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For a (quasi-) Frobenius algebra R over a commutative ring, Professor T.
Nakayama [5], [6], [7] has constructed a complete resolution for R, and developed
the complete cohomology theory of the algebras as a generalization of that for
finite groups. Recently, K. Hirata [2] has also constructed a complete resolution
for R from the viewpoint of the relative homological algebra in the sense of

Hochschild [3].
In the present paper, we shall begin with definitions of "weakly projective"

and "weakly injective" relative to the Frobenius algebra over a field (Def. 1 and
la) and show that "weakly projective", "weakly irijective" and "the identity map
is a norm of some one-sided-Λ-epimorphism" are all equivalent to each other for
any bi-.R-module, (Prop. 3). Using these properties fully we shall be able to give
the complete cohomology groups, defined first by Nakayama [5]. In 2 we shall
construct an appropriate complete resolution for our algebras (Def. 3). In 3, we
shall develope a product theory of complete cohomology groups in the same way
as for finite groups. Finally in 4 we shall show a duality as an application of
this product theory in the case where our algebra is commutative (Theorem 4).

Our way to get the complete cohomology groups may be roundabout in
comparision with those of [2], [5], [6], [7]. But it seems to the writer interesting
that the method, used to find the periodicity of the complete cohomology groups
of finite groups (XII in [1]), are applicable to our case almost in the same manner,
(this must be a matter of course in some sense).

In closing the introduction the writer would like to express his gratitude to

Professors T. Tannaka and T. Nakayama for their valuable advices and encourage-
ments to him.

1. Modules. Throughout this paper we assume that all rings have a unit
element which operates as the identity on all modules, (that is, unitary modules).

In the situation (sAp, pBQ, τCQ\ there exists a right-iS-and left-T-isomorphism

(1) 5 : HomXA, Homρ(β, C)) *> HomQ(A ®P£, C)

such that for each φ : A >• Home(J5, C) we have (s φ) (a ® έ) = (φ a)b. Si-
milarly, in the situation (pAs, QBPy Q€T), we have a left-iS-and right-T-isomorphism
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(2) t: HomP( A, HomQ(B, C)) - * Hom^GB ®P A , C)

such that for each ^ ^ - *• Homρ(β, C) we have (/ -ψ1) (6 (g) a) — (fyά)b. Oc-
casionally we shall use these isomorphisms without any indication and identify the
isomorphic groups each other.

Now, an algebra R over a field K is called a Frobenius algebra when it is
of a finite rank, say r, over K, and has a unit element 1, and further the left
and the right regular representations of R in K are equivalent. The last condi-

tion is equivalent to the fact that there exist "dual" bases (aly ...... , ar\ (bly ...... , br\
for which the relation

(3) Λ W ί =

holds for any x in R where xiΊc in K. This is also equivalent to the fact that
R° : Homκ(R9K) is left-J?- isomorphic to R, where we consider R° as a leίt-R-
module by the convention

(4) (xά)y = a(yx), a in R°,x,y in R.

Then, there exists an automorphism x - * x* of R, uniquely determined
by R up to inner automorphisms, and we have

(5) ***«

along with

(6) aiX
k

for any x in R where xilc in K.
We set for any bi-J?-module A,

(7) AR = [a in A \ xa = ax for all x in JR],

(8) Nα —^^aiάbi, a in A,

where (tfj, (έj are dual bases of R as described above. Evidently N is a K-
endomorphism of A and will be called the norm-homomorphism. We note that
Nα is independent of the choice of the dual bases. Then, [5] asserts

LEMMA 1. For every a in A and x in R we have

(9) NO r* - xa) = 0.

LEMMA 2. We have
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(10) NA £ AR.

For two bi-,R-module A and A', we convert the group Hom^/^A, A') of

all right-JR-homomorphisms of A into A' to a bi-R-module by setting

(11) (xf) (a) = xf(a\ (fx) (a) — f(xa\ x in R, a in A, f in HomK-R.

Similarly we define the bi-jR-module structure of the group HomR-κ(A, A') of all

left-/?-homomorphisms of A into A' by

(12) (xg)(ά) = g(ax\ (gx)(a) = g(a)x, g in Homβ_*.

Then (Hoπxs:-*)* = (HomΛ-^)R = Homβ_δ(A, A) : the group of all bi-.R-homo-

morphisms. In particular, in view of Lemma 2, the norm of a one-sided-Λ-

homomorphism is a bi-R-homomorphism. If further, /: A *• A' is a bi-R-

homomorphism, we have

(13)

Consider a sequence of bi-JR-modules

E,

where / and h are bi-J?- and ^ is one-sided-(say, right-^-homomorphisms, then

we have

(14)

The tensor product R ® R over ^ is a K- module, and the multiplication

converts R§§ R into a ίΓ-algebra, which is isomorphic with the enveloping algebra

Re of R. And then (R ® Λ) is regarded as a bi-K-module and as a lef t-(lϊ® Λ>
module by

(16) ^fe ® j;2)y1 = (̂  ® 3/0 fe ® 3/2) = x^2 ® ̂ 2^1,

respectively. Consider a map 9? : R - > R ® R such that £>(.r) — x ® 1, then

?̂ is clearly a j&Γ-algebra homomorphism. We can, therefore, regard every bi-JR

module A as a left-R-module induced by φ and define the so-called 9?-covariant

extension ^ A : (R ® R) ®β A, which is isomorphic with the tensor product
R ® A over K. The bi-Λ-structure of .R ® A is, therefore, given by

(17) y(x ® a)z = yx ® #£, α in A, .r, 3;, 2; in R.

