7)

+O<l’px“” f (u—x)'s‘ldu>
o+1/t
= O(#"z")
which is the repuired (2.5).
LEMMA 4. Let 0<86<1 and let m =1,2,3,.......... Then, for x >0

and t > 0, the function G(z,t), defined in Lemma 3, has the following
properties :
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dm e m 41
(2.5) o O = [ — @) plutkd
a m
(2.6) " G(z, t) = O™
and
a"
@2.7 g?,rG(x, t) = O@F™+3-?117P),

PROOF. The property (2,5) is easily proved by an elementary calculation.
Further, for m =1,2,3,......... s

m -1

A d
L o plut)du = — Z,CT_T;D(xt).

Therefore, by the method analogous to one which we obtained Lemma 3,
the properties (2.6) and (2.7) are proved.

LEMMA 5. Suppose that the integral (1.1) is .evaluable (A) to s and (1. 3)
holds. Then

(2.8) o.a(u) = O(1), as u— oo,
and, for € > 0,
2.9 slu) = s, as u —> oo,

PROOF. Rajagopal [5; Lemma 6] proved (2.8) and
(2.10) o, u) —> s, as u—» oo,
Then, by the well-known theorem, (2.8) and (2.10) imply (2.9).

3. Proof of Theorem 1. Since Theorem in which 7 = @ is Theorem
A, we shall consider the case » < a. Let (1.3) hold. Then, KX denoting a
constant, depending only @ and 7, which is not necessarily the same on any
two occurrences, for 0 <r< a<r +1,

w U . U d x
[lootae =k [ 2 gr < & [ 22 " — 3y 160 a
ng; 5. dyfy (i:“:f,)r—;dxélij; 'S—ifl(u—y)“"dy

<K u“[( f ' lo(2)| dx) y’"“};
— & w [ ([ oko)l de)y=o ay

= O(u) + O(u**" j; ¥y~ dy) = O(w).
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For a < 0, we see easily

[ 1ol dz = Ow)

Therefore, if (1.3) holds, we see that, for @, @ > r, (1.3) holds when 7
replaced by a. Then Theorem follows obviously.

4. Proof of Theorem 2. Since » + 1 < p, we take & such that
r+l1<r+1+E&<p
Then, by Lemma 5,
Oried) > 5, as u — oo,

On the other hand, by the method of the proof of Theorem 1, we see that
(1. 3) implies, for & > 0,

[ 1oyl au = 0w

Therefore, in our Theorem, the condition that the integral (1.1) is evaluable
(A) to s may be replaced by

4.1) aru) = s, as u — oo,

For the proof, we may suppose, without loss of generality, that s = 0, by
Lemma 1, and

4.2) r+l1<p<r+2

We take an integer g such that r<<a + ¢q<r + 1. Then ¢g=1. Now, by
the Riesz theorem [6], (1.4) and (4.1) imply

sa+v+l(u) — O(u(p(f-w—v)+(7'4 1)V)I(T~w)),

for 0= v =<7r — a. Then we have, as u —> o for a fixed ¢ > 0,
v—1

Sa+v(u)7;:T¢(ut) — O(um(r—u—v+1;+(r+1)(v-1))/(r-,,)—p)
u

—_ o(u(v~l)(f—l’+1)l(r—a))

= o(1),
for 1 < v < q. Hence, by the integration by parts,

(4.3) f " suwput)du = [Z(~ 1>"“s~+v<u>juv—:¢<“t>]:=o
F D e ) gt

q

- d
= (=0 [ e g )

We shall now consider the case » < a + ¢ <r + 1, since the case r=a
+ ¢ may be easily deduced by the following argument. By the well-known
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formula

1 u
Su+o(2e) =Ta+q—1) fo (u — 2y s(x) dx,
we have
co dq l oo dﬂ u
j; Sara () g 0 plut)du = Na+q—7) j(; 2t Plut)du J; (u — )" s (x)dx

q

1 I . =, wrgr @
= Natq—r) fo s{x)dx j; (u — x)*** e P(ut)du.

Here, we shall prove that this interchange is legitimate. For this purpose,
it is suffcient to prove that, for a fixed # > 0,

v q

’ . d
IN) = fo Sr(x)dfo (u— z)*+a-"1 2t @(ut)du = o(1), as N — oo,

Let us write

N N+1 N o
IN)= j; dfo du—f-j; dva 1du = I,(N) + I(N).
Then, by (1.3) and (2.2),

1) = of fo ") dz I T = iy du)

