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Let A and B be C*-algebras and A®B their C*-tensor product with

a-norm ([16]). We consider the following linear mapping from AQ®B to A
and B defined by

R,,(Z a; @bi) =Y <a,p>b (resp. Ld,<Z ai®bi) =3 < b, Yy> a,)

i=1 i=1 i=1 i=1

for a bounded functional @ of A (resp. ¥ of B). This mapping satisfies the
following relation

<ZL,PeR/Y > = < Lyx),p > = < Ry(x),y >

for every x¢ AQB.

Now the above relation may be considered, in some sense, as the non-
commutative version of Fubini theorem in iterated integrals and it is the
purpose of our present discussions to clarify the utility of this result in the
tensor products of C¥-algebras settling all type problems of product algebras
(Theorem 2) by using this mapping, and deriving various structure theorems
for them, some of which are regarded as the extension of several results in
[7], [19].

The above mapping is also useful to more general situations (cf. [10],
[15]), since it can be defined in any tensor product of Banach algebras
whenever the defining cross-norm is not less than Schatten’s A-norm ([13]).

Through the discussions S(A) means the set of all states of a C*-algebra
A and P(A) means the set of all pure states of A. The value of a linear
functional @ on z is always denoted as <x,p>. Let A()B be algebraic
tensor product of A and B, then the norm a is given by
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< (Zm: xj®yj>* (Zn: ai®bi)* (Z a,@h)(Z xj(g)yj) PP

j=1 i=1 i=1

=sup

2 a@b;‘

i=1

m ¥/ m
< (Z x,~®yj) (Z x,®y,-) PRY>12
j=1 j=1 >

where @ and Y run over the set of all states of A and B and ) x;®y; runs

j=1
over A B. This norm is also defined as the C*-enveloping norm of the
product representations m,®m, of A () B where m, and 7, run over irreducible
representations of A and B, respectively.

1. We state the above cited non-commutative version of Fubini theorem
in the following manner.

THEOREM 1. Let A and B be C¥*-algebras, then for any bounded linear
Sunctional @ of A (resp. ¥ of B) we can define a linear continuous mapping
R, (resp. Ly) from AQDB onto B (resp. A) such as

R,,(z ai®bi) _ S <anp>b (re"sp L, (z “® bi) S S b ai) ,
i=1 =1 i=1 =1

satisfying the relation
< 2, @Y > = <Ry(x), ¥> = < Ly(x), p >

Sfor every x in AQ B. Morcover the family Fr={R,|p € S(A)} is the total family
of positive linear mappings, that is, for any non-zero element x in ARQB (not

necessarily positive) there exists a state ¢ with R, (x)>x0. The same holds for
the family §i={Ly|\yr < S(B)} and also holds for the families {R,|p < P(A)}
and {Ls|yr e P(B)}.

PROOF. We proceed along with R,. Since a-norm is not less than
Schatten’s A-norm,

|

Rtp (Z a£®bi>
i=1

<X <anp>bot>| =g

Z<a£,<p> <b, «p>H

Ipj=1

=su
lpi= <13

< Z a, @b, p QY > ’ = sup

Ipl=t

Z%@bt‘

so that R, can be extended to the mapping from A®B onto B(|R,|=|elD.
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The required relation is derived from the identity;

<2ai®b, pRY > =3 < a,p><b,¥v>=<3 <a,p>b,¥>
i=1

i=1 =1

=<Rw(Z ai®bi), v>=< 3 <b,¥> ai,rp>=<L¢<Z ai®bi) P>.
i=1 i=1 5

i=1

The last half of the theorem is easily seen once we notice that the family of
all product functional @ ®+ is total on A®B and a product functional is a linear

combination of product states. The case of pure states is also easily manageable.
We shall show two fundamental properties of these mapping at first.

LEMMA 1. Suppose I is a closed ideal in AQB, then R,(I), the closure
of R, (D), (resp. Ly(1)) is a closed ideal in B (resp. in A).

