ON THE (X, 1, ) METHODS OF SUMMABILITY
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1. Zygmund [5] defined the (K, 1) method of summability of a series. This
method has the several similar properties to those of the Riemann’s (R, 1) method of
summability. Concerning the method (R, 1), we have defined, in the paper [1],
the Riemann-Ces3ro method (R, 1, a) which reduces the method (R, 1) when
a = — 1. In this note, by the analogous method, concerning the method (X, 1),
we shall define the new methods of summability and show that the new methods
have the similar properties to those of the methods (R, 1, ).

Let a be a real number such that — 1 < @ < 0, and let s% be the Cesaro

sum, of order a, of a series Y _a, with @, = 0. If the series in
n=0

oo in nr
'T(d, t) = td+l Z sz sin

=) 2tan x/2 dz
converges in some interval 0 < ¢ < ¢,, and if
lim T(a, t) = B.s,
-0+
where
/2 a=—1
B, =4 (a + 1) 'sin(a + w/2 —-1<a<o
1 a=0,
then, we will say that the series)_a, is evaluable (X, 1, &) tos. Whena = — 1,

n=0

the method (KX, 1, &) reduces the method (K, 1).

2. The above constant B, is obtained if we consider the (K, 1, a) transform
of the series

0+14+04+0+4+...... .
For @« = — 1, it is obvious that B, = #/2. For — 1 < a < 0, since, Aj denot-

ing the Andersen notation,

e, £) = 25" A% sin nx
(a,2) ,,Z_; ) 2tan z/2 dz
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. t¢+1f" 1 8(2”:14& eim:)dx
B . 2tanz/2 v

= g+l

" 1 Ok § %07 _ _iT\=(a+1)
j; 2 tan x/2 e (1 — ) ldz

_ tmﬂj‘" sinf(a + 1) (= — 2)/2 + x}
¢ (2sinx/2)**' (2 tan x/2)

dz,
we have
tl_l)ong ma,t) = (a + 1) sin (a + 1)w/2 = B,.

Further we shall prove that lim 7(0, ) = B,. By
>0+

sin x +sin 2x +...... + sin nx = 1 _ _cos(n .+ 1/2)x ,
2tan x/2 2 sinx/2

we get, by the Riemann-Lebesgue Theorem,

0, t)/t = Z f 2s1n L

= tan x/2
= lim n(i _sinnz )d
- m>edy \; T 2 tan .1'/2 z

- f" dz
. (2tan x/2)?

=__1__-1_<L__t,)
2tan/2 2\ 2 2/
Hence

Iim 7(0, t) =1= Bo.

150+

3. We shall now consider the regularity of the method (X, 1, a). Then we
have the following theorem.

THEOREM 1. The method (K, 1, a) is not regular when — 1= a < 0.

PROOF. Let — 1< a <0. Then, for any sequence {s,}, s, being the

partial sum of the series ) a,, converges to zero, we have
n=0)

t *  sinnx
T t — @ +1 o _—_____d
(e 8) = "2 58 | o zja %
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— t“+1T(ZAn——vs ) ___S_H_l_ﬂ_dx

s \oo ¢ 2tan x/2

R *  sinnx
= "1 s,> AL ————dx
§ "E *J, 2tan x/2

“ 1 -
— g0+1 - *r -1
Zs.,j; 2 tan /2 (ZA"'" sin nx)dx

vl Nn=y

— t't+1Z f sinf(v — a/2)x + 7ra/2}

— (2 sin z/2)* (2 tan z/2) dz.