O(Lmlu“p du£N|sr(x) (uw — x)‘”“""ﬂx)

O<Lv+1u_p(u — N)xHe=r=t duj:v | s,(x)] dx)

N+1
— O<Nr+1_pj;, (u _ N)m+q—r—1du>

= O(IN"'-?).
Since, for , 02 < N
oo q
N+1(u — g)*ta-r-t o @(ut)du

q-1 £

= [ o  ptun |

U=N+1
B dll—l
—(@+qg—r— l)fm,(u — x)* T p(ut)du

=O(N") + O(j:l(u — )Ty du)

=0 + (N[ (u— 2t )
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= O(N-") + O(N )
= ON™),

we have

5 I(N) = O(N"’ Ller(x)]dx>= O(Nrn_‘p)’

and thén |
I(N) = O(N™'"%) = o(1), as N — oo,
by (4.2), which is the required. Therefore, for the proof of Theorem, it is

sufficient to prove that
q

< o DA . d
t““j; s,(x) a’xL (u — 2yt v7! A o(ut)du

converges in 0 < ¢< ¢ and its limit tends to zero as £—>0+4+. Let us
write

q

- - 4 .
o+l _/; s{x)dx fz (u — x)rrom! 2 @(ut)du = j; s{z)H(z, t)dz

= (\/;Md:c + _/:dx> = U() + V(¢),

where M = N/t, N being an arbitrary fixed positive number, and
aq

. d
H, )= [ (4 — 27— plut)du

du' ?
Since 0< 7 +1—-a—¢<1, by Lemmas 3 and 4, we get, for n =0,1,2, ...... ,

d"
(4.4) d—an(x, t) = O™
and
(4.5) H(x,t) = O@" " 2x7?).

dz"
Hence, using (4.1) and (4. 4),

Ul)= ]; s(x)H(x, t)dx
= @) H G, D12 — [ 50 (@) e Hia,

. M
—_ O(Mr+1tr+1) + o(tr+2—pf’xr+1-—pdx>
. 0

= o(N™") + o(N"**?) = o(1),
since » + 2 — p > 0, by (4.2). On the other hand, by (1.3) and (4.5),
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V(@) = O(t”l”'[:is,(x)]x"' dx)

= O(t’““"j;:la'r(x) [2~? dx)
(

At [x’"”lz o ()l du]:_d) + O(t’“""j:x"” dx)

(tr+1—pM1+1-p)
O(Nr+1_p).

Therefore we get

ms,(x)H(.r, t)dx = o(1) + O(N"-?),

S

as £—> 0 +. Since N is arbitrary, we have

lim f s{x)H(z, t)dx = 0,
t->0+ Y0
and Theorem is completely proved.

5. Proof of Theorem 3. The method of the proof is analogous to one
of Theorem 3 in the paper [3], so that we shall sketch the outline of the
proof. We shall consider the case in which « is not an integer, the case
in which « is an integer being easily proved by the method analogous to
the following argument. For the proof, we may suppose, without loss of
generality, that s =0 by Lemma 1. Let 8 be the greatest integer less than
a. Then, by the integration by parts, putting @(z) = (27! sinz)’, for a
fixed £ > 0,

T p-p-1 dv-x
[ sdwptundu="3 (= D" s0ka) 5 plat)
v=1
»-g-1

8 d
+ (= 1)** fo spramp-i() 7 p-a-1 Put)du.

By the summability | C, p| of the integral (1, 1), s,(z) = o(z") and then, using
Riesz’s convexity theorem [6], by (1,4), for » such that ¢ + 1 < v < p,
s x) = o(zL").
Hence, by (2. 2),
p-p-1 a? »—B-1

2 (= spda)— o elat) = 20 o(z"z7?) = o(1).

v—1
dx ot

Therefore, for the proof, it is sufficient to prove that the integral

v=1

>3 p—B-—l
AN fo sm-ﬁ-x(u)wgv(ut)du
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converges in some interval 0 <z < ¢, and its limit tends to zero as ¢t — 0+.
This is proved by the quite same method to one of the proof of Theorem
3 in the paper [3]. Thus Theorem is proved.

6. Proof of Theorem 4. For the proof, we need the following

LEMMA 6. Let
3 _ptE+1
(6.1) 0<é<n O0=sa< 1o and — 000

Then, there exists a fzmction a(u) defined in (0, o) such that

<B<1.

o 1
(6.2) T(a+1)s,(u)= ‘/; (w—x)Ya(x)dz = “z-u”“, R+2n " <u<n+3n7P7),

where n=4,5,6, ...... and € is a positive constant depending only a,p, &
and 7,
6.3) €8 [ atwdu =0
and
6.4) 1C11 [ atwdu = o.
0
PROOF. Let
(6.5) bw)=10=u<1)
=—-2"rZ=u<n+1,n=123,..... ).
Then

fwb(u)du =0 and f:l o(u)| du = 2.