Hence, a map ^ : -R ® A - * A given by

(18) g(x ®a) = xa
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is clearly a bi-.R-epimorphism.

DEFINITION 1. A bi-Λ-module A is called to be weakly protective if there
exists a bi-Λ-homomorphism v of A into R ® A such that gv is the identity
of A.

Obviously a bi-jR-projective module is weakly projective, while, if A is
weakly projective, A is so-called ^-projective (i. e. relatively projective in the
sense of Hochschild [3] with respect to φ.)

PROPOSITION 1. For any bi-R-module A, R ® A is weakly projective.

PROOF. Our definition of "weakly projective" is different from that of "φ-

projective", but the fact that "the covariant extension R ® A — (φ)A is φ-
projective" is proved by pointing out the existence of the above homomorphism
v, (see Prop. 6. 3. in p. 31 of [l]), therefore, Rζ?)A is weakly projective. q. e. d.

Dually we shall consider the 93-contravariant extension (φ^A : HomR-K(R ® R,
A), which is, by t in (2), isomorphic with Homκ(R, HomR(R, A)), that is, with
Hom^JR, A), of which bi-J?-structure is given by

(19) (yfz) (x) = f(xy}z, f in Hom*CR, A), x9 y, z in R.

Then a map h : A * Homκ(R, A) such that

(20) h(d)x = xa

is a bi-JR-monomorphism, because A is unitary. It holds indeed

(21) h(ay)x = xay = (h(ά)y)x,

h(yd)x = xya = h(a)xy = (yh(ά))x, a in A, x, y, z in R.

DEFINITION la. A bi-Λ-module A is called to be weakly injective if there
exists a bi-/?-homorphism p of HonxsrCR, A) into A such that ph is the identity of
A. Evidently a bi-injective A is weakly injective. On the other hand, if A is
weakly injective, then, A is so-called ^-injective (i. e. relatively injective in the
sense of Hochschild [3]). Dually to the Prop. 1, we have

PROPOSITION la. For any bi-R-module A, Hom^CR, A} is weakly injective.

Further, since the direct sum decomposition of modules yields that of functors,

it is clear that

PROPOSITION 2. A direct sum of bi-R-modules is weakly projective

(weakly injective) if and only if each summand is weakly projective (weakly

injective).

From these preparations we obtain
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PROPOSITION 3. For each bi-R-module A the following properties are

equivalent:

(a) The identity map of A is the norm of some right-R-endomorphism ω of

A.
(b) A is weakly protective.
(c) A is weakly injective.

PROOF, (b) >• (a). If A is weakly projective, there exists a bi-R-homo-

morphism v : A *- R®A such that gv(a) = a, with g(x§&ά) = xa. Since R has

a finite K-basis, say (at\ each element v(d) can be written as a ^-linear com-

bination : v(a) — Σ at ® gt(a). Since for each x in 7?, (̂<2.r) = ̂  αt ® gί&x)
i i

and v(a)x = ]ζ (̂  ® g^aγ)x = Σ at& 9i(&)χ9 *ne condition v(ax) = v(a)x is
i i

equivalent to gjζax) — gi(a)x, that is, grt is an element of Honifi:_κ(A, A) with

the bi-^2-module structures given in (ll). On the other hand it holds that

(22) Ka*)=Σ
i

and

(23) xv(a) =Σ
i

with α:Λi in (3). The condition v(xd) = xv(d) is, therefore, equivalent to

(24)
Ίf,

From this and (3) we see that bt - ̂  gt gives a right-jR-homomorphism of R
into Hom .̂̂ A., A).

Consider ω : the image of 1 under this homomorphism. Since the image of

bt = 1 bt is gi = ωbi9 we have

(25) a = srι<«) =

(a) — *• (έ). If we define ^(α) = ω(^α), and z^ using (22), z> is a bi-Λ-

homomorphism of A to R ® A and prz/ is the identity of A. Thus A is isomor-

phic with a direct summand of Λ ® A, which is weakly projective by Prop. 1,

so that A is weakly projective by Prop. 2.

(a) - *• (c}. Assume N(ω) = identity of A with some ω in Hom/ί:_κ(A, A).

