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1. Introduction. Let fix) be an integrable and periodic function with
period 1. Let {ψn(x)} (n=091, 2, •) be the orthogonal system of Walsh (We
refer to [4] for definition of the system), and

r1

( 1) Σ f l » Ψn(x) , an = I f(x) ψn(x) dx .

be the Walsh Fourier series of /Or). We denote the partial sum of (1) by

and the strong Cesaro mean of (1) by

RΪ(χ) = -hΣ,Alzl\sι,(x

where

ΛS _ / » + 8 \ - n"
n \ n ) - Γ(α+1) *

Paley [4] stated the following theorem without proof.

THEOREM A. If fix) belongs to the class L"(p>ΐ) and B>l/p, then*)

f (max IRί (x)\)*dx^ Ap ( \f(x)\> dx .
JO 0^n<oo JQ

And he conjectured that Theorem A would be valid for any δ>0.
In the present note, the author will prove this conjecture in stronger

form. In fact, if we set

*) Ap is a constant depending on p only and is not necessarily the same in different
occurences.
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RsΛχ) = (jg Σ Atl\sv(.χ)\k\* (k>0).

then we can prove the following theorem.

THEOREM B. If fix) belongs to the class Lp(ρ>ΐ) and 8>0, then

( (max I RY(x) \fdx^ Bp,δ f \f(x) \» dx .
Jo °̂ n<" Jo

On the course o£ the proof, we will also show the following theorem.

THEOREM C. If fix) belongs to the class Lp (ρ> 1) and r ̂  2, then

f&^-^Jdx^c f \Λχ)\>dx,
Jo \=i n / j Q

where σn(x) is the arithmetic mean of sn(x).

The trigonometric analogue of this theorem has already given by the
author [7]. In the last paragraph, we shall give a remark about the trigono-
metric Fourier series.

2. A Lemma on the decomposition of a vector-valued function. Mr.
Igari [3] gave a decomposition theorem of Hormander type [2]. We may
extend this to a vector-valued function.

Let u(x)={u1(x), u2(x), , un{x), " •} be an lr-valued ( r ^ l ) function
of ;r<Ξ[0,1] and measurable in the Bochner sense. If \uix)\zLv, then we
write fzLpψ).

L E M M A 1. We set

yo = 2f\\uix)\\dx,
Jo

then, for any y>y0, we can decompose u ix) such as
oo

(1°) u(x) = v(x) + w(x), w(x) - Σ wk(x),

(2°) lv{x)\ ^ 2y, almost every x,

(3°) ϊ \v(x)\dx^ \ \u(x)\dx,
Jo Jo
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/ A O\ \. I II / \ II 7 ^--*" O I Ίl / \ II 7

Λ=I Jo Jo

(5°) There is a sequence of disjoint intervals {Ik} such as

2^ M*; — V I iu\χ)W dx > support (wk)alk

and the end points of lk are dyadic-rational,

(6°) Γ w*(a:) Jx = θ, (k = 1, 2, •) ,
Jo

where θ is the zero element of lr.

PROOF. The proof is almost the same to the case of a real valued
function. Since y > y0,

\ - \ f \\u(x)\\ dx^\( \\u{x)\\ dx.
z y°Jo y Jo

We divide the interval [0,1] in two congruent intervals and denote it
by JOli (i = 1,2), then

Tγ-r [\\u(x)\\ dx = 2 [\\u(x)\\ dx ̂  2 f | | ^ ) | | dx^y.
\J0,i\ Jjo,t JΛ,t «/0

Then we divide JOti into two equal intervals J^% J^% and if there are
such intervals that

I ju) I I K ^ ) | ώ : ^ y ,
l^o.ίl Jjϋ)

0,i

then we term them Ili1c (^ = 1,2, •••). The remaining intervals are termed
by Jltk (k = l, 2, •), and we divide each of them into two congruent intervals
such as Jί^k 0 = 1,2,* •). If there are such interval that

• TO ) i I \\u(x)\\dx^y,

then, we call them I2,k (Λ = l, 2, •) and the remaining intervals are termed
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by J2,k (£ = 1,2, •)• We repeat this procedure. Since the number of inter-
vals of Ijtk for fixed j is finite, we order these Ijtk to a sequence {7̂ } (k = l,
2, •). Then lk is evidently disjoint. Since every lk is one of the type 7 U

and is contained in one of Jj-i,h which belongs to the preceding division,

( 2 ) u{χ)\dx

-1 ί\<χ)\dx

Let us set

( 3 ) v(x)= I Λ I -

u(x),

u(x) -

Θ,

1 \u{t)dt,

- v(x),

if

if

T

X t lk

xK u

xzljc

x^Ik

and w(x) =

Then (1°) and (6°) are evident.
If x <Ξ lk, by Minkowski's inequality

f (Σ. Mt)\')'dt

\u(t)\dt.

Hence we have

t
I II v / II

^ ί Mχ)ϊ
JEC

which is (3°). Since, by (3)

v(x)

, ( \u{x) \dx= ί \u{x) I <ir,
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Σ, Γ II «>»(*) I dx =g ί {| «(x) I + I *(

^ 2 f || «(ar) 1 ίία;

Jo

and this is nothing but (4°). If x £ 7fc, by (2),

and if x^\jlk, then there is an interval /containing x and with length
smaller than arbitrary given positive number such as

Hence by the theorem of differentiation, we have

\\<x)\\^y (a.e.).

