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In the global theory of operators on a Hubert space, it is a principal
problem to fully classify all operators, especially non-normal operators. The
character of an operator is closely related to the appearance of a von Neumann
algebra generated by the operator. Let A be an arbitrary operator on a Hubert
space, then a von Neumann algebra generated by A means the smallest von
Neumann algebra containing A, and it is denoted by R(A). An operator A on
a Hubert space is said to be of type I, Π1? Πoo, III if a von Neumann algebra
R(A) is of type I, IIX Πoo, III. Up to now it has been shown that there exist
several non-normal operators which are of type I [ 1 ], [ 8 ], but we have not yet
known whether the operators of type II, III actually exist. The object of the
present note is to show that there exist the operators of type II, III on a
separable Hubert space. Throughout this note, we shall deal with only the
operators on a separable Hubert space and for the terminology of von Neumann
algebra, we shall refer to [ 2 ].

1. We start with the case of type I. The normal operator is trivially the
special case of type I. In fact, such an operator generates an abelian von
Neumann algebra. Conversely the following result was obtained by von
Neumann [ 5 ].

LEMMA 1. Any abelian von Neumann algebra on a separable Hilbert
space is generated by a single Hermitian operator.

More generally, C.Pearcy [ 8 ] proved the following

LEMMA 2. Any von Neumann algebra of type I on a separable Hilbert
space is generated by a single operator.

His method used to prove this fact is naturally applicable to the case of
continuous von Neumann algebra. Indeed, we can prove, in general, the following
lemmas.

LEMMA 3. Let A,B be abelian von Neumann algebras on a separable
Hilbert space. Then the von Neumann algebra M generated by A, B has a
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single generator.

PROOF. By Lemma 1, there exist Hermitian operators A € A and B £ B
such that A = R(A), B = R(B). Now put C = A + iB as seen in [ 8 ], then
we can easily see that A, B belong to R(C). Therefore

R(C) = R(A, β) - R(A, B) = M.

LEMMA 4. Let Mn(n = l,2, ) f e α sequence of von Neumann algebras
on a separable Hilbert space with the following properties:

( i ) each Mw has a single generator An,

(ii) {Mn} commute with each other.

Then the von Neumann algebra M generated by {Mw} has a single generator.

PROOF. Each An is written in the form An = Snί + iSn2, where Snl9 Sn2

are Hermitian operators in Mn. Since {Snί}9 {Sn2} are sequences of commuting
Hermitian operators respectively, {Snl}, {Sn2} generate abelian von Neumann
algebras A, B respectively. It is obvious that M is generated by A, B. Therefore
M has a single generator by Lemma 3.

2. We concentrate our attention to the operators of type II, and recall
that a finite von Neumann algebra M is said to be hyperfinite if ( i ) M is of
type I, or (ii) there exists a sequence of von Neumann subalgebras {Mn} of M
with the following properties:

( 1) each Mn is of type I and the center of Mn coincides with that of M,

( 2 ) {Mw} commute with each other,

( 3 ) M is generated by {Mn}.

Such a von Neumann factor is nothing but a hyperfinite factor defined in
[2: p.290] (cf. [3: Corollary 2,1]). In the latter case, M is of type Hi and called
a generalized approximately finite von Neumann algebra in [ 3 ].

Combining Lemma 2 and Lemma 4, we can now see the existence of
the operators of type Hi, that is, we have

THEOREM 1. A hyperfinite von Neumann algebra on a separable Hil-
bert space is generated by a single operator.

REMARK. From Lemma 3, we can also see that there is a non-hyperflnite
von Neumann algebra with a single generator as follows. Let G be the free
group with two generators a, b. and let g -^Ug (g € G) be the regular repre-
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sentation of G, then the factor M of type IIx generated by the unitary
operatrs Ug (g € G) has a single generator (see [4 : §5, 3 and §6 , 2]). In fact,
A = R(£/o), B = ΈL(Ub) are both abelian von Neumann algebras and M is
generated by A, B, and the conclusion follows from Lemma 3.1

Here we shall point out that for a hyperίinite factor of type IIχ Theorem 1
was already shown by Y.Misonou in 1956, but his proof was somewhat
complicated as compared with ours. Furthermore, Lemma 4 is applicable
to show the fact that the operators of type Hoc, III exist. Let A be a von
Neumann algebra of type IIx with a single generator A on a separable Hubert
space ϋι and let B be a von Neumann algebra of type I on a separable Hubert
space H2, then the tensor product M = A ® B is of type EL. By Lemma 2, B
has a single generator B. Thus the ampliation A ® Cff2 (resp. CHι ® B) of A
(resp. B) has a generator A ® IHi (resp. IΉι ® B), and M is generated by (A ®
Cff2, C F l ® B } . Using Lemma 4, we obtain that M has a single generator,
which is anoperator of type EL.

3. In the last stage, we shall construct an operator of type III. Indeed,
it is possible by the following von Neumann's result [6],[7] (cf. [9]). Let H n l ,
Ή.n2 be two dimensional Hubert spaces and Bn l the algebra of all bounded
operators on Hw l . Then there exists an equivalence class ©- of C0-sequence
for which the incomplete infinite direct product M = Π ® (Bni ® Cffγι) is a
factor of type III. Let Bn be an extension of B^ ® CBn to a separable Hubert
space Π (g) (Hn l ® Hn2), then {Bn} is a commuting sequence of factor of type

I2 and M is generated by {B^}. By Lemma 2 and Lemma 4, we see that M
has a single generator, which is an operator of type III.

Summing up the above results, we obtain

THEOREM 2. There exist the operators of type II1 ? EL, III on a separable
Hilbert space.

Added in Proof. Recently, we have known that C, Pearcy showed the
existence of operators of type Πx and Hoc. That is, in his paper "On certai?ι
von Neumann algebras -which are generated by partial isometries" (to appear
in the Proceedings of the A. M. S.), he proved that there exists a partial
isometry V (resp. W) which generates a von Neumann algebra of type IIi
(resp. EL).
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