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1. Introduction. In this paper, we define, and investigate the properties
of the strong Borel-type methods [B, a, 8],, [B, a, 8],, which, when the
index p=1, reduce to the methods [B’, a, 8], [B, @, 8] considered in [1]. We
use * to designate generalization of theorems, lemmas and definitions of [1]:

e.g. Theorem 3* is a generalization of Theorem 3 of [1].

Suppose that o, a, (n =0,1,---) are arbitrary complex numbers, that
a >0, that 8 is real and that N is a positive integer greater than —g8/a.
Whenever ¢ >1, ¢' denotes the number conjugate to ¢, so that

I
q q

Let x be a real variable in the range [0, oo): in all limits and order
relations involving z, it is to be understood that x — oo.
Let

Sn = an, So1 = 0’ Oy = 0—Sy-1,
v=0

and define Borel-type sums

-1 Sn xam+B 1

a,p() = Z I‘(an+B) @) = Z T(an+B)

It is known that the convergence of either series for all x =0 implies the
convergence, for all x =0, of the other.
Borel-type means are defined by

A®) = [ etatyde;  S.sz) = ae*sa).
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Borel-type methods are defined as follows :
1. Summability :

(1) I A, x)— on, we say that s, —o(B, a, B),
(i) I S, s(x) — o, we say that s, — o(B, a, B).

3%, Strong summability with index p:
(i) If

./J €| A p-1(t)—ox|? dt = o(e”),

0
we say that s, — o[B, a, B8],
(i) If
f €Sy p1(t)—a|? dt = o(e®),
0

we say that s, — o[B, a, 8], .

We assume henceforth that the series defining a, «(x), s. s(x) are convergent
for all £ =0, and, since the actual choice of N in the definitions is clearly
immaterial, that aN + 8 = 2. The functions a, g(&), @e,z-1(Z), 5«,8(x) and s, g-1(x)
are then all continuous for £ =0. Further, we assume, without loss of
generality, that a, =a, =+++ = ay_, = 0, so that oy = 0.

Given a function f{x), we write for 8 > 0

i) = 0@y [ @—vp fy e

whenever the integral exists in the Lebesgue sense.

2. Preliminary Results.

LEMMA A. Suppose that f(t) is a non-negative function, integrable L
in every finite interval (0, x), that a >0 and that a+8>0. Then

[ fw de = ofe=
if and only if

fz & f(t) dt = o(e*+?7).
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This can readily be proved by integration by parts.
LEMMA B. If f(t) is non-negative and integrable L in every finite

interval (0, x), where p>1, then, for 0 <8 <1/p and q = p/1-38p), f¢)
is integrable L° in every finite interval (0, x) and

T 1/q z 1/p
([ ronear)” =x ([ tronr

where K is a constant independent of x.
For a proof, see [2], page 290, Theorem 393.

LEMMA 5% If f(t) is integrable L® in every finite interval (0, x),
where p=1, and

[ 11017t = o),

1 1

then, for q=p and 8>—P———q—, fo(x) is integrable L% in every finite

interval (0, x), and

1701 = o).

PROOF. Let0<p <1, % =1-— —11)— + —;—, so that (§—1)A > —1. Using

Holder’s inequality twice, we obtain that
z 14
@) = ( [ 1wz = du)

z z p=-11)
< emwf ‘f(u) | P (x_u)(s—l)lp/q e~ duy (f (x_u)(a-l)l e~ PMz-w)/(p-1) du)
0 0

' px v/q x 1-p/q
<Ko (f | flw) | (1) 0% e du)/ ( [ 1761s e du)

1) The second integral does not appear when p=1.
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where, since (8—1)2 > —1, K is finite and independent of x; whence in view
of Lemma A with @ =g, 8 = —ugq,

lfs(x) l [ = (e"‘”‘ ela-ma-pz fz lf(u) l P (x_u)(s—l)l e P du) .

Thus

[ 1401 eoa=o ( [ 17017 e [ (= em dt)

—o (f lf(u)l"du) -

since (§—1)A > —1, and so, in view of Lemma A with a = 8=qg—p

[ 15@1eds = ofers.
This completes the proof of Lemma 5*%.

3. Theorems. This section is divided into two parts. The first contains
theorems concerning relations between methods of the same type: that is
between “B” methods or between “B” methods. The second contains
theorems giving interrelations between “B” and “B’” methods.

3.1. To each “B” theorem stated in this section, there corresponds an
exactly analogous “B”” theorem which can be proved by replacing “B” by

“B”, “¢” by “oy” and “S, 4(x)” by “A.g(x)” respectively in the appropriate
proof outlined below.

THEOREM 3*. If s, —o[B, a, B8], then s, — o(B, a, 8—38) where ¢q > 1 and
8<(@—1/q.

PROOF. Assume without loss of generality, that ¢ = 0. Let 0<<6 < 1.
Using Lemma A with a = q, 8 = —fq, we obtain that
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[T(1—8)s4,p-5()| =

j: (= 1)? 50, 01(2) dt|

1/q"

= {j:‘ e |5, 54(2)]° dt}w{fx Yz — £) 5 dtl

] /g
=0 (6(1—9)33 {f el (@) 4 =8¢ du} )
0

= o(e®)
(since 8¢" < 1, f ) e "y % dy < o), and so it follows that s, —0 (B, a, 8—39).
This compl(:tes the proof of Theorem 3*.
THEOREM 5%, If s, —o(B, a,B) then s, — olB, a, B+1], where g > 0.
This follows immediately from the definitions.
THEOREM 9*. If s, —olB, a, B, then s, —d|B, a, B+38], provided

) p>¢>0, 8=0,

1 1
or i) g=p=1, 8>—— —,
) 9=p » g
.. 1 1
or iii >p>1, §=———.
) 9>p » g

PROOF. Using Hélder’s inequality, we obtain, for p> ¢ > 0, that
I

from which case (i) follows.

Case (ii) can readily be proved by means of Lemmas A and 5%, and case
(iii) by means of Lemmas A and B. The final theorem in this section
exhibits an exact relation between the strong and ordinary methods; it can
be proved in a similar way to Theorem 11 of [1] by using Minkowski’s
inequality instead of the triangle inequality.

T

#ISapal ot = {f €' Supat)—a|? dt}m{f: ¢t dt}hm

= o(e"),

THEOREM 11*. For ¢ > 1, s, —>d[B, a, B, if and only if s, —o(B, a, B)



ON BOREL-TYPE METHODS, II 237
and

[ 10017 e = ofe).

3.2

THEOREM 15*%. For ¢ > 1, s, —o|B, a, Bl, if and only if s, — o[B, a, B,
and a, — 0[B, a, B,.

THEOREM 18*. For ¢>1, s,—o[B,a,B), if and only if s,—o[B,a,B+1],.

Proofs of these theorems can be constructed from the proofs of Theorems
15 and 18 of [1], by using

i) Theorems 3%, 11* instead of Theorems 3, 11 of [1],
il) Lemma A to give equivalent statements about means and sums,

e.g. f e'|S..4(t) | dt = o(e®)
0
if and only if

[ 15es®=seps@le e = o(e),

iii) Lemma 5* with p = g instead of Lemma 5 of [1],

iv) Minkowski’s inequality instead of the triangle inequality,

v) (applicable only to the proof of Theorem 18*), Theorem 15% instead of
Theorem 15 of [1].
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