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1. Let Rn be a ring in the n-dimensional Euclidean space En, which is
defined as a bounded domain homeomorphic to the domain between two con-
centric spheres in En. The complement of Rn consists of two components C%9

CJ, where C? is bounded and Cξ is unbounded, and El = C? Π Rn is called the

inner boundary and β = C?Π Rn the outer one of Rn. By an arc γ we mean
a subset in En homeomorphic to the unit interval [0,1]. Let {<y} be the family
of all rectifiable arcs in Rn joining B", B2, and let P be the family of all non-
negative lower semi-continuous functions p(x) in Rn.

Put

Lp(γ) = inf f ρ(x{s)) ds,

VP(Rn) = J J . . . J P(xT dτn,

where x = x(s) (O^s^l) is the equation by arc-length s of γ, and dτn is the
n-dimensional volume element, then by following Vaisala [ 4 ], the quantity

(LP(y)T

is called the modulus of Rn, which is denoted by mod Rn.
Now, assume that Cf contains the origin x — 0, and perform the following

transformation of coordinates :

xγ — r cos θu

x2 = r sin6Ί cos θ2,

x3 = r sin θx sin θ2 cos θ3,

n-i = r sin #i sin #2 sin ^ 3 . . . sin 0TC_2 cos ^7 i_i,

w = r sin θλ sin 6̂ 2 sin ΘΛ - sin ^ n _ 3 sin 6?n_,.
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We denote by lθiθ2...θn-ι the intersection of the half straight line determined by

a pair of (θl9 θ2,. . ., θn.λ) with Rn, and by 1(0,, 02,. . ., 6»n_i) its logarithmic
length:

l(θl9 θ2, , 0n-l) = /

2. Using Holder's inequality, we have

LP((γ) ^ f p ^r ^ Z(01?. . ., ̂ . ^ ( f

so that

•ι....,*.-,)- = V

Multiply both sides by (sin ^1)
n~2(sin θ%)n~3 . . . (sin 0n_2) and integrate them

with respect to θu θ2,. ., (9n_2, θn-u then we have

(L MY Γ f f

^ / / / / pV^'^sin θx)
n~2 (sin Θ2)

n~3

• . (sin θn-2

so that

• / / " /

' J o Ό

Hence we have the following space form of Akaza-Kuroda's inequality [ 1 ] of
plane rings.

THEOREM 1. The modulus of Rn satisfies the inequality

mod Rn

' /2 \ Γ Γ Γ Γsin ^ ) n ~ 2 (sin ^ ) w ~ 3 . . .(sin θ )

v ^ / J o Jo Jθ H l̂? * i"n-l)

3. Further, as also remarked in [ 1 ], using Schwarz's inequality, we have
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n \ 2

/ n \ I V ί ί * * * ί ( s i n ̂ i )"" 2( s i n θ*)n 3 * - ( s i n θn-ύ

(γ)l JoJo Jo

<-- Γ Γ Γ (sin θι)n~2 (sin ^g)^" 3. . . (s in^ n _ 2 ) ,a , ,

_2π _?r

X

2π TC it

\ [ •••( (sin ^)"-2(sin θ2f-
s. . .(sin θn.2)l(θu. . ., Θ^T'1 dθx . . . *»„_, d*,,.,.

J o •'o »̂ o

Hence we have the following space form of RengeΓs inequality.

COROLLARY 1.

V(

mod R' ^ ^l ' \ \ •

• (sin0n_2) x l(θί9. . ., ffn-x)"-1 dθx... dθn.2 dθn.λ.

4. Next, assume in particular that the inner boundary is the unit sphere
I x I = 1 and that the outer is starlike with respect to x = 0, in other words,
each half-line starting from x = 0 has a single point common with the outer
boundary.

Denote by r =f (#1? ,θn-x) the value of r at such a single common
point, then

= f
Ji

/(#1, , #τi—l) 7

, ft.-!).

Using Holder's inequality, we have

^ f -2(sin ^ 2 ) - 3 . . - (sin flw.2)

x ( f

I dog A<>» , β-o) ^ ' ' ' *-2 w-v

( f / • • ' / ' ( l oS M, ' ' , »n-i)) (sin ^)n-2(sin ^2)
n~3 . . .

n-l

. . . ( s i n θ n - 2 ) d θ x . . . dθn_2 dθn-i J n .

Hence we have

(n\ff f (sin Θ.Y-* (sin fl,)"- • -(sin <?„.,) , , ,

^ Jo Jo * ' * Jo (logm,-.,^))"-1 ^ * * dθ-- ^
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- 2 JO J02τr<

• (sin#n_2) dθi dθn-2 dθn-ι

Γ( 4r"

