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For a (quasi-) Frobenius algebra R over a commutative ring, Professor T.
Nakayama [5], [6], [7] has constructed a complete resolution for R, and developed
the complete cohomology theory of the algebras as a generalization of that for
finite groups. Recently, K. Hirata [2] has also constructed a complete resolution
for R from the viewpoint of the relative homological algebra in the sense of
Hochschild [3]. ,

In the present paper, we shall begin with definitions of “weakly projective”
and “weakly injective” relative to the Frobenius algebra over a field (Def.1 and
la) and show that “weakly projective”, “weakly injective” and “the identity map
is a norm of some one-sided-R-epimorphism” are all equivalent to each other for
any bi-R-module, (Prop. 3). Using these properties fully we shall be able to give
the complete cohomology groups, defined first by Nakayama [5]. In 2 we shall
construct an appropriate complete resolution for our algebras (Def.3). In 3, we
shall develope a product theory of complete cohomology groups in the same way
as for finite groups. Finally in 4 we shall show a duality as an application of
this product theory in the case where our algebra is commutative (Theorem 4).

Our way to get the complete cohomology groups may be roundabout in
comparision with those of [2], [6], [6], [7]. But it seems to the writer interesting
that the method, used to find the periodicity of the complete cohomology groups
of finite groups (XII in [1]), are applicable to our case almost in the same manner,
(this must bs a matter of course in some sense).

In closing the introduction the writer would like to express his gratitude to
Professors T. Tannaka and T.Nakayama for their valuable advices and encourage-
ments to him.

1. Modules. Throughout this paper we assume that all rings have a unit
element which operates as the identity on all modules, (that is, unitary modules).
In the situation (sAp, pBy, 7Cq), there exists a right-S-and left- T-isomorphism

(1) s : Hom{A, Homy(B, C)) —> Hom(A &»B, C)

such that for each @ : A —— Homy(B,C) we have (s @)(a®b) = (pa)b. Si-
milarly, in the situation (pAs, ¢Bp, oCr), we have a left-S-and right-T-isomorphism
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(2) ¢t : Homp(A, Homy(B, C)) —> Homy(B ®)» A, C)
such that for each ¥ : A — Homy(B, C) we have (¢¥) (b & a) = (Ya)h. Oc-

casionally we shall use these isomorphisms without any indication and identify the
isomorphic groups each other.

Now, an algebra R over a field K is called a Frobenius algebra when it is
of a finite rank, say 7, over K, and has a unit element 1, and further the left
and the right regular representations of R in K are equivalent. The last condi-

tion is equivalent to the fact that there exist “dual” bases (aj,...... » @), (byyeee... ,0,),
for which the relation
3) xa; = Z Ay Xyis
k
bi.Z' = Z.Z‘“cbk
k

holds for any x in R where x; in K. This is also equivalent to the fact that
R°: Homx(R, K) is left-R-isomorphic to R, where we consider R’ as a left-R-
module by the convention

4) (za)y = a(yz), a in R’, z,y in R.

Then, there exists an automorphism x — z* of R, uniquely determined
by R up to inner automorphisms, and we have

(5) -T*bt = Z biZy
k
along with
6) aQx =) T

k

for any « in R where z; in K.
We set for any bi-R-module A,

¢ A*=[a in A|xa = ax for all x in R],
(8) Na =) aab, a in A,
where (a;), (b,) are dual bases of R as described above. Evidently N is a K-

endomorphism of A and will be called the norm-homomorphism. We note that
Na is independent of the choice of the dual bases. Then, [5] asserts

LEMMA 1. For every a in A and x in R we have
9 N(ax* — xa) = 0.
LEMMA 2. We have
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(10) NA < AR
For two bi-R-module A and A’, we convert the group Homg-z(A, A") of
all right-R-homomorphisms of A into A’ to a bi-R-module by setting
(11) (zf) (a) = zf(a), (fx)(a) = f(za), x in R, a in A, f in Homg_r
Similarly we define the bi-R-module structure of the group Homgz_x(A, A") of all
left-R-homomorphisms of A into A" by
(12) (zg) (@) = glax), (gx) (a) = gla)z, g in Hompg_x.

Then (Homx_g)* = (Hompz_x)* = Homg_x(A, A'): the group of all bi-R-homo-
morphisms. In particular, in view of Lemma 2, the norm of a one-sided-R-
homomorphism is a bi-R-homomorphism. If further, f: A—> A" is a bi-R-
homomorphism, we have

(13) N(f) = (z a,,bi) f= f(Z atbi>.