PROOF. Let R, be a fixed map and take an element x in I and an
element b6 in B. For an arbitrary positive number & choose an element

> x,®y; in AOB so that }x—z ,Qy;

i=1 =1

units in A we can find element e such that

& _ .
<{pila]- DYy using approximate
1Blllp) = Y usme approxim

Z z;Qby; — Z ex;Qby;

i=1 i=1

< &
lell
Since,

quz(Z xz@.’)’i) = Z <z, p> b.)’i'—'Rp(z xi®byi>

=1 =1 i=1

it can be shown that

HbR¢(x) - I{‘P(e®bx)” = “bR'P(x) - bR'P (Zﬂ xi@}’i) [+ ”sz(zn xi®byi)

—-R,,(Z exi®by¢> I+ IR, (Z exi®byi> — R (eQbx)| <&+ &+ & =3¢,
i=1 i=1

and R (e®bx) € R,(I). Hence bR,(x) € R,(I) and similarly R,(x)b< R,(I). The

same argument goes through L,.
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A composition series {[,},<1<i, of a C¥*-algebra A means a well ordered
ascending series of closed ideals I, beginning with 0 and ending with A, and
for any limit ordinal A, I, is the closure of the union of the preceding I's.

LEMMA 2. Let {L},<a<a, be a composition series of a closed ideal I in
A®B. Then, collecting each coinciding part of {R(I)}esrizr, (resp.

{I:,(I;\)} 0=a=r,) we get a composition series in R,(I)(resp. in Ly(D)).

The proof is almost a series of verbal checks, so is left to the reader.
Let A, and B, be C*-algebras on a Hilbert space H, and A, and B, be
those on H,. Then both C*-algebras A,QA, and B,®B, are considered to be

operator algebras on a Hilbert space H,@QH,. In this case we have

LEMMA 3. If B,®B; is a subalgebra of A,QA,, both B, and B, are sub-
algebras of A, and A, respectively,

PROOF. Suppose that B, is not contained in A, and let a be a non-zero
element of B, not belonging to A,. We can find a bounded linear functional
@ on B(H),), the algebra of all bounded linear operators on H,, such that

<a, >0 and <x,p> =0 for every xc A,.

Take a bounded linear functional 4 on B(H,), the algebra of all bounded
linear operators on H, whose restriction to B, does not reduce to zero
functional.

The restriction of the product functional @y to A,®A, is zero, whereas

the restriction to B,®B, does not reduce to zero, a contradiction. Hence
A,DB,; and similerly A,DB,.

In the following, we denote by =, the canonical representation associated
with a state @ of a C¥*-algebra. H, means the representation space of a
representation m. We also denote by C(FI) the C¥*-algebra of all compact
operators on a Hilbert space H. An irreducible representation = of a C*-
algebra A is called normal if 7m(A) contains a (non-zero) compact operator of
H, (hence necessarily m(A)D>C(H) by the result of [5]).

An immediate corollary of Lemma 3 is the following result concerning
normal representations without the assumption of separability.

COROLLARY. Let m, and m, be irreducible representations of C*-algebras
A and B. The product representation w @m, of AQB is normal if and only

if both m, and m, are normal.

Now we shall decide all types of tensor products of C#*-algebras. Though
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proofs are separated we shall state all of them together for completeness in
the next

THEOREM 2. Let A and B be C*-algebras. Then,
(a) A®B is a C*-algebras with continuous trace if and only if both A

and B are C¥*-algebras with continuous trace,
(b) A®B is a generalized C*-algebra with continuous trace (abbreviated

by GTC-algebra) if and only if both A and B are GTC-algebras,
(¢c) A®QB is a CCR algebra if and only if both A and B are CCR

algebras,
(d) AQB is a GCR algebra if and only if both A and B are GCR

algebras,

(e) AQB is an NGCR algebra if and only if either A or B is an NGCR
algebra.

A part of these results is found in Wulfsohn [18], [19] and Guichardet
([7] some of them with the assumption of separability). It is also to be noticed
that using Sakai’s recent result [12] we can prove the assertion (e) along with
the same line as Guichardet [7] used the results of Glimm [6] in separable
case, but our proof of (e) is more direct and uses only elementary properties
avoiding to use the results of Glimm’s difficult constructions.