However u(x)=v(x), by (3), and we get

K * ) | ^ 2y (a. e.),

this is (2°).
By the construction of Ik, we have

anc

Other properties of (5°) are evident. Thus we have proved Lemπίa
completely.

3. Strong summability of Walsh Fourier series. Let fn(x) z L(0,l), and
its Walsh Fourier series be
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and its partial sums be

ra(n)—1

( s \ V > fn\ / \

•^yjnj — / . ίv YvV^J
i>=0

THEOREM 1. If fn(χ)zLr ( r > 1), αnJ ^>> 1, then

I l Y ^ I ^ f \\r\ J < C 4 I ( V I f f ^ l r l r //

Jo\n=1

 mU I "" Λ Γ J o \n=1

 n /

PROOF. When p=r, we get this inequality by only addition of known
formula.

Next we shall prove that

Γ ( ~ \l~ Ί 1 C1 I ~ V-

00 ^ U | V | 5 m ( n ) (^:,/n)I
rY > 3 ; ^ — I ( Σ I/nΓΓ ̂ ,

for any 3/ > 0 .

We set

2*+i —1

and

Then, by the known formula (see Paley [4] or Sunouchi [8])

where

m(n) = 2fcl(n) + 2Aϊ(n) + +2kλin),

0 ̂  Kirί) < k2(n) < .

We suppose the vector-valued function

fffr) = ί^i(^λ ^2^), , JnW, , }

is u(x) in Lemma 1 and decompose it into

v(x) = {VJCΛ:), ^2(^), •' , vn(x\ , }

and
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w{x) = [w™(x), w^\x\ ,
Then

= Vn(x) + Wn(x), say.

As Watari [9] showed

,k = 1, 2, , v
»*<»>(*, w C n ) ) = 0 ( ) for xφE=uIn

Vi = l , 2 , . - . , /
Hence

and

μ{*\ (Σ \Wn(x)\'f>y\^lgl/y^ \f\/y,

by Lemma 1.
On the other hand, concerning Vn(x), it is evident to see,

Thus, from (2°) and (3°) of Lemma, we get

μ{χ
y

4 - » y - f iv\dx
Jo

4
y

Thus we have proved (*). Hence, applying generalized interpolation theorem
of Marcinkϊewicz (See, J. Schwartz [5] or A. Benedek, A. P. Calderόn and R.
Panzone [1]), we can prove the theorem for 1 < p < r, and the complete
theorem may be gotten by familiar conjugacy argument.

THEOREM 2. If f(x) ς Lp (0,1) (1< p < oo), and r ^ 2, then

Γ(έ ^-'^'fdx^A. f \fix)\'dx,
o \»-i n i j0
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where sn(x) and σn(x) are the partial sum and the arithmetic mean of
Walsh-Fourier series of f(x).

PROOF. Applying Theorem 1, we have

^ 2P f (Σ, I s2k(x) - σ2k(x) I rf dx
J0 \jfc.Q /

by Jensen's inequality. From the known reduction (See Sunouchi [8]), we get

f(Σ

έ

Thus the theorem is proved. From Theorem 2, G. Sunouchi and S. Yano [6]
deduced the following theorem.

THEOREM 3. If fix) € Z/(0,1) (l<ρ< oo), αwJ δ,

J o (I^TKOO \ / i n v = 1 / ) Jo

where sn(x) is the partial sum of Walsh Fourier seeies of fix).

For the sake of completness, we reproduce the proof.

PROOF. For a given δ>0, we take s such as

8 > 1 - — (5 > 1) and set, — + — = 1. Then by Holder's inequality
5 r s

1 n

Δ δ 2~* ̂ -n-v I Sυ(x) crv(x) I
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(£

Hence

f
Jo

\ max ( - ^ T Σ, Asn~-l I sv(x) - σ£x) \ kf Γ dx

If for a given £, we take 5 sufficiently near 1, then rk is greater than 2,
because r~1 + 5~1 = l. So by Theorem 2, we get,

f \ max (-ijΓ Σ ΛS-ί I ^ ) - ) I

On the other hand we know a maximal theorem concerning σn(x),
that is

/ I max \σn(x)\\ dx^Bp[ \f(x)\pdx.
Jo (o^n<oo ) JQ

Thus we get the theorem.

4. Trigonometric Fourier series. On the above argument, we couldn't
get good theorems for the critical case p=l.

If we should follow the above method, the unnecessary logarithmic factors
would be added to the right hand side of inequalties. However we can get
satisfactory theorems in the trigonometric Fourier series. These are proved
by so called complex method. For example, we get

THEOREM 4. Let sn(eiθ) and σn(eiθ) be the partial sums and the arith-
metic means of Fourier power series of φ(eiθ), respectively. Then for r ^ 2
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| φ{e'θ)\ \og+\φ{<P)\dθ\ + C,

(0<μ<ΐ).

J. Schwartz [5] proved the integral analogue of the following Lemma,
which is proved by the same method.

LEMMA 2. Let fn(θ) (n = l,2, •) be a sequence of integrable functions

and let fn(θ) denote the conjugate function of fn(θ). Then, for r > l ,

Jf

[7]).

\fM\r]r dθ + c,

(0<μ<ΐ).

From this lemma, the reduction is similar to the case p>l. (See Sunouchi
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