Consider a sequence of bi-R-modules

A
sloc Lp g

where f and % are bi-R- and g is one-sided-(say, right-)R-homomorphisms, then
we have

(14) N(hgf) = h(Ng)f.
The tensor product R Q) R over K is a K-module, and the multiplication
(15) (2: @y (2 R y2) = 2172 & a1

converts R & R into a K-algebra, which is isomorphic with the enveloping algebra
R°® of R. And then (R @ R) is regarded as a bi-R-module and as a left-(RQR)-
module by

(16) Zy(x2 & Y2 )y1 = (2, Q ¥1) (22 R ¥2) = 2122 @ yay1,

respectively. Consider a map @ : R——> R&® R such that @(r) =& 1, then
@ is clearly a K-algebra homomorphism. We can, therefore, regard every bi-R-
module A as a left-R-module induced by @ and define the so-called @-covariant
extension (A : (R R) Qr A, which is isomorphic with the tensor product
R & A over K. The bi-R-structure of R & A is, therefore, given by

a7 YWx&Qa)z=yrQaz, ain A, x, v, z in R.
Hence, a map g: RQ A — A given by
(18) 9z a) = za
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is clearly a bi-R-epimorphism.

DEFINITION 1. A bi-R-module A is called to be weakly projective if there
exists a bi-R-homomorphism » of A into R& A such that gv is the identity
of A.

Obviously a bi-R-projective module is weakly projective, while, if A is
weakly projective, A is so-called e@-projective (i. e. relatively projective in the
sense of Hochschild [3] with respect to @.)

PROPOSITION 1. For any bi-R-module A, R Q A is weakly projective.

PROOF. Our definition of “weakly projective” is different from that of “e-
projective”, but the fact that “the covariant extension RQ A = ,A is ¢-
projective” is proved by pointing out the existence of the above homomorphism
v, (see Prop.6.3. in p. 31 of [1]), therefore, R Q) A is weakly projective. q. e. d.

Dually we shall consider the @-contravariant extension ‘’A : Homz_x(R & R,
A), which is, by ¢ in (2), isomorphic with Homg(R, Homg(R, A)), that is, with
Homi(R, A), of which bi-R-structure is given by

(19) (3f2) (x) = Azy)=, f in Homg(R, A), z, », z in R.
Then a map A: A — Homx(R, A) such that
(20) a)x = za

is a bi-R-monomorphism, because A is unitary. It holds indeed

21) Aay)x = zay = (Wa)y)x,
h(ya)x = xya = h(a)xy = (yh(a))x, @ in A, z, y. z in R.

DEFINITION la. A bi-R-module A is called to be weakly injective if there
exists a bi-R-homorphism p of Homg(R, A) into A such that ph is the identity of
A. Evidently a bi-injective A is weakly injective. On the other hand, if A is
weakly injective, then, A is so-called @-injective (i.e. relatively injective in the
sense of Hochschild [3]). Dually to the Prop. 1, we have

PROPOSITION la. For any bi-R-module A, Homx(R, A) is weakly injective.

Further, since the direct sum decomposition of modules yields that of functors,

it is clear that

PROPOSITION 2. A direct sum of bi-R-modules is weakly projective
(weakly injective) if and only if each summand is weakly projective (weakly

injective).

From these preparations we obtain



50 HISASI OGAWA

PROPOSITION 3. For each bi-R-module A the following properties are
equivalent :

(a) The identity map of A is the norm of some right-R-endomorphism o of
A.
(b) A is weakly projective.
(c) A is weakly injective.
PROOF. (b) — (a). If A is weakly projective, there exists a bi-R-homo-
morphism v: A— R@ A such that gv(a) = a, with glx@a) = za. Since R has
a finite K-basis, say (@), each element »(@) can be written as a K-linear com-

bination: »(a) = > @, & g{a). Since for each = in R,v(ax) =2 a;Q glax)
i i
and v(a)r =D (&, Q@ gla))zr =2 a; & gla)r, the condition w(az) = v(a)x is
i i

equivalent to gax) = g(a)z, that is, g, is an element of Homgx-x(A, A) with
the bi-R-module structures given in (11). On the other hand it holds that

(22) v(za) = Z @ & g(za) = Ziai & (g:z) (a),
and

(23) av(a) = Zimi & gda) = iZk @ty @ gia) = z? & <Z¢ xmgi(a))
with ay in (3). The condition »(xa) = x'v(a) is, therefore, equivalent to

(24) 9:T = megk.
k

From this and (3) we see that b, — g, gives a right-R-homomorphism of R
into Homg_z(A, A).

Consider ® : the image of 1 under this homomorphism. Since the image of
b,=1 b, is g, = wb,, we have

(25) a = gv(a) = g(z? a® gt(a)) = g(Zi a; ® (wb,) (a)>
=9 (; a;, & “’(bza)> = ; a,0(ba) = (No) (a).

(@) — (b). If we define g,(a) = w(ba), and v using (22), » is a bi-R-
homomorphism of A to RQ A and gv is the identity of A. Thus A is isomor-
phic with a direct summand of R & A, which is weakly projective by Prop. 1,
so that A is weakly projective by Prop. 2.

(@) — (¢). Assume N(w) = identity of A with some ® in Homg_z(4, A).
For f in Homx(R, A) with the bi-R-structure (19), we consider a map p : Homg
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(R, A) — A given by u(f) = >_ ao(f(b,), then g is a bi-R-homomorphism.