Indeed the assertion (e) is an easy consequence of the following result
which seems to have an interest of its own.

THEOREM 3. Let I be a CCR ideal in AQB and @ be a pure state of

A (resp. B). Then R,(I) (resp. L,(I)) is a CCR ideal in B (resp. in A). If I is .
a GCR ideal in AQB, R,(I)(resp. Ly(I)) is also GCR ideal in B (resp. in A).

PROOF. We may assume that R,(I)>0. Write @ = 'my(w;) where w; is a
vector state of m,(A) by a vector £(||£]|=1) in H,,. Let 4+ be a pure state of

B such that 7, |R,(I), the restriction of 7, to R,([), is a non-zero represent-

ation of a C¥*-algebra R,(I).
For any element x in A®B and a bounded linear functional ¢ of my(B)

we have by Theorem 1

<my(Ry(2)), > = < Ry(x), 'my($) > = <z, p@"my(p) >
= <, 'my(0) Q'my(p) > = <z, (m,@m)(@: @) > = < T, @my(2), 0: QP >+ +(¥)
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Since m,|R,(I)>0, the above relation implies that m,®m,| [0, so that w,Qm,
becomes an irreducible representation of I and as I is a CCR ideal,

'"'9>®7r'b(1) = C(an,@Hw,,) = C(an,)@iC(Hz,/,)-

Hence my(B)>C(H,,) by Lemma 3. Therefore the equality (*¥) also implies
that the polar of my(R,(I)) and that of C(H,,) in the conjugate space of my(B)
coincide each other, which shows m,(R,(I))=my(R,(I)) = C(H,,). As every
irreducible representations of R,(I) arise in this way, R,(I) must be CCR ideal
in B.

Next, let I be a GCR ideal in AQB and {J:},=1<1, & canonical composition

series for I. Denote by {J}o<s=s the derived composition series of R,(I) by
R,(cf. Lemma 2) and let 4 be a pure state of B such that m,|J,=0 and
my|J4:150 for some index A. The representation m, can be considered
naturally as an irreducible representation of a C*-algebra J4,,/J 4. Consider the
corresponding family of the ideal I's with R,(I,) =J4,;. There exists the
smallest ideal I, among them and in this case A is not a limit ordinal. Thus
A=A, + 1 and clearly R,(5,)=J4
Now for a vector state o, in H,, the equality (*) turns out to be

< 7T¢(R9’(x))’ @, >=< Ty ®7r,,,(x), wf@“’n >=< 77'P®7T|b(x)’ w§®n>‘

Hence m,|J4s=0 implies that the restriction of a vector state wse, to
7, @my(1h,) is zero, which implies 7, @y | I;, = 0. On the other hand, 7, @7, |0
because my|R,(I3,41) 0. Therefore m,Qm, can be considered to be an
irreducible representation of I ,,/,, which is a CCR algebra by assumption.
Then the same argument as in the proof of the first half part of the theorem
shows that

To(J 431/ 1) = To(J 411) = To(Rp(Lr, 1)) = C(Hz,,,)

and since each irreducible representation of J4,1/J4 arises in this way J 4.1/J 4
is a CCR algebra. This completes the proof. Similar arguments show that the
results also hold for L,.

An immediate consequence of Theorem 3 is the only if parts of the
assertions (c) and (d). A direct proof of the if parts of (c) and (d) are found
in [18] and [19]. The proof of the assertion (e) goes as follows; if either A or
B is an NGCR algebra there exist no non-zero GCR ideals in A®B by

Theorem 1 and 3, hence AQB is an NGCR algebra. The only if part “of the
assertion (e) is an easy consequnce of the if part of (d). Direct proofs of the
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if parts of the assertions (a) and (b) are due to Wulfsohn [19]. But, before
going into our final discussions we shall quote here the definitions of a C*-
algebra with continuous trace and a GTC algebra following Dixmier [4].