Therefore, by the well-known theorem, for ¢ > 0,

6.6) €n] Cbwdu=0 and |C,y| f " bw)du = 0.
Thus

1 u
6.7) ) = 77 515 fo (4 — 2Yb(x)dz = o(u?).

On the other hand, for n=u<n+1, =1,2,3,...... ,
Tu) = T(u) = 2" — 27w — n) > 0.
We shall now define the function a(«x). Let, for » = 4,5,6, ...... ,
au) =bw), 0=2u<4,n+dn?""=u<n+1),

(6.8) = % PPt — 21, (n = w <n+ 20777,
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. 1 . . )
= — 7n”+"(n”+£-—'1'(n+4n""")), n+2n P "Zu<nt4nP").

Then, for » = 4,5,6, ...... s
ssw)=s5u)=Tlw) O=Zu<4,n+4n?7"=u<n+1)

1
6.9 = 771”*5 m+n?"<u<n+ 30"

<t m=Zu=<n+4n"").
Thus (6.2) for @ = 0 holds. For a@ > 0, by the integration by parts,

1 u
) = gy |, 0 = 2 7s(a) de
Since s(x) > 0 for all x, when n + 22" "< u<n + 3n?7,

Na+1)s,(n) = dj::n_,,_,,(u — z2)*7's(z) dx

'8

u
=—-n"*¢ £+n_,,_,,(u — z)* 'dx

SIEEN

— p+E-a(p+n)
2

n

by (6.9). Thus, when n + 22" < u < #n + 3n™*7",
1
TNa+1)s,(u) = o 7"

where € = &€ — a(p + 7) > 0 by (6.1). This proves (6.2) for & > 0. On the
other hand, using (6.9) and putting p = [«], for 0 < B8 < 1,

D8+ 1)(s9(a)— To(a) = 8 [ (w2 (o)~ Tz

n+4n—P—-"n

<8y [ (u — 2P's(z)dx

n=g¢ YN

+8 f " — 2P z) — T()de

p—1
< Z n’”f{(u—n)ﬁ—(u~n—4n_”_7’)‘8} + 4Bpp+£—5(p+v/)_

N=g

— O(i nms—ﬂ(mn)) — o(uﬂ),

n=4
by (6.1). Then, using (6. 6),
sa(w) = o(u),

which proves (6. 3). Lastly we shall prove (6.4). Let
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() == fo T(z)dx.
Then, by (6.6), '

6.10) [ )] = [ 17 du = o,
where

T(u) = — *i—gﬁ T(x)dx — *Z%*T(u)
Let

o

1= [1e@de - [ 17@) @] = [0 7@ 1da

f (f (s(z) — T(x))dx>du+ f *(S(u) T(w))du
= J, 1 + J. 2
say. Then, by (6.9),

n+4n—P—n

=5 [ st — Tevdu = ST et

n=0 n=4

= 5 4w = 0Q),

n=4

since # > & Concerning Jl, when4=<n<u<n+1,

L f (52) — T(x)dz <~ z f T e < —z mt1 = O(n=),

m=4

where 8 is a positive constant depending only & and 7. Hence

J, = z f ( i fo “(s(z) — T(x))dx)du = o(}m_: n‘1‘5> = 0(1).
Thus
J=J, + J, = O(L).
Therefore, using (6. 10),
[ 1e@laz = [ 1aet@) = o,
which proves (6. 4).

PROOF OF THEOREM 4. For any @, — 1< a <0, we take & and 7
such that

0<&<7 and 0<a+1<

p+n°
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We shall now define the function a(xz) by (6.8). Then, by Lemma 6,

1
(6.11) Na+2)s,(w) =5 4" (n + 20777 <u <n + 327%7)

where n = 4,5,6, ......... and € is a positive constant depending only on a, p, &
d d, wh pritl <1
an 7),an,wenp+,’]+1 < B <1,
(6.3) (C, ﬂ)j{; a(u)du = 0.
Hence, by Corollary of Theorem 1, the integral (1.1) is evaluable (R, p, 8)
p+HET1

to zero, when p = 2 and p+n+1 <8 <1. But the integral (1.1) is not

evaluable (R, p, @). In fact, putting @(z) = (z~'sin «)’, by the integration by

parts,
N

N
d
o+ f sa(w)p(ut)du = t**'s, .. (N)P(N) — t**! f Su1(2e) u o(ut)du,
0 0 U
where, as was shown in the proof of Theorem 2, the last term