In fact, it is seen that

(26) Mzf) = Z ao((zf) (b)) = Z a0 f(biz)) = thj a9(f (zub))
= %} azue(f(be) = ; zao(f(be)) = il f),

@27) M fx) = Z aw((fz) (6)) = }; a(f(b)x)
= Z{ ao(f(b))x,

(because @ is a right-R-homomorphism), and = (uf)z.
If fis h(a): a—> za, a in A, x in R, then we have

(28) W) = Zao(fb) = awba) = (No) (a) = a.

Thus w(h(a)) = a and A is weakly injective.

(¢)——(a). Assume that A is weakly injective and 4 be a bi-R-homo-
morphism of Homy(R, A) into A such that wh(a) = a for h(a): a —> xa. Let
further (v,;) be a non-singular (» X 7)-matrix in K such that

29) By, ,b,) (we) = (byy-- ... b)), b =1,
with (&,) in (3), and (ai,...... , ar) be the basis of R given by
(30) a; = Z V{kﬂl;-
k

Define f, of Homx(R, A) for every @ in A by setting
(31) fl@) = a, fia) =0 for i==1.

Then f,(a) = ax = (fox) (@), fila) =0 = (faux)(a;) for i==1, with bi-R-
structure (19), i.e., fur = fax. Since g is a bi-R-homomorphism, we have pf,,
= w(fox) = (ufy)x. Accordingly if we put p(@) = u(f,), then plaz) = #(fis)
= w( f,x) = (uf,)x = p(a)zx. From this we see that p is a right-R-endomorphism
of A. With reference to the operation of R on Homx_z(A, A) as (11), we shall
compute N(p) :

(32) (Np) (@) = Zt (apb,) (a) = Zt atp(bca) = Zt at:u'(ﬁiga) = I”(Zi alﬁl“)’

On the other hand Y (@ fon) () = xa = h(a) (z) for all z in R as seen below.
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Consequently we have (Np)(az) = a. Now we must show that ; (@ fow) (x) = xa.
(33) ft_‘,(atfb.a) (x) = E;ﬁ‘a(xa;)
= e Twt) = rusio( Toucl)
=2 Zafrda)vy = ; Zue forl @)Via

i,k,¢
= Zxktbta Vgp = thbkxa = 1xa = xa.
i,k &
Thus we have proved all our assertions. q. e. d.

PROPOSITION 4. In order that a bi-R-homomorphism f of Homg_x(A, A")

be the norm of an element u of Homy (A, A') it is necessary and sufficient
that f admits a factorization

h , ,
(34) ALl rAa T4

where g and h are bi-R-homomorphisms, and RQ A’ is a tensor product
over K.

PROOF. Suppose f = gh. Since R@Q A’ is weakly projective by Prop. 1
there is a right-R-endomorphism ® of R® A’ such that Ne = identity of
R A'. Then f= gh = g(Ne)h = N(gwh), by (14).

Conversely assume f=Nu for some # in Homg_x(A, A"). Define g: RQ A’
— A’ such that g(a, D a@’) = a;a’, then ¢ is clearly bi-R-homomorphism. And
define h: A— R& A’ such that h(a) = >_ a; @ u(ba), then h is also a bi-

i

R-homomorphism, because it holds that

(35) Wza) = Z a, @ ulbxa) = Zi a & w(zubia) = Z 2z & u(bra)
= ;xak Q u(bia) = zh(a),
(36) h(ax) = Zia, & u(hax) = fi:a, & w(ba)xr = h(a)x.
We have then gha = S au(ba) = (Nu) (@) = fla).

PROPOSITION 5. If A is weakly projective, then

Ker N=J*4, Im N= A"



ON A DUALITY OF COHOMOLOGY GROUPS OF FROBENIUS ALGEBRAS 53

where J*A is the bi-R-submodule generated by (ax™ — za), with arbitrary a in
A, z in R. Thus Ap: (A/J*A) is isomorphic with A"

PROOF. There exists a right-R-endomorphism @ of A such that a =)_ a,
i
o(b,a) for all @ in A. By the automorphism x — z* of R, (6) is changed to
(37) afz* =3 z,ak.
k

From this and (5), we see that (b,...... , b)), (af,..... ,at) are the dual bases of
R as (@), (b) in (3), and then, Na = 0 means that > baaf =0. Then we have

(38) a =72 awba)— o (Z b,aa?‘) = Z (a@(ba) — o(ba)al) in J¥A.

Thus in view of Lemma 1 we obtain the first half part of the proposition.
Next suppose @ in A% Then

(39) a =2 aw(ba) =2 aw(ab) =2 aw(a)h, = Ne(a).

Together with Lemma 2 we have also proved the second part.

PROPOSITION 6. Let C be a bi-R-module, and A be a weakly projective
bi-R-module. Then A QrC is weakly projective and Homg_ (A, C) is weakly

injective.