Let Trm(a) be the trace of the operator m(a) for an irreducible representa-
tion 7 of a C¥-algebra A and a positive element a in A. Since Trm(a) only
depends on the unitary equivalent class of m, Trm(a) is considered a function
on 21\, the dual space of A. In the following we shall identify an irreducible
representation 7 with #, the unitary equivalence class to which o belongs. Let
p be the set of all positive elements a in A such that Trm(a) is a finite
continuous function on A\, then there exists a self-adjoint two-sided ideal m(A)
in A whose positive part coincides with p. Put J(A)=m(A), the closure of
m(A). A is called a C*-algebra with continuous trace if J(A) = A. On the other
hand, generally we can find a composition series {I3},<1<2, of a closed ideal
I, in A such as J(A/L,)=0 and JA/L)=L,/I,. If I,,=A, wecal A a
GTC algebra and {I,} the canonical composition series of A. We shall use the
following characterization of GTC algebras by [4; proposition 12 and 13],
that is, a C*-algebra A is a GTC algebra if and only if there exists a well
ordered ascending series {U,} of open sets in A:\beginning with null set and
ending with ;1\, and such that if N is a limit ordinal U, is the union of the
preceding U’s and each point in Ur,,—U, admits a fundamental system of

-closed neighbrohoods in A- U,.

LEMMA 4. Let ¢ be a pu}e state of A (resp. B). Then R,(J(ARQB))c J(B)
(resp. Ly(J(AQ B)) C J(A)).

PROOF. It is sufficient to show that R,(m(A®B)*)Ccm(B)* where the sign

”+"” indicates pesitive parts of algebras. We choose a complete orthonormal
basis {£;} in H,, so that @ ='m,(ws,). Let 4 be a pure state of B and {n}
be a complete orthonormal basis in H,, Note that {£,®7]} is a complete
orthonormal basis in H, @H,, For an arbitrary element a in m(A@B)*,

Tr(m,@my(a))= Z (7, @ry(@)E: @iy £: Qi) < 00

by assumptions. Therefore,

Tr(’"'¢ ®7T'I'(a)> = Z Z (77'7> ®7T¢(a)§ + @M £ ®”Ik)

7

=22 <mp@my(a), ogen> = 2 3 < mp@my(a), 0, Ry >
i k i k
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= Z Z <a,'my(w;) Q'my(e,)>= Z Z < Ry, p(@), o @5,) >
= Z ; (mu(Rexg o (@))0es 1) = Z Tr(my(Rig g (@)))-

Hence,

Tr(my(Ro(a))) = Tr(me@my(a)) — 3 Tr(mws(Rigyop)(a)))-

ix0

Now the first term of right hand is continuous in 7, Qmr, € A@, the dual

space of AQB, hence continuous in m, fixing m,, while the second term is
the sum of positive lower semi-continuous functions (cf. [3; Proposition 5])
with variable 7, hence itself lower semi-continuous. Thus T7(m,(R.(a))) is a
finite upper semi-continuous function on B and as Tr(my(Ry(a))) is always
lower semi-continuous in B ([3]) this concludes the proof. The proof for L,
is almost the same.

Since R, and L, are onto mappings Lemma 4 contains the only if part of
the assertion (a).

At last, suppose that AQB is a GTC-algebra. Take a pure state @ of
A and let {J }o<4<4, be a co‘;nposition series of B derived by Lemma 2 from
the canonical composition series {I;},<1<1, of A®Q B. The duals of all J's form
a well ordered asc/&inding series of open sets in a/l-\B, beginni/rig with null set
and ending with B, and such that if A is a limit ordinal J, is the union of
the preceding Js. Take an element T in 7 AH——:I\A. The arguments in the proof
of the last half part of Theorem 3 show that there exists an index A satisfying
R,(Li,1) =J 441 and R, (I,)=J, and that =,®@m, belongs to /I\A+1—/I\)\-

