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Introduction. A manifold is called &-parallelizable if the restriction of
its tangent bundle to any ^-skeleton is trivial ([1]). In such a manifold
some of the characteristic classes vanish. Making use of this fact we shall
study the properties of such manifolds together with the imbeddability and
field of frames.

1. Throughout this paper we denote by Xn an orientable compact
ft-dimensional C°° manifold with a Riemann metric. We use the following
notations:

Wi £ H.ι{Xn, Z2) Stiefel-Whitney class of dimension z,
Wi € Hι(Xn, Z2) Dual Stiefel-Whitney class,

W = Σ Wi 9 W = Σ ^ i 9

(1.1) iv W = 1,

Pu £ Hu(Xn, Z) Pontryagin class of dimension 4z",

P 4 i ^ Hu(Xn, Z) Dual pontryagin class,

(1.2) P p=l,

(l. 3) pu = {(2τr)2ί(2ί)i

(1. 4) P4 = Λ
ί

where δ ( ), O^ or oik denotes the generalized Kronecker symbol, the curva-
ture form of Xn or some numerical constant respectively ([2]). It is known
that Pu is a polynomial of P4Vs (k^i) and P'u is a polynomial of P4A:'s {k^ΐ).
The following two theorems are fundamental for our purpose.
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I. For each q there exists a continuous field of tangent n — q frames

defined over the q dimensional skeleton Kq of Xn. In order that there may

exist such a field on any KQ+1, it is necessary and sufficient that zvq+ί = 0

([3], p. 199).

II. There always exists a continuous field of tangent n—2m-\-2 pseudo-

frames over any K} (ί<4m) of Xn. There exists such a field over any Kim

if and only if Pim = 09 1 ̂  m ^[n/A], where a k pseudo-frame means an ordered

set of k vectors, at least k— 1 of which are linearly independent ([2]).

Since a s-frame is a s-pseudo-frame, we have from I and II the Theorem

1.

T H E O R E M 1. If Xn is k-parallelizable (l^k^ n ) , then

( 1 . 5 ) wp = 0 (l^p^k)

and

(1.6) Pίm=0 (A^Am^k),

i.e.

(1. 7) Pim = 0 (A^Am^k).

Next we consider the case where Xn is differentiably imbedded in an

Euclidean space whose dimension is small enough. Suppose that Xn c En+Qy

where En+Q denotes the n-hq dimensional Euclidean space. Then we must

have

(1. 8) F*m = 0 {2m ^q) ([5])

and

(1. 9) wt=0 (t^q), ([7]).

THEOREM 2. If Xn is Am-parallelizable and differentiably imbedded in

the En+2m+2 ( 4 ^ 4 w ^ w ) , then p=l and w = l, i.e. Xn is "bord". ([4])

PROOF. We have from (1. 9)

(1. 10) wt=0 (t^2m + 2).

On the other hand we have from (1. 5)

1. 11) wp = 0 (l^p^
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i.e.

(1. 12) wp = 0 ( l ^ £ ^ 4 m )

by (1.1). Since m §: 1 we have

(1. 13) wp = 0 (l^p)

i.e.

(1. 14) wp = 0 (l^p).

Next we have from (1. 7)

(1. 15) Pu = 0 (1 ̂  t ^ w) ,

i.e.

(1. 16) F4ί = 0 ( l ^ ί ^ w )

by (1. 2). Meanwhile we have from (1. 8)

(1. 17) P45 = 0 ( 5 ^

We see from (1.16) and (1.17) that

(1. 18) Pu=0 (

i.e.

(1. 19) Pu=0 ( l ^ ί ) .

By virtue of (1. 14) and (1. 19) every Stiefel-Whitney number and Pontryagin

number become zero. Hence Xn is "bord". ([4]) Q.E.D.

THEOREM 3. / / Xn is Am-parallelizable and differentiably imbedded in

the £ r ι + 2 m + 4 ( 4 ^ 4 w ^ n), then

a. 20) > = Σ(-iyτtn+4,

and

(m ̂  2)
(1. 21) w =

If moreover nφO mod 4(m + l) and m^2, then Xn is

PROOF. We have from (1. 7) and (1. 8)
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(1. 22) Pit = 0 ( l ^ ί ^

i.e.