PROOF. These are easily seen from the commutative diagrams :

AR C ®.C
.// \\

(40) R®K(A®RC)“‘_(R®KA)®RC N

=
N Ve &
AQRC
HomR_K(A, C)
Homg_ x(v, C)

Homz_x(R & xA, C) <—— Homg(A, Home_x(A4, C))

Homgz_x(g, 5\ / 2
Homz_x(4, C)
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Now on a bi-R-module we define the new right-R-module structure induced
by the isomorphism x* —> x from the original. We shall denote the bi-R-
module A thus obtained by A*. We consider Hochschild groups for »=0, with
some modification :

(41) HXR, A*) = Tor¥(R, A*), H"(R, A) = Ext}«(R, A).

(Usually Hy(R, A) = Tor¥(A, R), however, we have modified as above, in accor-
dance with [5]).

Let N, Hf, H® be the covariant functors given by (8), the above Hj, H°
respectively. Just as by the case of finite groups (p. 235 of [1]), in view of Lemmas
1 and 2, for the diagram with natural transformations of functors

(42) / \’l ,

Ho _—_—)HO

the derived sequences DHF, DH®, DA, Dg and DN* form a commutative diagram
Dg — DN —>Di

(43) .
DHf — DN* — DH"

Since all the maps in (45) are isomorphisms, we identify the above derived
sequences into one sequence and denote by H. Thus we have Nakayama’s groups
[5]:

H"(R A) = HY(R, A), n>0,

( H°(R, A) = Coker(Hif — H°) = Coker(N — H°®) = A*/NA,
44) .
H (R, A) = Ker(Hf — H°) = Ker(H — N) = Ker N/J*A4,

H'(R, A) = H*_.a (R, A), n< — 1.
The graded functor H of bi-R-modules is an exact connected sequence of

covariant functors of A, i. e, for any exact sequence 0 A A A7 0
of bi-R-modules we have an exact sequence

45) -—H"Y(R, A")>HYR, A)—>H"R, A)>H (R, A”")—>H" (R, A')—>--

PROPOSITION 7. If A is weakly projective (weakly injective) then ﬁ(R,
A)=0.
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PROOF. Since K is a field, R° is one-sided-R-projective, therefore, it follows
from Cor. 4.2.1. in p. 117 of [1] that Torf(R, A) = 0 for » > 0 whenever A

is weakly projective. Therefore Tor¥(R, A*) = 0 for n > 0, because Tor ( , A¥)
is clearly isomorphic with Tor ( , A). Now that A is also weakly injective, it

follows from Cor. 4.2. 4. in p. 118 of [1] that Ext¥(R, A)=0 for n> 0. Finally
H(R, A) = H YR, A) = 0 follows from Prop. 5. q. e. d.

Given a bi-R-homomorphism f: A — C we shall denote f the induced
homomorphism I:I(R, A) —> I:I(R, C), then we have

PROPOTITION 8. If f: A ——C is the norm of an element of Homg_g
(A, C) with bi-R-module structures (11), then f' =0.

PROOF. It follows from Prop. 4. that f admits a factorization A — R&)
C — C. Since R & C is weakly projective from Prop. 1, we have H(R, RO
=0, and jA’ =0.

PROPOSITION 9. For any bi-R-module A, H(R, Za,b,A>= 0.

PROOF. The map (a — Za,b,a) is the norm of the identity map of A,
i

which is now considered as a right-R-homomorphism. Thus the induced homo-

morphism ﬁ(R, A) — H (R, Za,b,A) is 0 from Prop. 8.

2. Complete resolutions

(46) g: C®r A —> Homg x(Homx_z(C, R), A)
given by
47) olc Qra)f = flc)a, f in Homk_x(C, R),

is a bi-R-homomorphism, whenever we define bi-R-structures on Homg_z, Homz_x

as (11), (12), and on C Qr A by
(48) 2(c Qra)y = zc Qray, xy in R,
respectively. Indeed it holds that, omitting R in &z,
49)  olx(cRa)]f=o(ze®a)f=faca=(frXa=a(c@aX fr)=[zo(ca)]f,
(50)  ol(Qa)z]f=0(cRaz)f=flc)ax=[0(cQa)flr=[s(cDa)z]f.
We note that (C @r A)r is isomorphic with C Qgegr A by mapping zc Q ya
to ¢y & ax.
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For convenience we shall introduce

DEFINITION 2. A bi-R-module A is called to be a bi-PF-module, r-PF,
[-PF, if A is projective, and finitely generated as a bi-R-module, a right-R-
module, a left-R-module respectively.

Now if C is m~PF, then o is a bi-R-isomorphism. In fact C is then a direct
summand of a free right-R-module on a finite base, so that by the direct sum
argument it suffices to show this when C is R itself, but it is trivial. In particular,
taking A = R, we have for each »PF-module C an isomorphism

(51) a,: C —> Homz_x(Homx_C, R), R),

defined by ay(c) = fc) for £ in Homx#(C, R), ¢ in C.
Similarly the map

(52) 7: A ®R C— HomK_R(HomR_K(C, R), A)
given by
(35) T(a ®R C)f: af((,‘), f in HomR—K(C’ R)’

is a bi-R-homomorphism whenever we define bi-R-structures on the modules as on
o. Because we have, omitting R in Qg

(64)  [2(aQe)] f=(za@c)f=xaf(c) =2(r(aQc) f)=[7(a&O)]f,
(65)  (a®c)x]f=m(aQcx) f=af(cx)= alzf)Nc)="(aQc)xf)=[7(a&c)x]f.