Let us assume that the method (K, 1,a) is regular. Then, by the Toeplitz
Theorem, for 0 < ¢ < ¢,

o * sinf{(v — a/2)x + wa/2} .
E j; (2 sin z/2)* (2 tan =/2) dz|= O(1).
Hence the series
sin{(v — a/2)x + 7a/2}
2 f (sin z/2)” tan /2 dx

is absolutely convergent for 0 < £ < #,. Now, in virtue of the integration by
parts, for 0 < ¢t < =,

f" sinf(v — a/2)x + wa/2} dz— cos{(v — a/2)t + wa/2}
¢ (sin z/2)* tan x/2 (v — a/2)(sint/2)* tan t/2

(1 + acos? z/2)cosi(v — a/2)x + wa/2} dx
A 2(v — a/2) (sin z/2)***

and then, by the second mean value theorem,

*(1 + acos? x/2)cos{(v — a/2)x + wa/2}
¢ 2(v — a/2) (sin x/2)***

_ 1
" 2(» — a/2)(sin £/2)***

=< (v — gf)_z(sin t/2)7%72,

dx‘

j:cosKv ——3—).2: +—7r§l—}dx

where 0 < & < 9 < 7. Hence the series

Zf (1 + acos? x/2) cosf{(v — a/2)x + war/2}
) 2(v — a/2) (sin 2/2)***

is absolutely convergent for Q < # < 7. Therefore, by

dx
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1 i cosf(v — a/2)t + mwa/2}
(sin¢/2)* tant/2 v—a/2

=if" sin{(v — a/2)x + wa/2} dz

v=1ve (sin z/2)* tan z/2
2 " (1 + acos®z/2) cos{(v — a/2)x + ma/2}

+20

-y 2v — a/2) (sin x/2)***

dz,

where the two series in the right hand are absolutely convergent for 0 < ¢ < #,,
the series

is absolutely convergent for 0 < ¢t < £, But, by the Lusin-Denjoy Theorem [6 :
p. 131], this series is not absolutely convergent on any set of positive measure.
From this contradiction, Theorem is proved.

REMARK. A similar argument give an another proof of Theorem 2, in the
paper [1], which asserts that the method (R, 1, a) is not regular when — 1 =<
a=0.

Concluding this paragraph, I take this opportunity of expressing my heartfelt
thanks to Dr. T. Tsuchikura for his valuable suggestions.

4. We shall now consider the sufficient conditions for the (K, 1,a) sum-

mability of the series D a,. The following results are stated without the proofs
n=(
since, though not immediate, these are similar to the proofs of the corresponding

results for the methods (R, 1, ). It is remarkable that these conditions are the
same to those for the methods (R, 1, a).

THEOREM 2. Suppose that the series > a, is evaluable Abel to s and,

ne=(
for some r, — 1< r<o,

n

2 Isi| = O0@™).

v=1

Then the series >_ a, is evaluable (K,1,a) to s when — 1 <a <0.

n=0
(R, 1, @) analogue of this theorem is Theorem 3 in the paper [3] when — 1 <
a < 0 and Corollary 5 in the paper [4] when a = 0.
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COROLLARY. The series evaluable (C,r), — 1< r <0, to s i8 also eva-
luable (K, 1,a) to s when — 1< a=<0.

THEOREM 3. Suppose that

Z(lavl - av) = 0(1)

v=n

and the series Z a, is evaluable Abel to s. Then the series Za,, is evaluable
n=0 n=()
(K,1,a) to s when —1<a=0.
(R, 1, @) analogue is Theorem 4 in the paber [1].
THEOREM 4. Suppose that
m
> (la] — a) = O@A'™), o<r<i,

v=n

and

i [s, — s | = o(n/log n).

v=l

Then the series Y a, is evaluable (K,1,a) to s when — 1 < a <0.

n=0
(R, 1, @) analogue is Theorem 5 in the paper [1].
THEOREM 5. Suppose that, for 8§ > 0,
sp — s = o(1/(log n)'*%).

Then the series ), a, is evaluable (K,1,a) to s when — 1 <a <0.

n=0

(R, 1, @) analogue is Theorem 3 in the paper [2].

THEOREM 6. The series evaluable |C,1| to s is also evaluable (K, 1, a)
to s when —1=a=0.

(R, 1, &) analogue is Theorem 3 in the paper [1] when @ = 0 and Theorem 4
in the paper [3] when — 1 < a <0.
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