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IMMERSIONS OF LENS SPACES*
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Introduction. In this paper we consider the immersions of lens spaces in
Euclidean spaces, where the immersion means C°°-differentiable one. M. W. Hirsch
[1] proved the following beautiful result.

THEOREM. Let k- dimensional differentiable manifold Mk be ίmmersible
in Euclidean (m + r)- space Rm+r with a transversal r- field, then Mk is
immersible in Rm, if k < m.

The purpose of this note is to prove the following theorems by making
use of the above result.

THEOREM A. For any odd integer p^3 and any positive integer n, the

(2n + V)-dimensional lens space Ln(p) is immersible in Euclidean 2 Γ— ̂ - — -

space, where [x\ means the integer part of x.

THEOREM B. For any odd integer p^3 and any integer ft Ξg 5, Ln(p)
is immersible in Euclidean (4n—£)-space.

When 5 fg n 5Ξ 6, Theorem B is better than Theorem A.

1. Lens spaces. Let S2n+l be the unit (2n + l)-sphere. A point of S2n+ί

is represented by a sequence (z0, zί9 , zn), where zt (i = 0, 1, , n) are
•n

complex numbers with Σ l ^ t l 2 — 1 Let p be an integer greater than one and
i=0

λ be the rotation of 52n+1 defined by

Let Λ denote the topological transformation group of S2n+1 of order p generated
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by λ. Then the lens space mod p is denned to be the orbit spaces:

£»(/>) = S ίn+1/Λ.

It Is the compact connected orientable differentiable (2/2 + 1)-manifold without
boundary, and Ln(p) is canonically embedded in Ln+l(p).

As a CW'-complex, Ln(p) has one cell el in each dimension (0±gz'fg2?z + l),
and the integral cohomology groups of Ln(p) are given by (cf. [7], p. 67)

H\L*(p\Z) =

0

i = 2,4, ,2/ι,

i = 0,2w + l,

for other i.

By making use of universal coefficient theorem, we have the cohomology groups
of Ln(p) over Zk which are given by

(1-1)
ί = 0,2rc + l,

ι = 1,2,3,-- ,2n,

where (p, k) is the greatest common measure of p and k.

2. Stiefel manifolds. Let Vn,m be the Stiefel manifold of ra-frames in
Euclidean n-space. Then, by normal cell decomposition ([7], p. 54), the 2k-
skeleton of Vn>n-k is the stunted projective space pzk/pk~1 if n > 2k, and the
n-skeleton of Vnιn-k is the stunted projective space pn-l/pk~l if n^2k.

For any positive integer n, the integral reduced homology groups of the
projective space Pn are given by

0 if r is even and 0 rg r ̂  n ,

Z2 if r is odd and 0 < r < n,

Z if r is odd and r = n .

So the integral reduced homology groups of the stunted projective space

Z2 if r is odd and 2£ < r < m ,

Z if r is odd and r = m ,

0 for other r.

Hr(Pm/P2k, Z) =
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If k g: 1, then Pm/pzk is simply connected, and following the generalized
Hurewicz theorem (cf. [2], p. 305), the homotopy group πr(Pm/P2k) is a finite

group and has only 2-primary component if r ̂  2 -— .

For example, if 4w^4&>2τz + 3, the homotopy group 7^(^2^+3,2*;) is a
finite group and has only 2-primary component for r^4(n—

3. Local coefficient. Let £ be an w-dimensional vector bundle over an
arcwise connected space X, and £(OT) be the associated VW)m-bundle. And let
ξ(

r

m) be the bundle of coefficients ([6], p. 151) associated with τrr(VWjm). Then
we have the following result (cf. Serre, Homologie singuliere des espaces
fibres, p. 445, Prop. 3).

(3. 1) If ξ is orientable, then $.m) is trivial, for any m and r.

4. Immersions of lens spaces.

THEOREM A. For any odd integer p^3 and any positive integer ny

the (!2n + ϊ)-dimensional lens space Ln(p} is immersible in Euclidean 2 -̂ - — -
L £ J

space.

PROOF. Let /:Lw+1O)->#4n+6 be an immersion. Then the normal
bundle v of this immersion is an orientable (2n-\- 3) -dimensional vector bundle.
We consider the existence of a cross-section of the bundle v(2fc) with fibre
V2 w+3,2fc associated with v. The obstructions are contained in

where the local coefficients are all trivial by (3. 1). And if n gr k and 4k
then 7rr(y2w+3(2fc) is a finite group and has only 2-primary component for
r^4(n — &) + 6. See the end of the section 2.

Let 2k = n + 3 when n is odd and 2& = rc + 2 when n is even, then ^(Vzn+s^k)
is a finite group and has only 2-primary component for r ̂  2n. And hence

for r^2n by (1.1). Hence vw has a cross-section over Ln(p\ the (2n + l)-
skeleton of Ln+l(p). Thus Ln(p) is immersible in Euclidean (4τz + 6 — 2&)-space.

Therefore, Ln(p} is immersible in Euclidean 2 -̂ - — -space if n>l. Clearly,
L ^ J
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Ll(p) is immersible in RQ. This completes the proof.

THEOREM B. Ln(p} is immersible in R^n~\ if n ̂  5.

PROOF. By Theorem A, Ln(ρ) is immersible in R*n~2 if n ̂  5. Then
the normal bundle v of this immersion is an orientable (2n — 3) -dimensional
vector bundle. We consider the existence of a cross-section of the bundle z/2)

with fibre V2n-3>2 associated with v. The obstructions are contained in

where the local coefficients are all trivial by (3. 1). And if n ̂  5, then

^"271-5(^211-3, 27 — ^2 > 7Γ2τi-4(V'2n-3(2) = Z2 ,

^n-sO^w-S^) = Z± > ^TZ- 2(^277- 3, 2) = ^2 + ^2 >

^271- 1 (V2?»-3, 2) = Z2 , 7Γ2n (V2 w-3,2) — 0 >

by Paechter [4]. Thus Hr+l(Ln(p\ττr(yzn^} = 0 for all r by (1. 1). Hence
z/(2) has a cross-section over Ln(p\ and hence Ln(p\ is immersible in ,R4n~2

with transversal 2-field. Therefore Ln(p) is immersible in R^n~^.

REMARK. If k is odd and k Ξg: 15, then ττA;+1 3(FA;+2j2) = 0 by making use
of Paechter's method (cf. [4], p. 260). When n ̂  13, Ln(ρ) is immersible in
£4rz-ιo by Theorem A. Then, if n ̂  14, Ln(p) is immersible in R*n~l\ by
similar argument. And this result is better than Theorem A if n = l4.

REMARK. Recently, T. Kambe [3] has proved the following non-immersibility
theorem of lens spaces: Ln(p) cannot be immersed in Euclidean 2
space, where L(n,p) is the integer defined by

L(n,p) =
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