N
d
t‘”“j; Su+1(2) du o(ut)du

converges as IN — oo, in some interval 0 < ¢z < ¢, while, by (6.11),
ta+15..+1 (N)¢(5N)

is divergent as N — oo, in an arbitrary interval 0 < ¢z < ¢, Therefore the
integral (1.1) is not evaluable (R, p, @). Thus the proof is complete.

REMARK. As was shown in the proof of Theorem, the integral (1.1) in
which a(x) is defined by (6. 8) is evaluable (C, 8) for some 8,0 < 8 < 1, and
is evaluable |C, p| to zero by (6.4), while, for any a, — 1 < a <0, the in-
tegral (1.1) is not evaluable (R,p,a). Thus, the condition (1.4) is not
dropped in Theorems 2 and 3 when — 1< a <0 and p = 2.

7. Proof of Theorem 5. For the proof, we need the following

LEMMA 7. Let
n—§& 2+ 7
< - S5 kel LI
(7.1) 0<E<n<2§,1_a<1+P+§ and » 3 < B <2

Then, there exists a function a(u) defined in (0, ) such that

(7.2) s.(w) > o, (n + %n”"'f <u<n+ 2n‘p'§),

where n = 4,5,6, ......... and & is a positive constant depending only on a, p, &
and 7, and
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(7.3) ((oN:)) j‘;“a(u)du = 0.

PROOF. Let the function &(x) be defined by (6.5) and let the function
a(u) be defined by

a(w)=2n"*¥(n""*" — 277), B=Z=u<n+nr?
= — 25 HEH, +n"t<Zu<n+2n7%
(7.4) = -2 —3-2"""4+3-2" P N + 2P S u < + 3n77F)
=" (20— 20" £ 21y, R+3n?t=<=u<n+dn??)
=b(u), elsewhere,
where n = 4,5,6, .......... Then, when # + n7** <u <n+ 2n7%%,

“ u n+n—P—£
(7.5) si(u) = J; s(x)dx > L s(x)dz > j; s(x)dz = n*%,

which proves (7.2) for a =1. When n < u < n + 4n7 "%,

(7.6) 0<s,(u)= j;ns(x)dx + j;us(x)dx =2- 2371 + %n'”'5(2n2”+”+ 2'")
+ gt = O,

and, when 0 < ¢ <4 orz+4n " <u<n+1, n=4,5,86,

(7.7 s1(w) = Ty(w).

3
We shall now prove (7.2) for a > 1. When n + N n Pt <y <n+2n7E
using (7.5),

T(a + 1)s,(x) = ala — 1)f0u(u — z)* %s(z)dz

u
> ala — 1)f (uw — z)* *s)(x)dzx
n4+n—P—§
> an® " u — n — P E!
> anmn—f(vl— n—p-é)m—l
2
= Ql-oqyup*n E-(@-D@+H
= 2 *an’*e,

where E=9— & —(a@a—1)(p + & > 0 by (7.1), which proves (7.2). Next
we shall prove (7. 3). Using (7.6) and (7.7), putting p = [«],

T8 + 1) (ssw) — T) = 88 ~ 1 (w — 2P s@) — Ti(@))dz
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p—1

n+4.—P—£
=BB-DL [ -2
+ 88 - D[ @ 2r(s0) — i) e

= O<Pin"*’"£ (@ = n)f7' = (u — n— dn™" 57}

Nn=4

+ O(pp+n—£—(5-l)<p+§»)')>

p—1
= O(ann—s—(ﬂ—l)(w&)) + O(up+n-g—(p_1)(p+g))
= O(®), ’
since, by (7. 1),
prn—E+1-B-D(+H<A

Since, by (6.7), Ts(x) = o(u®), we have sg(u) = o(®), that is, (7. 3) holds.

* PROOF OF THEOREM 5. The case in which — 1 < a < 0 is proved by
Theorem 4. Hence we shall prove for the case in which 0 < a <1. For
any a, we take & and 7 such that

n—§
< [ S —
0<E<9n<2 and 1Za+1<1 P T E -

We shall now define the function a(x) by (7.4). Then, using Lemma 7, the
proof runs similarly to one of Theorem 4.
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