For / in Hom^CR, A) with the bi-#-structure (19), we consider a map μ : Horn*
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(R, A) - * A given by /*(/) = Σ aiω(f(bϊ))> then μ is a bi-J?-homomorphism.
i

In fact, it is seen that

(26) μ(xf) = Σ, **«((*/> (*«)) = Σ *KM*)) = Σ *X/fe A))
i i ί,fc

(27)

(because ω is a right-^-homomorphism), and =

If f is A(tf) : α -> :̂α, α in A, α: in -R, then we have

(28)

Thus μ(h(a)) = a and A is weakly injective.

(c) - *- (a). Assume that A is weakly injective and μ be a bi-ί?-homo-

morphism of Homκ(R, A) into A such that M(<z) = ^ for Λ(α) : α - *• xa. Let

further (v(k) be a non-singular (r X r)-matrix in K such that

(29) (b19 ...... ,6r)(y«) - («, ...... ,4ί), *ί ~ 1,

with (έί) in (3), and («ί, ...... , ar) be the basis of R given by

(30) ί̂ = Σ *<***•

Define /α of Hom^GR, A) for every Λ in A by setting

(31) /β(αO = α, /αW) = 0 for ί φ 1.

Then /ex(ai) = ΛΛ: = (/» (έzί), Λx(^D = 0 = (/«Λ:) (aΐ) for £ 4= 1, with bi-lί-

structure (19), i. e., /αx = ĵ α:. Since μ is a bi-Λ-homomorphism, we have μfax

= K/α^c) = (Aί/α>c. Accordingly if we put p(ά) = μ{fa\ then 0̂2:) = μ(fax)
= μ{fax) = (μfa)x = p(a)x. From this we see that p is a right-J?-endomorphism

of A. With reference to the operation of R on Homκ-R(A, A) as (ll), we shall

compute N(p) :

(32) (N/0 (β) =

On the other hand Σ, (aiβ>&) (χ) — xa — h(a) G )̂ fOΓ all x in. R as seen below.
i
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Consequently we have (Np) (a) = α. Now we must show that ̂  (α</btα) (x) = :r<z.
i

(33) Σ(α</M)(*) = Σ/M(W
ί ί

— Σ/M ί Σ ΛΛ< ) = Σ ^*</M ( Σ f̂ α« )* \ * / ί,fc \ t /

= Σ Λ*Aβ **ι = Σ W^α = 1 oca = xa.
ί,fc k

Thus we have proved all our assertions. q. e. d.

PROPOSITION 4. In order that a bi-R-homomorphismfofΐίomR-.R(A,A')

be the norm of an element u of Hom^-βCA, A) it is necessary and sufficient

that f admits a factorization

(34) A — R ® A — A'

where g and h are bi-R homomorphisms, and R ® A zs Λ tensor product

over K.

PROOF. Suppose f — gΛ. Since Λ ® A' is weakly projective by Prop. 1

there is a right-Λ-endomorphism ω of R (§) A' such that Nω = identity of

R ® A'. Then f=gh = ^(Nω)Λ - N(gωh\ by (14).
Conversely assume f=Nu for some w in HomjS:_ze(A, A'). Define (/ Λ^A'

- ̂  A' such that g(at ^ Λ') = ata9 then r̂ is clearly bi-R-homomorphism. And

define h : A - * R ® A such that A(Λ) = Σ a{ (g) u(bta), then A is also a bi-
i

R-homomorphism, because it holds that

(35) h(xa) = Σ at ® u(btxa) = Σ ai ® u(xikbka) =
ί i i

(36) A(αa;) = Σ ^ ®
i ί

We have then grAα =^aiu(bla) = (Nw)(α) = f(a).

PROPOSITION 5. J/ A w -weakly projective, then

Ker N = J*A? Irn N - AR
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where J*A is the bi-R-submodule generated by (ax* — xa\ with arbitrary a in
A, x in R. Thus AR*: (A/J*A) is isomorphic with AR.

PROOF. There exists a right-Λ-endomorphism ω of A such that a = ̂  α,
i

ω(bta) for all a in A. By the automorphism x - >• x* of JR, (6) is changed to

(37) aϊx* =
k

From this and (5), we see that (bl9 ...... , br\ (of, ...... , a*) are the dual bases of

R as (a(\ (bt) in (3), and then, Na = 0 means that ]Γ btaa* — 0. Then we have

(38) a =

Thus in view of Lemma 1 we obtain the first half part of the proposition.
Next suppose a in Aκ. Then

(39) α = £ ̂ ωfoα) = Σ ̂ (αfe,) - E OI«(Λ)&* = N«(fl).
i i i

Together with Lemma 2 we have also proved the second part.

PROPOSITION 6. Let C be a bi-R-module, and A be a weakly protective
bi-R-module. Then A® K C is weakly protective and Ή.omB-κ(A9 C) is weakly

injective.