Moreover if C is [-PF-module T is a bi-R-isomorphism as ¢ was. In par-
ticular, taking A = R, we have, for each /-PF-module C the isomorphism

(56) 70 . C —— HomK_R(HomR_K(C, R), R)
defined by
(57 7o(c)f = Ac), £ in Homg_x(C, R), ¢ in C.

PROPOSITION 10. If C is a bi-PF-module, Homg_x(C, R) is also a bi-PF-
module. The same holds for Homx_x(C, R).

PROOF. We may show only the first. Since K is the field, R @« R is a bi-PF-
module. By s in (1) Homz_x(R @ R, R) is bi-R-isomorphic with Homg(R, R).
As a consequence there exists a bi-R-isomorphism

(58) a: Homg(R,R) — R &« R.
Thus our assertion is true for C = R @k R. If C is bi-PF, then C is considered
as a direct summand of a free bi-R-module, i. e., R &Q)xR-module on a finite

base. Since the functors involved are additive, our assertion holds good also for
general C.
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Now we must show that(58)is isomorphism. In the situation (xR, xRk, xK)

there exists by (2) an isomorphism

(59) t: Homg(R, Homx(R, K)) — Homx(R &« R, K)
such that for each ¥ : R — Homg(R, K) we have (t¥") (6 & a) = (Ya)b. Since
R and R @« R are Frobeniusean, Homg(R, K) is left-R-isomorphic with R with
operators (4), and Homx(R @« R, K) is left-R Rk R-isomorphic with R &x R
with bi-R-operators (4), (16), that is, R QxR is bi-R-isomorphic with Homg
(R &« R, K), whose bi-R-structures are given by

(60) (@f) (6 a) = bz Q a), (fx) (6 & a) = f(b& za),
where f in Hom(...), z, @, & in R. Finally, Homx(R, Hom(R, K)) is considered
as a bi-R-module with operators given by

(61) (x¥)a = z(¥a), (Yx)a = Y(za).
From these, ¢ is a bi-R-isomorphism. Indeed, it results that

(62) (Ha¥))(6Ra)=(z¥)a)b=(x(¥a)b=(Ya)bx=(t¥)(b2Q2)=(x1¥)(6Qa),

(63) (Y6 Ra)=¥x))bo="A(xa)b=t¥)(bRzxa)=(1¥x)(bQa).

Consequently, a is also a bi-R-isomorphism, and the proof is complete. g.e.d.

Since R is always K-projective, R Q R is a PF-module as a one-sided-R-
module. Again by the direct sum argument, if C is bi-PF, then C and Homgz.x
(C, R) are PF-modules as a one-sided-R-modules. Accordingly even if we replace
C of (46) by Homg.x(C, R), the bi-R-isomorphisms & and 7, hold. Thus there

exists a bi-R-isomorphism
(64-) HOH’IR_K(C, R) ®R A-— HOmR_K(C, A).

On the other hand, for each bi-R-projective C, Prop. 6 shows that Homz_x
(C,R) is weakly injective (weakly projective), and that Homgz-x(C, R) @z A is
also weakly projective. It follows from Prop.5 that there exists an isomorphism

(65) (Hom}z_ K(C’ R) ®R A)m —_—> (HOITIR_K(C, A))R,

where the first group is isomorphic with Homg_x(C, R) Qrer A*, and the second
group is isomorphic with Homg_#(C, A). In this manner we have finally obtained
an isomorphism

(66) p: Homz_x(C, R) Qzrgr A* — Homz_x(C, A)

such that

(67) P(f&a) = Zf(cat)abt’
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for every f in Homg.x(C, R), where (a,), (b;) are dual bases.

Now that K is a field, a left acyclic bi-R-complex over R with an aug-
mentation &

d &
(Xz) e e X1 — Xy — e X, R

is exact and may be regarded as a K-projective resolution of the zero module.
It follows that the identity map of (X;) is homotopic with the zero map. This
yields for (X;) a contract homotopy, that is, a sequence of K-homomorphisms
Sp: Xpn—— X1 and 6: R — Y such that

(68) dpi1SnX + Sp_dpx = x — o€z, for z, for x in X,.
Eox = x.

Then the sequence

0 )

. & '
(x? R—X§—...... X3 Xy —> eenee

where X} = Homg-x(X,, R), d = Homg_x(d,.1, R), is a right acyclic bi-R-complex
over R with the augmentation & = Homgz_x(&, R), because [Homr_x(o, R), Homg_x
(sny R)] yields a contract homotopy for (X7). Similarly from a right acyclic bi-R-
complex over R with augmentation w

(X2 R x — . Xt —— Xy e

we have a left acyclic bi-R-complex over R
X ... — X - X — % R 0,
where X2 = Homz_x(X_., R), and if X_, is a bi-PF-module, so is X2,.