Now a GTC-algebra is a GCR algebra, hence a C*-algebra of type I. Thus

by (d) and [18; Theorem 4] we can identify the topological space @ with

AxB (the identification goes through 7 ®mr, = (7, m,)). Let U be anaarbitrary
N\

neighborhood of 7, in B. Denoting by V an open neighborhood of 7, in A
we get a neighborhood VxU of 7,®m,. Hence there exists an open neighbor-
hood W(cV xU) of m,Qm, such that

NN pay AN ANV AN
WNAXB-T)cVxUn(AxB-T1)

by the above cited result in [4]. For this neighborhood W we can find open
neighborhoods V; and U, of 7, and m,, satisfying V, xU cW. Then one essily
sees that
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Uin(B-T)cUn(B-T)),
that is, =, admits in 1/3\—./]\,, a fundamental system of closed neighborhoods.
Therefore B is a GTC-algebra and similarly A is a GTC-algebra, too. Thus

all proofs of Theorem 2 are completed.

2. Here we consider at first the types of general tensor products A®B of

C*-algebras A and B by a compatible norm 8. A cross-norm 8 in A@B is
called a compatible norm if the completion of the normed *-algebra A()B by
B-norm becomes a C¥-algebra. That is, 8 is the norm satisfying the following

conditions
(Z a1®bz>(z Cj®dj) ‘ =

1 -

m

Jj=1

i=1 i=1

and [la®b| = a||&].

Among these norms Turumaru’s @-norm is the smallest one (Takesaki [14;
Theorem 2]). Hence a product functional @@y is always continuous on A@ﬁ)B.

On the other hand, there exists the largest compatiale norm » as shown in
Guichardet [8]. A® B is nothing but the enveloping C*-algebra of an involutive

Banach algebra A®B, tensor product by y-norm in the sense of Schatten [13]
(cf. [11]). Following7[14], we say that a C*-algebra A bas the property (7)) if
a-norm is the unique compatible norm in AG)B for any C*-algebra B. A GCR
algebra has the property (7") by [14; Theorem 3], hence there are no problems
for compatible norms in the corresponding if parts of the assertions (a),
(b), (¢) and (d) in Theorem 2. On the other hand, suppose that A®B
is a GCR algebra. Since 8= a, A®B becomes a homomorphic image of a GCR

algebra, A@l;B, hence itself a GCR algebra. Therefore both A and B are GCR

algebras by the assertion (d) of Theorem 2 and a posteriori 8 = a. As all classes
of C*-algebras in the assertions (a), (b) and (c) are GCR algebras, the above result
shows that there are no distinguished points in the corresponding only if parts
in (a), (b) and (c) for a compatible norm from those in Theorem 2. As to the
assertion (e) the only if part holds for any compatible norm 8. In fact, suppose
that A®B is an NGCR algebra and that both A and B have non-zero GCR

ideals 1 and J respectively. Then the closure of IX)J in A®B is a non-zero
GCR ideal by the above consideration, a contradiction. Hence either A or B
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is an NGCR algebra. However the author does not know whether or not
A®B is an NGCR algebra when A or B is an NGCR algebra.

’ Next, let K;, K, and K be the largest GCR ideals in A, B and A®B
respectively. It is plausible that generally K1®K2 K, which will clarify the

reason of the assertions (d) and (e) in Theorem 2. Unfortunately, we get only
the following partial result.

THEOREM 4. Let A and B be C*-algebras. If either A or B has the
poperty (T), then K,QK, =K in AQB.

PROOF. Assume that A has the property (T), i.e.@=v in any C*-tensor
product A®B. It is shown in [8] that the kernel of the canonical homomor-

phism A®VB to AQB/K, induced by the quotient homomorphism B— B/K, is
A®K2 If K,xB, A@B/Kg A®B/K2 is an NGCR algebra by the assertion (e)
in Theorem 2 and A®K2DK The case K, =B also implies that AQK,
= A®B>K. Next, consider the homomorphism ARK,—A/K,QK, induvced

by the quotient homomorphism A— A/K,;. Then similar argumen'ics as above
show that its kernel K1®A2 (cf. [8]) contains K. As a GCR algebra has the

property (T, K1®K2 coincides with K1®K2 and K1®K231\ while the

converse inclusion is seen from the assertion (d) in Theorem 2.

