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Introduction. We have already dealt with the indecomposability of

differentiable manifolds twice ([1], [2]). In this paper we shall show an

application of the mod q Pontryagin class, where q denotes a prime number

bigger than 2, on this problem. The mod q Pontryagin classes were systema-

tically investigated by Hirzebruch ([3], [4]). In particular the vanishment of

mod 3 dual-Pontryagin class of the highest dimension is fundamental for

our purpose.

1. Let q be a prime number bigger than 2 and let Xn be a compact

orientable differentiate n-manifold. For any cohomology class v £ Hn~2riQ~ι)

(Xn, ZQ) it holds that

(1. 1) ψQv=sr

qv ([3], [4]),

where 5βJ denotes the Steenrod power ([7])

(1. 2) SβJ: # » (Xn, Zq) - H^fc-υ (χn, zq)

and sr

Q denotes a mod q polynomial of Pontryagin classes such that

(1. 3) *; = ?rlMr(β_1}(A, ,A) mod q9 ί = } r ( ϊ - l )

where

(1. 4) Π (s^U/tφ»/ΊΓ) = Σ L3{pu ., p}),

(1. 5) p = Σ, Pi = H ( 1 + γ 0 a n d

(1.6) Aeff«(X.,Z).

The dimension of sj is equal to 2r(q — 1). We put

(l. 7) Σ. Ki = Π
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where * denotes the reduction modulo q and

(1. 8) l = ̂ -(q-l).

It is known that

(1.9) % = Σ*PU

where the summation is extended over all z, r with

(1. 10) 2j = (/ + r) (q

In the case q = 3, (1. 7) takes the form

(1. 11) Σ * M = Π (1-+

and we have from (1. 9)

(1. 12)

We define bq}} and sr

q by

(1.13) (!>«)(?

and

253

pf= Σ
j=ί+r

(1. 14)

which leads to

(1. 14)'

It is well known that

(i ) ψQ = identity *

(ii) %uk=0, 2i>k9 ukzHk(.

r

(iii) ψq{uv)= Σ WQu-%-*v. ([7])

We have from (1. 9), (1. 13), (1. 14) and (1. 15)

(1. 15)
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(1.16) b*j=

because

(i. 17) i

= ( Σ W*t) ( Σ SKϊί) = ( Σ *£«) (

In particular b*j equals the mod 3 dual-Pontryagin class pf(^Hίj(Xn,Z3)),

where

Σ PJ Σ A = 1.

We have from (1. 16)

«—i . x wi« π-t l_ "v^ ςgi5j _-Q=r_j_ y ^ 93* ί9"1"1

On the other hand (1. 13) leads to

2k_ 2* _ ; _

(1. 19) 0 = 5 ^ + Σ &Γ1' .
i=l

Hence we have

2k/(q-l) 2 k 2k

(1.20) b*k= Σ («5αw - 4 5 Γ 1 )•

When 4)fe = w, we have from (1. 1) and (1. 20)

(1. 21) % = 0,

i.e. T?q,h[Xik] is divisible by g. In particular

(1. 22) J* [Xik] = 0 mod 3.

2. If a differentiate manifold Xn is a product of two differentiable

manifolds Xr and Xs, we say that the Xn is decomposable and if not we say

that Xn is indecomposable ([1]).

We deal with a compact orientable differentiable Xik. Suppose that such

an Xiic be decomposable, i.e.
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(2. 1) Xik = Xr x Xs.

Then we have for any multiplicative series ^Z Kι(Pu ' > A) ([6])

(2. 2) X f c ( A , , A ) [-X**] = Kr(j>i, -- ,Pr) [Xr\ K9(j>l9 , p s ) [Xs]

provided that ΓΞΞO mod 4. If rψO mod 4, then the cobordism components of
Xr consist only of torsions and hence the same thing holds for Xik. There-
fore all Pontryagin numbers of XAk sue zero, in particular Kk[Xik] equals

zero. In the case of Σ bQJ we have from (1. 21) and (2. 2) the

THEOREM. Let Xik be a compact orientable differentiable manifold.

If bQ}k[X^k] is not divisible by q2, then such an Xik is indecomposable.

COROLLARY. If pk [Xik] is not divisible by 9, then such an XAk is

indecomposable.

We shall show some applications of above Corollary.

EXAMPLE 1. In the case W=FJSpin (9) ([5], p. 534) the Pontryagin
classes are given by

(2. 3) fr=p3 = 0, A = 6u, A = 39M2, U\W\ = 1, « € H\W, Z).

Hence we have

(2. 4) A = - A + 2 A A ~ 3pip, + p\ + p\ = -3u2, i.e.

(2. 5) PΛW]= - 3 .

Thus W is indecomposable.

EXAMPLE 2. Let P2m+ί(c) be the complex projective space of complex
dimension 2 m + l . The total Pontryagin class of P2m+ί(c) is given by

(2. 6) p = (l + # 2 r " , g € H\P2m+1(c), Z).

Let XAm be a compact orientable differentiable submanifold of P2m+i(O and
let λg be the cohomology class corresponding to the homology class repre-
sented by Xίm Then the dual-Pontryagin class of Xim is given by ([6])

(2. 7) pΆmλ '-



256 Y. TOMONAGA

by virtue of

(2.8)

Hence, if λ \[^"£Xj - ( Z'-l M * ° m o d 9> ί / ι e n 5 w c / ι α n X^ ίs

indecomposable.
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