DEFINITION 3. A complete resolution for a Frobenius algebra R is an
exact sequence ‘

d, d
(X) X Xy —— X g X g Xow

of bi-PF-modules together with an element e in (X_;)* such that the image of
d, is generated by e. Further since X_; is bi-PF-module, much more /-PF, X_,
is a direct summand of a left-R-free module on a finite base. We see therefore
that ze #=0 for = in R, £ == 0. The map d, then admits a factorization
€ "
(69) Xo—R— X,
where & is a bi-R-epimorphism while g is a bi-R-monomorphism given by # 1 =e.
We consider the exact sequences
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&
(X1) X Xpog — oeeen. X, R 0,

(X») 0—R # Xog— eenn Xonmn—X_p—> eeenn

The sequence (X)) provides a projective resolution of R by means of bi-PF-
module. From Prop. 10 and the facts before Def.3 we see that the sequence

X X% Xl — e X% R 0

provides also a projective resolution of R by means of bi-PF-modules.
Conversely, given two resolution (X;) and (X;) of R by bi-PF-modules, we
can construct a complete resolution combining (X;) with the (X;°) suitable
renumbered.
Given a complex X and a bi-R-module A, consider the complex

(70) HomR_R(X, A).

For n =0 we leave the group Hg x(X,, A) as it is, and n» <0 we replace
Hompr #(X,, A) by the isomorphic group X Qrgr A* using the isomorphism p
in (66).

In view of the factorization (69) of d,, we have a commutative diagram

ag
X‘?.l ®R®R Iﬁl76 —_— HOInR_I;(X+1, A) — HomR_R(Xo, 44)

(71)
R non A* —— Homp (R, A)./
Thus (70) admits the factorization
*
(73) cee > X0_1®R®RA* e HO(RC, A*) g HO(RC, A) g HomR-R(Xo, A) - ...

Denoting this complex again by Homgz_z(X, A), we obtain

THEOREM 1. For any bi-R-module A, the group ﬁ"(R, A) may be com-
puted as H'(Homz_ (X, A)), where X is any complete resolution of R. If
fi A—— A’ is a bi-R-homomorphism then f may be computed from Homgz_r
(X, A) — Homz_ (X, A"). If 0 A’ A A" 0 is an exact
sequence of bi-R-modules, then the connecting homomorphisms AR A" —
I—i(R, A’) may be computed from the exact sequence

(74) 00— HomR_R(X. A/) I HOIIIR_R(X, A) —— HomR_R(X, AN) — 0.

For example, the complete resolution obtained by taking the standard complex
S(R) as (X;) and its dual (S(R))’ as (Xz), yields the complex Homg-z(X, A)
= [(S(R))° Qreor A*, N*, Homz.z(S(R), A)] as denoted in (73), which may be
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regarded as [S(R) @x A%, N*, Homg(S(R), A)], where S(R) = RQ«S(R) @« R,
by appropriate isomorphisms. (In this form H was also defined in [5].)
The proof is obtained by applying Prop. 10.4. in p. 103 of [1].

3. Products for Frobenius Algebras. Now that complete resolutions for
our algebras have bzen obtained, we can develop such a product theory of com-
plete cohomology groups for our algebras as for finite groups in the almost same
way. Namely for two bi-R-modules A and A" we consider the tensor product
over R with usual R-operators, i. e, (e a)y =2a@ a'y, z, y in R.

If @ in A% & in A'® then, with omitting R in Qg 2(a®a)=za&a
=a@za = (@@ a)x and therefore a R a’ in (ARQrAN. If ain A and &
= Nb&" with &' in A, then e Q@ a =a@®D ab'b,=> aa,Qb'b;=> a(aQb )b,
=N(a & &) so that a & a belongs to N(A @z A"). Similarly if 2 in NA, &
in A, a®a’ in N(A&xrA"). Thus there exists a homomorphism

(75) §: (A"/NA) Qx (AT/NA) — (A Qr AY/N(A Qr A'),

or

(76) E:H(RAQcH(R,A)—H(R, AR A).

THEOREM 2. There is a unique family of K-homomorphisms
(77) & H'(R, A) ®«H'(R, A)—H""(R,ARQ: A")

defined for each pair of bi-R-modules A and A’ and all integers p, q such
that &° coincides with & and € commutes with the connecting homomorphisms
with respective to the variables A and A'. For instance with respect to A, let

(78) 0— A, —A-—A,—0
be an exact sequence of bi-R-modules such that the sequence
(79) 0*‘9A1®RA, *—’A®RAI—"—’A2 ®RA’_"O

is exact. Then the diagram

TR, A,) Q< HY(R, A) L (R, A, Qz A)
(80) B®i o |a

H”*Y(R, A) Q< HI(R, A") ~—— H"*"*(R, A, Qr A")

is commutative. Here § is the connecting homomorphism relative to (78), A is
that of (79) and i is the appropriate identity map.