2 7 Γ T J J Js -

where AS71 X denotes the unit sphere \x\ = */x\ + . . 4- x\ —\ and dσn-x means
the surface element on Sn.~ι Since — log f is a convex function of f9 we can
see

l o g A θ * > ' •>β->)
2τrs

= l oδ ΊΓ ί ί '" ! f^ '' •' *»->) ̂ σ»-i

Using again Holder's inequality, we get

//••• J _f(θί,-';θn-1)dσn_1

0
2τt π 7C

i I {f(βu •? Θn-\)Y (sin ^ 1 ) w ~ 2 (sin ^ 2 ) w ~
I /

0 J 0 •' 0

• (sin #71-2) ̂ 1 dθn-2 dθn-x J

' f f f N -2/ x - ^J
I I (sin 0\j (sin $2/ (sin θn-^)dθ\

Jo Jo

T N ( / / •••/ cw.....,*.-,:
2"J/

• (sin θn-2) dθ\ dθn-2 dθn-ι 1 ,

so that

X ( I
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~τr ί f ί f&> -> »̂-i) ̂ σ»-i
2τr 2 ^ ^ t/'Sίl"1

-^"" / " 1

• (sin^n_2

Combining in turn the above relations, we have finally

(sin

Γ ί Γ I ¥ ) Λ2!Γ Λ" Λ^

^ log V ; / f / f (/(^, ., <?,,_,))" (sin ^ ) " - 2 (sin ̂ 2)"
27Γ 2 ° ^° °

. . . (sin θn-t) dθι... dθn-2 dθn.t " Ί

= Γ log ( I Γf.. . f(f(θu . . Λ-0)" (sin ^) r a-2 (si
L ^ Jo Jo Jo

n

... (sin θn.2) dθλ... dθn-%dθn-λ 1—7^- Γ

Here, the denominator and the numerator inside the above parenthesis
denote the volumes Vl9 V2 bounded by the inner boundary and the outer
respectively.

We have assumed that the inner boundary of Rn is the unit sphere, but it
may be taken without loss of generality that the inner boundary of Rn is a

sphere \x\ = a (const. ^ 0), since the similarity transformation x/ = — xό {j

— 1,2, , n) preserves the modulus of Rn and the ratio V2/Vλ.
Hence we enunciate

COROLLARY 2.*) Let the inner boundary of Rn be a sphere with the
origin as its center, and let the outer be starlike with respect to the origin,
then it holds

*) F. W. Gehring [2] defined the modulus of ring Rn amounting to n — 1st root of the one by
our definition and proved the above Corollary 2 for n = 3 by means of point symmetrization.
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We shall state in the final section 6 that through this Corollary 2, a
geometric meaning can be given to the last Theorem 5 in Ozawa-Kuroda [ 3 ].

5. Now, we first introduce, for completeness' sake a necessary notion
analogously to the 2-dimensional case in [ 3 ].

Let E be a totally disconnected and compact set in the (n -f 1)-dimensional
Euclidean space En+1, and let D be the domain with E as its complement in
En+1.

A set {Rl+W)} U = 1,2,. . ., v(m) < oo ; m = 1,2,. . .) of rings i?Γ1( j ) will
be referred a system inducing an exhaustion of D if it satisfies the following
conditions:

( i ) the closure Rl+m of R^w) is connected in D,
(ii) the boundary component of i?™+1(j) consists of the inner boundary

sphere CJJ$ and the outer one C^J, these being n-dimensional spheres,

(iii) the complement of RVnS) consists of two domains, of which the one
jET̂ +iω j s unbounded and the other G^+1(j) has at least one point common
with E,

(iv) any point of E is contained in a certain G^+10),
(v) Rn

m

+m lies in F£+1® if kΦj,
(vi) each Rl+

+\(k) is contained in a certain G£+w\
(vii) {Dm+1}m=i is an exhaustion of D, where

6. In particular, assume that E lies on a hyperplane Hn of Ew + 1 and the
boundary spheres of i?™+iω are symmetric with respect to Hn, then the inter-
section of Hn and Rl+Hj) is the ring R^ij) bounded by two (n — 1)-dimensional
spheres. We denote by rjfii, V^ (r^2, Vίi]2) the radius and the volume of the
ball bounded by the inner (outer) boundary sphere of R^ respectively. Then,
there holds by Corollary 2,

a (log

Now, put mod R%j) = (log μ^)71'1 and min μ^ = μn, then it becomes



Since V$Λ = TΓT (r$Λ)
n/Y (-§• + 1), this inequality is written as

0 v/^m; Vm,l) = V m,2>

where δw = <τA/Γ ί ~ + 1 \ .

Hereafter, proceed similarly to Ozawa-Kuroda [ 3 ] using Holder's inequality,
the symmetry of i?m+1(;) with respect to Hn and the above Corollary 2, then we
obtain finally for 0 < a ^ n,

Consequently we have

THEOREM 2. Let E be a compact set on a hyper plane Hn in En+\ and
let D be the domain with E as its complement. If there exists a system
{R^HJ)} (j = 1,2, . . ., v(m) m = 1,2,. . .) inducing an exhaustion of D such
that each RZ?m is symmertic with respect to Hn and the condition

= + COlim sup ( a ]Γ log μh - ( 1 - — ) log v(m) ) =
m->oo \ ^ = 1 \ n / /

z's valid for any a (0 < cc^n), where μm — min /x̂ }, and (log/*^)7^1 denotes

ί/ι̂  modulus of the ring R%j) being the intersection of Hn and R^ιυ\ then
the a-dimensional measure of E is equal to zero.
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