PROOF. These are easily seen from the commutative diagrams :

(40) R ®jr(A ® «C) - - (R ® ^A) 0 RC ,

, C)
/ \,

HomB.jsc(i;, C)

(A ΓΛJ?v^ * » ̂ /
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Now on a bi-jR-module we define the new right-jR-module structure induced
by the isomorphism x* - *• x from the original. We shall denote the bi-R-
module A thus obtained by A*. We consider Hochschild groups for τzΞ>0, with
some modification:

(41) PI*(R, A*) - Tαrί(Λ, A*), HW(Λ, A) = ExtS<£, A).

(Usually Hn(<R, A) = Tor? (A, R), however, we have modified as above, in accor-
dance with [5]).

Let N, HO, H° be the covariant functors given by (8), the above H*, H°
respectively. Just as by the case of finite groups (p. 235 of [1]), in view of Lemmas
1 and 2, for the diagram with natural transformations of functors

N
/\

(42) \* ,

the derived sequences DH*, DH°, Oh, Όg and DM* form a commutative diagram

Ώg -

(43) I
DH* - >DN* — -DH°

Since all the maps in (45) are isomorphisms, we identify the above derived

sequences into one sequence and denote by H. Thus we have Nakayama's groups

[5]:

R\R, A) = Rn(R, A), n>Q,

U\R, A) = Coker(Ho* - «* H°) = Coker(N - * H°) = AR/NA,
(44)

H-'CR, A) = Ker(H0* - * H°) - Ker(H0* - * N) = Ker N/J*A,

H"(Λ, A) = H*-n-,(R, A), n<- 1.

The graded functor H of bi-.R-modules is an exact connected sequence of
covariant functors of A, i. e., for any exact sequence 0 - "A - *- A - >-A" - »-0
of bi-.R-modules we have an exact sequence

(45) •••-»• H -KΛ, A")-» H"(Λ, A')

PROPOSITION 7. If A is iveαkly protective (weakly injective) then H(R,
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PROOF. Since K is a field, Re is one-sided- J?-projective, therefore, it follows

from Cor. 4. 2. 1. in p. 117 of [1] that Toτ£(R,A) = 0 for n > 0 whenever A

is weakly projective. Therefore Toτ£(R, A*) = 0 f or n > 0, because Tor ( , A*)
is clearly isomorphic with Tor ( , A). Now that A is also weakly injective, it

follows from Cor. 4.2.4. in p. 118 of [l] that Ext? (R, A) == 0 f or n > 0. Finally
H°CR, A) = H-'CR, A) = 0 follows from Prop. 5. q. e. d.

Given a bi-^-homomorphism /*: A - ** C we shall denote f the induced

homomorphism H(JR, A) - * H(Λ, C), then we have

PROPOTITION 8. I f f : A - ̂ C is the norm of an element of Hom^_β

(A, C) with bi-R-module structures (11), then f — 0.

PROOF. It follows from Prop. 4. that / admits a factorization A - ** R ®

C - *~ C. Since R ® C is weakly projective from Prop. 1, we have U(R, R ® C)

= 0, and / = 0.

PROPOSITION 9. For awy bi-R-module A, H(Λ, Σa(bΛ ) = 0.
\ i /

PROOF. The map ( a - *• 2Z Λ<^cΛ ) is the norm of the identity map of A,

which is now considered as a right-^-homomorphism. Thus the induced homo-

morphism U(R,A) - ̂ 0 J R , Σ^A is 0 from Prop. 8.

2. Complete resolutions

(46) σ : C ®β A - ̂  Homff_^(HomΛ-ff(C, Λ), A)

given by

(47) σfc ®Λ Λ)/ = /(̂ , / in Hom^(C, R\

is a bi-Λ-homomorphism, whenever we define bi--R-structures on
as (11), (12), and on C ®R A by

(48) x(c ®R ά)y = xc (ξ)R ay, x,y in R,

respectively. Indeed it holds that, omitting R in ® ,̂

(49)

(50)

We note that (C<^)sΛ)R is isomorphic with C®B®κ-<4. by mapping
to cy ® ίzα;.
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For convenience we shall introduce

DEFINITION 2. A bi-#-module A is called to be a bi-PF-module, r-PF,
l-PF, if A is projective, and finitely generated as a bi-.R-module, a right- R-
module, a left-jR-module respectively.

Now if C is r-PF9 then σ is a bi-Λ- isomorphism. In fact C is then a direct
summand of a free right-Λ-module on a finite base, so that by the direct sum
argument it suffices to show this when C is R itself, but it is trivial. In particular,
taking A = R, we have for each r-PF-module C an isomorphism

(51) <τ0 : C -

defined by σ 0(c) = /(<:) for / in Hom^-^C, R)} c in C.
Similarly the map

(52) r : A ®β C - * Hom*-κ(Homβ_*(C, R), A)

given by

(35) τ(a ®β c}f = α/(ι:), / in Homβ̂ (C, R\

is a bi-ί?-homomorphism whenever we define bi-ί?-structures on the modules as on
σ. Because we have, omitting R in ®B,

(54) τ[*(Λ®*)]/=τOw^

(55) τ[(α®c)*]/=τ(α®^

Moreover if C is l-PF- module r is a bi--R- isomorphism as σ was. In par-
ticular, taking A = 2?, we have, for each /-PF-module G the isomorphism

(56) TO : C - - Hom^HonWC, K), R)

defined by

(57) r.(c)f = f(c\ f in Hom*_*(C, R), c in C.