To prove this it is sufficient to replace Z by R, &z by Qz(but in H& H,
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&z by Qx), Z(II) by RQ R in the proof of Theorem 4. 1 in p. 242 of [1], except
for the uniqueness property. Let A, A,,...... ,A,, B, C etc. be bi-R-modules. Let
Uy,-.e-.. , Ui V each represent an exact connected sequence of covariant functors

of A. A map
(81) F:U Qxk...... QxU,—V
is a family of homomorphisms

(82) F: U A4)Qx--.-.. Rk UEA,) — U (A4, Qg .-. .- QrAs)

which is natural relative to bi-R-homomorphisms of the variables A,,...... , Ay
and which commutes with the connecting homomorphisms in the following sense :
Ifo A Ay AY 0 is an exact sequence of bi-R-modules

which splits as a one-sided-(say left) R-sequence, then the diagram
U (A)Qx--- QxU(4] )« -- QUi Ar) — V(AR QrA) Qr. .- QrAs)
(83)
Uy(A)Qx- - QxUi(A) )& .- Ui Ar) —— V(A Q- QrA Qi Q)

is commutative.

THEOREM 3. (Uniqueness theorem) Assume that the functors Uy,...... > Ugs
V satisfy

(84) U(Homk(R, A)) =0, V(R®xA) =0
for any bi-R-module A. If
(85) F.G:U;Qxk-.... Uy —V

are two maps that F and G coincide on Ul Qi ...... R« Uk, then F=G.
Here RQx A and Homk(R, A) are treated as bi-R-modules with operators

(86) Wz @ a)z = yx & az, (Wfz)x = flxy)z.

This may be proved again by the replacement as Theorem 2 in the proof
of Theorem 5.1 in p. 245 of [1].

The uniqueness of the products asserted in Theorem 2 follows readily by
taking U, = U, = V = H. Actually, Homx(Q, A), RQx A are always weakly
projective and weakly injective by Prop. 1 and la, and it follows from Prop.7
that the assumption of sbove theorem is satisfied.

For a in H(R, A), b in H'(R, A") we shall denote the product & (a®Q)xb)
of H**Y(R,A® A’) by the symbol ab. ’

PROPOSITION 11. If R is a commutative Frobenius algebra, the elements
ab of H*(R, A Qr A") and (— 1)" ba of H"'Y(R, A’ RrA) correspond to each
other under the natural isomorphim A Qr A — A’ Qi A.
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PPOPOSITION 12. For a in HY(R, A), b in H(R, A"), ¢ in H(R, A”) we
have a(bc) = (ab)c, if we identify a KR bR c)= (@& b)Xc.

In the group H(R, R) = C(R)/ >_ @,Rb,, where C(R) is the center of R,
the coset containing unit element 1 dénote again by 1.

PROPOSITION 13. If a in HY(R, A) then a = 1a = al if we identify R,
RQ=rA, ARQ=R each other.

These can be obtained from the uniqueness theorem. For example, in the
proof of Prop. 12, put U, =U,=U;=V=H and Fla® b c) = albc),
Ga@bQc) = (ab)c.

4. Duality. Now we can use the bi-R-homomorphism

(87) P :HomK-R(A’ C) ®R A— C’ (RAR: RCR)
given by fQra to obtain the modified product
(88) H(R, Homx_x(A, C)) QxH(R, A) — H(R, C),

where R operates on Homg.z(4,C) as (zfy) (@) = zf(yx) and on Homg_z(A4, C)
QRrA as 2(fQ a)y = (zf) Q@ ay. (As for the modified products, see (6), (17) in
[8].) We shall still use the symbol fa to denote the image of f&) a under (88).

PROPOSITION 14. Let 0 at.ad
of bi-R-modules such that the sequence

44
A 0 be an exact sequence

’

(89) 0 — Home.(A", C) L Home_r(4, C)—— Homzs(A', C) —> 0
is bi-R-exact. Let a be in FH” (R, Homg_#(A’,C)), b in I:I"(R, A"). Then

(90) ®a)b + (— 1)a(8b) = 0,
where 8 is the appropriate connecting homomorphism.

This can be proved by replacing Z by R, Hom by Homg_r in the proof of
Prop. 6.1 in p. 247 of [1].

We shall also define the mappings
(91) ¥p.q: HY(R, Homg_x(4, C)) — Hom(HY(R, A), H**%(R C)), by setting
(92) (Vp,02) (b) = ab.

PROPOSITION 15. If for fixed bi-R-module C and a pair of integers p, q,
the mapping vy q is an isomorphism for all bi-R-modules A, then the same holds
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for all p', ¢ with p’ +q =p + q.

PROOF. The exact bi-R-sequence 0 — B ——>R®KA——g—>C — 0, where
9@ a) =za and B = Ker g, splits as a one-sided-(say right) R-sequence,
therefore, the sequence

(93) O—‘_"Hom]{_R(A, C)—-——>H0mK_R(R ®K A, C)—)HomK_R(B, C)_‘)O

is exact. Thus by Prop. 13 we have the commutative diagram (with R omitted)

H”(Homg—x(B,C)) —2% Hom(H'(B), H***(C))
(94) (— 1)** 181 ’ lHomK(s’ I:ILHP(C))

H*(Homg-4, C)) —— Homx(H""1(4), H***(C)).