As for J(A),J(B) and J(A®B) it can be shown that if K| ®Ix2 =K holds
in A®B we have J(A)QRJ(B)=J(ARB). We omit the proof.

3. Let = be an irreducible representation of AQB on H,. As it is known,
7 induces canonically factor representations 7, and 7, of A and B on H,
such that m(a®b) = m(a)my(b) = my(b)m(a) (cf.[7]) and there exists a natural
isomorphism between the algebraic generation by =, (A) and m,(B) and
m(A)ECmy(B) (cf. for example [1; Chap. 182, Exercise 6]). Hence transposing the
norm in the algebraic generation by m,(A) and my(B) to 7 (A)ODmy(B) we get
the tensor product 7r1(A)®n-2(B) which is necessarily isomorphic to w(A®B)
These represenattions and 7, are called restrictons of = to A and B. Now
let I be a proper closed ideal in A®B and 7 be an irreducible representation
of A®B vanishing on I. Denote by @ and 4 pure states of 7,(A) and my(B)
and by 6, the canonical isomorphism between m(AQB) to vrl(A)@B)n-g(B), then
an easy calculation shows that ‘m-'0.(p®y) = 'm(p)'m(y) and we get the
following result.

"For each proper closed ideal I in AQB, we can find a pure state ‘= (@)
®'awy(Y) vanishing on I”.
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Combinning this with Theorem 1 we can show that the a-tensor product
of simple C*-algebras is also simple. In fact, let A and B be both simple C*-
algebras and I be a proper closed ideal in A®B. There exists a pure state

@@, vanishing on I, and < I, @,Qyr, >= <Ia€%(1), 4Jr, >=0. Hence R,,(I) is
a proper closed ideal in B by Lemma 1, and R,(I)=0. Therefore for an
arbitrary pure state ¢ of B,

< LD, o> =<1 pe@¥>=<Ry(]),>=0.

As A is also simple, this means Ly(I)=0 ie. L,I)=0. Hence I=0 by
Theorem 1.

This fact is proved at first in [14].

Now the question naturally arises; when does the family of all (product)
pure states @@y of AQB separates closed ideals in A®B? This question
means that to what extent a closed ideal in A®B is determined by its

components in A and B and that, in other words, to what extent the quotient
algebras of A®B are compatible with Fubini type theorem described in

Theorem 1. So we set the following definition.

DEFINITION. AQ®B is called to satisfy the condition (F) if the family
eV |@ e P(A) and € P(B)} separates all closed ideals in AQB.
Before going into the structure theorem of the algebra satisfying condition

(F) we note that a similar argument as in the first part of this ssction shows
that there exists a canonical isomorphism 6, between the image m(A®B) of

a factor representation = of AQB and 7,(A)Qmy(B) such as
« 4]

07:077'(; ai®bi) = 07:(; K (ai)'ﬂ'z(bi)> = ;'m(%)@wg(bi)

where 7, and m, are restrictions of = to A and B.

THEOREM b. The following statements for AQB are equivalent,

1. AQB satisfies the condition (F), “

2. fo;- each closed ideal I in A and J in B, the kernel of the homomor-
phism AQB— A/IQB/J canonically induced by the quotient homomorphisms
A—A/I and B—B/J is given by IQB+AQJ.