PROPOSITION 10. If C is a bi-PF-module, HomR-κ(C, R) is also a bi-PF-
module. The same holds for Hom^^C, .R).

PROOF. We may show only the first. Since K is the field, R ® κ .R is a bi-PF-
module. By s in (l) Homβ_^(R ® R, R) is bi-.R-isomorphic with Hom^JR, R).
As a consequence there exists a bi -R- isomorphism

(58) a : Hom^Λ, Λ) - - R ® ̂  P.

Thus our assertion is true for C = R &κ R. If C is bi-PF, then C is considered
as a direct summand of a free bi-Λ-module, i. e., R (£)κR- module on a finite
base. Since the functors involved are additive, our assertion holds good also for
general C.
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Now we must show that (58) is isomorphism. In the situation (KR, κRκ> K&)
there exists by (2) an isomorphism

(59) t : Homjr(R, Hom*(R, K ))

such that for each ^ : R -- *• Honu(R, K) we have (tψ) (b 0 ά) = (ψα)b. Since

R and R(ξ)κR are Frobeniusean, Homκ(R, K) is left-R- isomorphic with R with

operators (4), and Homκ(R$ξ)κ R, K) is left-R ®# R- isomorphic with R$$KR

with bi-R-operators (4), (16), that is, R$$KR is bi-R- isomorphic with Homκ

(Rξ§κR,K), whose bi-R- structures are given by

(60) (xf) (b 0 d) = f(bx 0 α\ (fx) (b 0 *) - /( 60 a*),

where/ in Hom(...), :r, <z, b in R. Finally, Hom^R, Homκ(R, K)) is considered

as a bi-J?-module with operators given by

(61) (xγ)α = ΛrCψ Λ), (ψx)α = γ(xα).

From these, t is a bi-R-isomorphism. Indeed, it results that

(62)

(63)

Consequently, α is also a bi-R- isomorphism, and the proof is complete, q. e. d.

Since R is always j^-projective, R ® R is a PF-module as a one-sided-R-

module. Again by the direct sum argument, if C is bi-PF, then C and HomR-κ

(C, R) are FF-modules as a one-sided-R- modules. Accordingly even if we replace

C of (46) by HomΛ-^C, R), the bi-^- isomorphisms σ and TO hold. Thus there
exists a bi-R- isomorphism

(64) Hom*_*(C, R) ®β Λ — — HomB_*(C, A).

On the other hand, for each bi-,R-projective C, Prop. 6 shows that

(C, R) is weakly injective (weakly projective), and that Ή.omR^κίC9K)^RA is
also weakly projective. It follows from Prop. 5 that there exists an isomorphism

(65) (Hom*.*(C, K) ®* A )* - - (Hom^(C, A))R,

where the first group is isomorphic with HomB-χ(C, R) ®Λ®B A^, and the second

group is isomorphic with Homβ_7e(C, A). In this manner we have finally obtained

an isomorphism

(66) p : Hom^xCC, R) ® β̂ A* - - Hom*-B(C, A)

such that

(67)
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for every / in Honiff.^C, R), where (a(\ (b^ are dual bases.
Now that K is a field, a left acyclic bi-72-complex over R with an aug-

mentation £

\XL) ...... *" X n+ 1 *" X n ^ ...... *" XQ ** R

is exact and may be regarded as a Tί-projective resolution of the zero module.
It follows that the identity map of (XL) is homotopic with the zero map. This
yields for (XL) a contract homotopy, that is, a sequence of ^-homomorphisms

sn : Xn > Xn+ι and σ : 72 *- YQ such that

(68) dn+ιSnx + sn-τdnx = x — σ8χ, for x, for x in Xn.

£σχ = x.

Then the sequence

where X^ = HomB-*(Xn, /?), Λ = HomR_^(c/w+1, R), is a right acyclic bi-Λ-complex
over R with the augmentation £° = Hom^./r^, 72), because [HomR-κ(σ, R\ HomR-K

(sn, R)] yields a contract homotopy for (Xΐ). Similarly from a right acyclic bi-72-
complex over R with augmentation μ

μ,
\XR) R *" X-i *" *" A-ίn-i *- -Λ-ίj ^

we have a left acyclic bi-7?-complex over R

(XS) ...... - ̂  X-n - *" X-n+ι - * ...... - *~ X -i - ̂  R ^ 0?

where X% = Hom/2_χ(X,w? 72), and if X.n is a bi-PF-module, so is Xί».