Since RQ)x A is. weakly projective, it follows from Prop. 6 that Homg_x(RQx A,
C) is weakly injective. Consequently both connecting homomorphisms involved are
isomorphisms. Since 9, is an isomorphism by assumption, it follows that fyp.1 ¢-1
is an isomorphism. The proof that ryp_1 4, is an isomorphism is similarly obtained

h
by using the exact sequence 0 —> A —> Homx(R, A) — B’ —— 0, where
(haz) = za, B = Coker h as in Def. 2 a.

PROPOSITION 16. The mapping
(95) 90,0 HYR, Homg_ (A, C)) — Homx(HR, 4), HY(R, C))
composed with the natural epimorphism
(96) Homz_x(A, C) — H(R, Homg_x(4, C))
which to each f in Homg_x(A, C) assigns the induced homomorphism
(97) F: H(R, A) — HY(R, C).

PROOF. Let the map g: R —— Homx-(A4,C) be given by g1 = f, there-
fore, g(x)a = zfla), x in R, @ in A, and let the map h: A=RQrA——
Homg_x(A,C) @r A be induced by g. We obtain a commutative diagram

(99)

H(R, R) Qu HY(R, A) —HYR, R Qe A) ————HY(R, A)
li®i h Ny

H(R, Homx_#( A, C)®<FIR, A)——H (R, Homx_(4, C)RQrA)——H(A4, C).

If a in I:IO(R, Homgk_x(A, C)) is the element determined by f and 1 in ﬁ(R, R)
is the unit element, then g1 = a. Thus for each & in H'(R, A) we have
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(100) (o.@)b = P(ab) = ¢(§ib) = ph(1b) = K1 b) = fb,
because 16 = b from Prop. 12.

Now we assume that R is commutative, thus the center C(R) is R itself,
therefore, Prop. 11, 12, 13 yield that each H may be considered as a bi-R-module
induced by R = C(R) —— C(R)/NR = H%(R, R). Then we see also from Prop.
11, 12,13, for x in R.

(101) (ya) (bx) = a(bx) = (ab)x = ((ya)b)z,
(va) (ab) = a(ab) = (azx)b = (xa)b = 2(ab) = x((va)b),
and these show that Im ¢ belongs to Homg_x(...).

THEOREM 4 (Duality theorem). Assume that R is commutative. Let C be
a bi-R-module such that J*C = 0, i. e. xc = cx* for all x in R with the
isomorphism x —— x*, and which is one-sided-(say right) R-injective (= pro-
Jective, see [4]). Then for all bi-R-module A the homomorphism

(102)  9poy,_p: H*"Y(R, Homx_(A, C)) —— Homz_x(H (R, 4), H (R, C))
given by (ya)b = ab is an isomorphism. '
PROOF. From the assumption J*C = 0, we see that ﬁ“(R, C) is the

kernel of N. Since D ab,a = 0 for all a in H by Prop. 9, it follows that

i
for any bi-R-homomorphism f: ﬁ(R, A)——C, and for a in ﬁ(R, A),

N(fl@) = S bt = S abifla) = f(z aibia> = 0.
i i i

Therefore, every homomorphism H(R, A) ——> C is a homomorphism H(R, A)
——xC. Thus (102) may be considered as follows

(103)  Yp_1,-1: H"(R, Homz_x(A, C)) —> Homz_x(H (R, 4), C).

In view of Prop. 15, it suffices to show that #, _; is an isomorphism. Since
[Homx_x(A, C)]¥ = Homg-x(A, C) we have

(104) Yo, -1 ¢ HOmR_R(A, C)/NHOII]K-R(A, C) —_—> HomR_R(NA/J*A, C).

It follows from Prop. 16 that ., is obtained by restricting bi- R-homomorphisms :
A —— C to the subgroup yA. Now consider any bi-, and then of course right-,
R-homomorphism f: yA —— C with f{J*A) = 0. Since C is right-injective, f
admits a right-R-homomorphism ¢g: A —— C. Then ¢(J*A) = 0, therefore, we
see that

g(xa) — zg(a) = g(xa) — g(a)x* = g(xa) — glax™) = g(xa — ax®) = 0,
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this shows that ¢ is in Homgz_z(4, A), and 9, -, is an epimorphism. Next con-
sider g of Homz_r(A4, C) with g(xA) = 0. Since the sequence 0 —> z A —— A

—— A is an exact sequence of K-modules and since C is right-R-injective, it
follows that

N .
HOITIK._R(A, C)__) HOmK_R(A, C) —_—> HomK_R(A, C) —>0
is exact. Thus there exists an element A in Homx_z(A, C) such that the composi-

tion Al A —h—> C is ¢g. Then
(110)  (NA)a = X ah(be) = X hba)at = h(z aat) = hNa) = g,
(1 i i

and ¢ is in NHomg_z(4, C). Thus v, _; is a monomorphism. This shows that
all our assertions hold good.
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