(1. 23) P4 ί = 0 ( l g ί g

and

(1. 24) P45 = 0 (sg

Therefore, the only non zero dual Pontryagin class is P4 m + 4. Hence we have

from (1. 2)

Next we have from (1. 5) and (1. 9)

(1.26) wt = 0 ( l ^ ί ^ 4 w ) , i.e.

and

(1. 27) wfc = 0 ( ^

Hence we have

ί = 0 t ^ 1 (m ̂  2) ,
(1. 28) , _

0 ^ 6 (m = l ) . Q.E.D.

For example we consider the case where X l βc£ 22 and X16 is 4-paralleli-
zable. In this case we have from (1. 20)

f Pi = P\2 = o ,
(1. 29)

I Fie = A 2

which leads to

(1.30) τ = ^^rFl[Xlΰ]

and

(1. 31) A = 3 4 < | 5

2 > 7 PΪ[X1 6], ([5])

where r or A denotes the index or the A-genus respectively. We see that

the index of this manifold is divisible by 724, for if X 1 6 C J E 2 2 the A-genus is

divisible by 26 ([6]), i.e. FI[X16] is even by (1.31). Thus we have the



ON £-PARALLELIZABLE MANIFOLDS 5

COROLLARY. If Xu is A-parallelizable and differentiably imbedded in

the E22, then its index is divisible by 724.

2. In order that Xn may admit a continuous field of tangent ^-frames

it is necessary from I and II that

(2.1) w, = 0 (n

and

(2. 2) P\m = 0 (n ̂  Am ̂  2(n-k +1)) ,

because we can construct a k + 1 pseudo-frame from a £-frame.

THEOREM 4. If Xn is Am-parallelizable (A^Am^n) and moreover

admits a continuous field of tangent n—2m — l field, then

(2. 3) wt = 0 (l^i^ή)

and

(2. 4) P4i = 0 ( l^i^[n/4]),

i.e. Xn is "bord".

PROOF. Since Xn is 4m-parallelizable, we have

(2.5) Wi = 0 ( l ^ { ^ 4 w )

and

(2. 6) P'u = 0 (1 ̂  £ ̂  m).

The second assumption leads to

(2.7) w , = 0 (2m + 2 ^ y g τ z )

and

(2. 8) P« = 0 ( m + l ^ ί ^ [n/4]).

Therefore we have (2. 3) and (2. 4). Q.E.D.

THEOREM 5. If Xn is Am-parallelizable (4 fg 4m ^n — A) and admits

a continuous field of tangent (n—2m —3)-frame, then p is generated Jy P 4 ( m + 1 )

and
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w = 1 (m ^ 2 ) ,
(2. 9)

= 14- w5 (m = 1) .

If moreover nψO mod4(m-fl) αwJ ra^2, ί/̂  z Xn is "bord".

PROOF. First we have

(2. 10) τvi = 0 ( l g ί ^

and

(2. 11) n = 0 (l^rgm).

Next we have from the second assumption

(2. 12) wk = 0 (2m + 4 ^ * ^ Λ)

and

(2. 13) P« - 0 (t ^ m + 2) .

Therefore the only non zero P' is P^m+i). Hence we have

(2.14) Pu = 0 ( i φ O mod(m + l )) . Q.E.D.

REFERENCES

[ 1 ] J. MlLNOR, Homotopy groups of differentiable manifolds, Proc. Symp. Pure Math.
Vol. 3, Differential geometry, Amer. Math. Soc, 1961, 39-55.

[ 2 ] S. S. CHERN, On the characteristic classes of Riemannian manifolds, Proc. Nat. Acad.
Sci. U.S.A., 33(1947), 78-82.

[ 3 ] N. STEENROD, The topology of fibre bundles, Princeton Univ. Press, 1951.
[ 4 ] C. T. C. WALL, Determination of cobordism ring, Ann. of Math., 72(1960), 292-311.
[ 5 ] Y. TOMONAGA, Λ-genus and differentiate imbedding, Tδhoku Math. Journ., 15(1963),

203-211.
[ 6 ] M. F. ATIYAH ET F. HiRZEBRUCH, Quelques theoremes de non-plongement pour les

varietes differentiables, Bull. Soc. Math. France, 87(1959), 383-396.
[ 7 ] J. MlLNOR, Lectures on characteristic classes, Princeton Univ., 1957.

UTSUNOMIYA UNIVERSITY.