DEFINITION 3. A complete resolution for a Frobenius algebra 72 is an
exact sequence

\X)

of bi-PF- modules together with an element e in (X-ι)R such that the image of
<ί0 is generated by e. Further since X^l is bi-PF- module, much more l-PF, X-ι
is a direct summand of a left-72-free module on a finite base. We see therefore

that xe=^0 for x in 72, α: 4= 0. The map dQ then admits a factorization

(69) XQ — 72 -̂  X.1?

where 6 is a bi-72-epimorphism while AC is a bi-72-monomorphism given by μ 1 = e.
We consider the exact sequences
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e
(XL) * X n ^ Xn-i *~ ...... *" XQ ^ R * 0,

μ
(Xβ) 0 - *- R - *- X-ι - *~ ...... - > X-n+I - *- X-n - ** .......

The sequence (XL) provides a projective resolution of R by means of bi-PF-
module. From Prop. 10 and the facts before Def . 3 we see that the sequence

(XS) ...... - - X°-n - - X°-n + l - - ...... - - X"-l - »R - - 0

provides also a projective resolution of R by means of bi-PF-modules.

Conversely, given two resolution (XL) and (XL) of R by bi-PF- modules, we
can construct a complete resolution combining (XL) with the (X'ι°) suitable
renumbered.

Given a complex X and a bi-jR-module A, consider the complex

(70) HomR.R(X,A).

For n > 0 we leave the group HR-R(Xn, A) as it is, and n < 0 we replace
HomR-R(Xn, A) by the isomorphic group X% ® R®R A* using the isomorphism p
in (66).

In view of the factorization (69) of dQ, we have a commutative diagram

Xii ®*8* A* - Hom«-Λ(X+I, A) - - Hom*-B(X0, A)
(71)

R ®«s>ί? A ^ Honiβ-^/?, A).<^

Thus (70) admits the factorization
N*

Denoting this complex again by HomR-R(X, A), we obtain

THEOREM I. For #7/3; bί-R-module A, £/*£ ^row/> Hw(#, A) m^y fe α?ra-

puted as Hw(Hom5_β(X, A)), where X is any complete resolution of R. If

f: A >• A' is a bi-R-homomorphism then f may be computed from HomR-R

(X, A) >• Hom/2_72(X, A}. If 0 * A' *- A >• A" ^ 0 /5 αw exact

sequence of bi-R-modules, then the connecting homomorphisms H(R, A") ^

H(/?, A') may be computed from the exact sequence

(74) 0 * HomR.R(X. A) >- HomR-R(X, A) >• Homκ_B(X, A") * 0.

For example, the complete resolution obtained by taking the standard complex

S(R) as (XL) and its dual (S(R))° as (Xs\ yields the complex HomR-R(X, A)

= [(S(Λ))°®jB®κA*,N*, HomR.R(S(R), A)] as denoted in (73), which may be
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regarded as [5(Λ) ®^ A*, N* Hom^CR), A)], where

by appropriate isomorphisms. (In this form H was also defined in [5].)
The proof is obtained by applying Prop. 10. 4. in p. 103 of [l].

3. Products for Frobenius Algebras. Now that complete resolutions for

our algebras have bsen obtained, we can develop such a product theory of com-
plete cohomology groups for our algebras as for finite groups in the almost same
way. Namely for two bi-/?-modules A and A' we consider the tensor product

over R with usual Λ-operators, i. e., x(a ® a')y = oca ® ay, x, y in R.
If a in AR, a in AR then, with omitting R in ®κ, x(a ® a} = xa ® a

= a ® .rtf' = (<z ® # '):E and therefore aζ>§ a in (A ®βA')R. If a in A and a

= Nέ' with £' in A', then a^ a =

= N(<z®&') so that α®α' belongs to N(A® f fA'). Similarly if a in NA, a
in A7, a§ϊ)ά in N(A®βA'). Thus there exists a homomorphism

(75) I : (AVNA) ®* (Λ'TNΛ') - - (A ® „ A')β/N(A ®B A'),

or

(76) I : H°CR, A) ® κ H\R, A') - > H°(Λ, A ®B A').

THEOREM 2. There is a unique family of K-homomorphisms

(77) r α : H'(Λ, A) ® κ H«(Λ, A') - - HP+5(Λ, A <g)β A')

defined for each pair of bi-R-modules A and A' and all integers p, q such
that ?0)0 coincides with ξ and ξv>q commutes with the connecting homomorphisms

with respective to the variables A and A . For instance with respect to A, let

(78) 0 -- - A! - - A -- - A2 - - 0

be an exact sequence of bi-R-modules such that the sequence

(79) 0 -- - Ax ®* A - — - A ®β A —^ A2 ®* A' - * 0

is exact. Then the diagram

ίl\R, A,) <8)κ U\R, A) — HV+\R, A, ®Λ A)
(80) «®. ,

is commutative. Here δ Z5 the connecting homomorphism relative to (78), A
o/ (79) and i is the appropriate identity map.

To prove this it is sufficient to replace Z by R, &)z by ®s(but in H ®
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®z by Cg)*), Z(Π) by R ® R in the proof of Theorem 4. 1 in p. 242 of [1], except
for the uniqueness property. Let A, A19 ...... , An, B, C etc. be bi-.R- modules. Let

U19 ...... , Ufc, V each represent an exact connected sequence of covariant functors

of A. A map

(81) F: Ul^)κ ...... <8)κUk - -V

is a family of homomorphisms

(82) F : Uί'CAO ® * ...... ®* Ul*(At) -- - U'1+- +i*(Aτ ®fi ...... ®BAJfc)

which is natural relative to bi-R- homomorphisms of the variables A19 ...... , Ak

and which commutes with the connecting homomorphisms in the following sense :

If 0 - *• Aj - *- Aj - >• A]' - *- 0 is an exact sequence of bi-R- modules

which splits as a one- sided- (say left) R- sequence, then the diagram

is commutative.

THEOREM 3. (Uniqueness theorem) Assume that the functors U Ί, ...... , UΛ,

V satisfy

(84) U^Hom^Λ, A)) = 0, V(Λ®^A) = 0

/or ^̂ 3; bi-R-module A. If

(85) F,G: U,®^ ...... ®A^UΛ - -V

are two maps that F and G coincide on U? ®^ ...... ®^U^, then F = G.

Here R ®^ A and Homκ(R, A) are treated as bi-R-modules with operators

(86) y(x ® a)z = yx ® 02;, (3̂ )̂  = Λ^)«

This may be proved again by the replacement as Theorem 2 in the proof
of Theorem 5. 1 in p. 245 of [1].

The uniqueness of the products asserted in Theorem 2 follows readily by

taking UΊ — U2 = V = H. Actually, Hom^(Q, A), R $$κ A are always weakly

projective and weakly injective by Prop. 1 and la, and it follows from Prop. 7

that the assumption of above theorem is satisfied.

For a in H%R, A), b in HQ(Λ, A) we shall denote the product S» Q(a®χb)
of Hp+q(R,A®A') by the symbol ab.

PROPOSITION ll. If R is a commutative Frobenius algebra, the elements

ab of ΪLP+Q(R9 A ®B A') and (- lΓ ba of Ή**\R, A'®«A) correspond to each

other under the natural isomorphim A ®Λ A - >• A' ®β A.
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PPOPOSITION 12. For a in H%R, A\ b in HQ(R, A'\ c in Hr(R, A") we

have a(bc) = (ab)c, if we identify a ® (b (g) c) = (a ® b) ® c.

In the group H°(£, R) = C(/?)/ Σ ̂ ,̂ where C(Λ) is the center of R,
t

the coset containing unit element 1 denote again by 1.

PROPOSITION 13. If a in HP(R, A) then a = la = al if we identify R,

Rζg)RA, A(g)RR each other.

These can be obtained from the uniqueness theorem. For example, in the

proof of Prop. 12, put Uλ = U2 = U3 = V = H and F(a ® b ® c) = a(bc\

4. Duality. Now we can use the bi-Λ-homomorphism

(87) φ :Hom^R(A, C) ®β A - - C, (RAR) RCR}

given by f^Qna to obtain the modified product

(88) H(Λ, Hom^_z?(A, C)) ®KU(R, A) - - H(R9 C),

where R operates on HomK^R(A, C) as (xfy) (a) — xf(yx) and on HOΠIE:-R(A, C)

®KA as x(f<ξ§ά)y = (^/)®^y. (As for the modified products, see (6), (17) in

[8].) We shall still use the symbol fa to denote the image of /ξ£) a under (88).

PROPOSITION 14. Let 0 - >A' - >A - ̂ A" - ̂ 0 be an exact sequence

of bi-R- modules such that the sequence

(89) 0 - ̂  Hom*_R(A", C) — Hom^R(A, C)— * Hom^β(A', C) - ̂  0

w bi-R-exact. Let a be in H\R, HomΣ-ι£A'9 C)), b in HQ(R, A"). Then

(90) (Sa)b + (- l)^(δέ) = 0,

where S is the appropriate connecting homomorphism.

This can be proved by replacing Z by R, Horn by HomK-R in the proof of

Prop. 6. 1 in p. 247 of [1],

We shall also define the mappings

(91) γ,,α : H%R, Homκ-R(A, C)) - * Hom^H'CR, A), Hp+β(Λ C)), by setting

(92) (y,, ««)(*) = **•

PROPOSITION 15. If for fixed bi-R-module C and a pair of integers p, q,

the mapping JP}(I is an isomorphism for all bi-R-modules A, then the same holds
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for all p, q with p + q = p -f q.

PROOF. The exact bi-Λ- sequence 0 - *B - >jR®^A— C - ̂ 0, where
g(x®a) = xa and B = Ker g, splits as a one- sided- (say right) Λ-sequence,
therefore, the sequence

(93) 0 - HHom^-aCA, C) - *Homκ_R(R ®κ A, C) - ̂ Hom*-RCB, C) - ̂ 0

is exact. Thus by Prop. 13 we have the commutative diagram (with R omitted)

?, C)) —-^V
(94) (_ l)1)+1g|

H^Hom*l(A,C))-—

Since jR®* A is weakly projective, it follows from Prop. 6 that Homκ-R(R(g)κA,
C) is weakly injective. Consequently both connecting homomorphisms involved are
isomorphisms. Since γp,g is an isomorphism by assumption, it follows that γp+1,q-ι
is an isomorphism. The proof that yp,ι^+ι is an isomorphism is similarly obtained

h
by using the exact sequence 0 >• A ^ Hom^CR, A) *• B >• 0, where
(hax) = xa, B' = Coker h as in Def. 2 a.

PROPOSITION 16. TAe mapping

composed with the natural epimorphism

(96) Hom*_κ(A, C) ^ H0(Λ, Hom^_κ(A, C))

which to each f in Homβ_R(A, C) assigns the induced homomorphism

(97) /: Hq(R, A) > Hq(R, C).

PROOF. Let the map g : R > Hom^_B(A, C) be given by g 1 = /, there-
fore, g(x)a = xf(a), x m R, a in A, and let the map h : A = R &)R A >

R(A, C) ®β A be induced by g. We obtain a commutative diagram

(99)

H<V ϊ? ^ f^Λ ΉQ( 7? >d ^ WWΎ P P ^v^ Λ >\^/C, iv^ ^y^M JL! v-ίvj -ίi/ ^±τ v,̂  Λ\. y$}R -ft)

'(Λ, A) > Hβ(Λ, Homx_R(A, C)®RA) »H9(A, C).

If a in H°(Λ, HomAr_κ(A, C)) is the element determined by / and 1 in H(R, R)

is the unit element, then gl = a. Thus for each b in ΐl"(R, A) we have
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(100) (y^a)b = φ(ab) = φ(glb) = φh(l b) = /(I b) - ,

because Ib = b from Prop. 12.

Now we assume that R is commutative, thus the center C(R) is Λ itself,

therefore, Prop. 11, 12, 13 yield that each Hw may be considered as a bi-R- module
induced by R = C(Λ) -- * C(K)/NR = H°(#, J?). Then we see also from Prop.
11, 12, 13, for x in R.

(101) (ya) (fee) - a(bx) = (ab)x = ((ya^x,

(ya) (xb) = #(.£&) = (ax)b = (xa)b = x(ab) = x((ya)b\

and these show that Im γ belongs to Hom«_7?(...)-

THEOREM 4 (Duality theorem). Assume that R is commutative. Let C be
a bi-R-module such that J*C — 0, i. e. xc — ex* for all x in R with the
isomorphism x -- > x*, and which is one- sided-(say right) R-injective (= pro-
jective, see [4]). Then for all bi-R-module A the homomorphism

(102) 7ί>-ι,-* : H^'CR, Honnr-aCA, C)) -- > Hom^^H'̂ , A\ H^CR, C))

given by (ya)b = ab is an isomorphism.

PROOF. From the assumption J*C = 0, we see that U~\R9 C) is the

kernel of N. Since y] a^a ~ 0 for all a in H by Prop. 9, it follows that
i

for any bi-Λ-homomorphism /: U(R, A) -- > C, and for a in U(R, A\

Therefore, every homomorphism H(/?, A) -- >• C is a homomorphism H(Λ, A)
-- ^^C. Thus (102) may be considered as follows

(103) yP-ι, _! : H'̂ CR, Hom^-β(A, C)) -- > Hom^Il-^R, A\ C).

In view of Prop. 15, it suffices to show that γ0,-ι is an isomorphism. Since
[Homκ-R(A, C)]R = HomR,R(A, C) we have

(104) <y0, -i : Homβ_β(A, C)/NHom^_R(A, C) -- > Homβ_β(N^/ J*A, C).

It follows from Prop. 16 that γ,?i is obtained by restricting bi-/?-homomorphisms :
A -- > C to the subgroup NA. Now consider any bi-, and then of course right-,
R- homomorphism /: NA -- * C with /(J*A) = 0. Since C is right- in jective, /
admits a right-Λ-homomorphism g : A -- > C. Then g(J*A) = 0, therefore, we
see that

g(xa) — xg(a) = g(xa) — g(ά)x* = g(xa) — g(ax*) = g(xa — ax*) = 0,
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this shows that g is in HomB_β(A, A), and γ0, -i is an epimorphism. Next con-
sider g of HomB_B(A, C) with g(NA) = 0. Since the sequence 0 -- > K A -- > A

N
-- > A is an exact sequence of K"-modules and since C is right-ί?- infective, it
follows that

N
, C) -- > Hom*_R(A C) -- > Homκ.R(A, C) -- > 0

is exact. Thus there exists an element h in Hoπur_κCA, C) such that the composi-
N h

tion A - > A - > C is g. Then

(110) (NΛ)tf = 22aιh(biθ) = Z^hfaaja* = h

and g is in NHomjr-R(A, C). Thus y0| -i is a monomorphism. This shows that
all our assertions hold good.
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