3. for any factor representation w of AQB, w(A®B) is canonically
isomorphic to the a-tensor product m(A)QRmy(B) “where 7r1a and m, are restric-
tions of w to A and B. ‘
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If either A or B is of type I, AQB satisfies the condition (F) as seen

from the condition 3 and [14; Theorem 3]. Hence Theorem 5 explains the back
of Theorem 1 in [19]. Moreover, since the homomorphic images of the C*-
algebra which is an inductive limit of C*-subalgebras of type I in the sense
of Takeda [20] are also algebras of the same type, we can see by Theorem 5
in [14] and the condition 3 that A® B satisfies the condition (F) if A or B is

an inductive limit of C*-su‘balgebra‘; of type L

PROOF OF THEOREM b. The implication 1 —2. Let I and J be closed
ideals in A and B and 6,, 6§, be the quotient homomorphism A — A/I and
B — B/J. Denote by 6,Q86, the canonical homomorphism AQB— A/IQB/J

induced by them. Clearly the kernel of 6,®86,, (6,®86,)~(0), contains the aideal
IR B+ A®J. Suppose that e QY| IQ B+ ARJ =0 where @ € P(A) and ¥ ¢ P(B).
We have arplI =0 and Y|J =0, so that ¢aand Y induce pure states @’ and
on A/I and B/J. Then for an arbitrary element x in (6,®6,)'(0),

<z, p@¥ > = <z, '0(@)R'0,(Y) > = < x,(0,Q0:) (¢ ®y) >=0.

Therefore the condition 1 implies that (6,86,)!(0) = I®B +A®J
The implication 2 — 3. Let 7 be a factor representatlon of A®B and 7,
m, its restrictions to A and B. As we said above, there exists a compatlble

norm B in 7, (A)(Omy(B) such that 7r(A®B) is isomorphic to -n-,(A)®7r2(B) by
6,.. Let p be the canonical homomorphlsm from m(A)(X)m(B) to 7r1(A)®71-2(B)

The composed homomorphism pof,omr is nothing but the product homomorph sm
from A®B to m(A) ®7r2(B) induced by m, and 7,. As the latter is a composition

of the homomorphlsm A®B—>A/7r1 1(0)(2)3/'77-2 (0) and the isomorphism between
A/7r{1(0)®B/7r2 1(0) and 'n'l(A) ®7r2(B), the kernel of pobomis m Y(0) ®B + AR (0)
by the assumptlon 2. On the other hand,

7 (0)Q B+ AQm;Y(0)Cw~'(0)C the kernel of pof,om.

Hence 7r‘(0)—vr11(0)®B+A®7rz 1(0), and p is an isomorphism, that is, 8=a.
The implication “3—>1. Let I and J be distinct closed ideals in AR®B. We

may assume that [ is not contained in J. Take an irreducible representation
7 of AQB such that =(I)>0 and =(J)=0 and let =, and =, be its restrictions.

We have Oom(1)>0 in m(A)Rmy(B) and we can find pure states @ and ¥ of
7 (A) and 7(B) such as e@yr|6,0m(1)>0. Thus,

‘o' @) | I="m\(@) @"m,(Y) | [0 and 'm(@) @'my(y) | J =0.

This completes the proof.
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In the case that both A and B are separable C*-algebras the situation is
described also in the following manner. We shall show its outline.

Let Q(A), Q(B) and Q(A®B) be structure spaces of A, B and AQB i.e.
spaces of all primitive ideals with hull kernel topology. We shall define the
mapping ® from Q(ARB) to the product space Q(A)xQ(B). Let P be a
primitive ideal in A®§ and take an irreducible representation = of AQB
such as 7 }(0)=P. Its restrictions 7, and , are factor representations ;nd
both C*-algebras m,(A) and m(B) have no ideal divisors. Hence 7, ~(0) ¢ Q(A)
and 7,7'(0) € Q(B). Both ideals ,7!(0) and 7,7!(0) do not depend on the choice
of the representation = and we get the mapping ® defined as ®(P)=(m,"1(0),
,'(0)). @ is a continuous onto mapping from QAR B) to Q(A) X Q(B). On the

other hand, let P and Q be primitive ideals in A and B and consider the

irreducible representations m, and m, such as 7,7'(0)=P and =,"'(0)=Q. The

representation 7@, is airreducible and (7, @m,) (0) € Q(A® B) and again the
kernel (7 ®7r,)"(0) does not depend on the choice of 7, and 7, so that we can

define the mapping ¥ from Q(A) x Q(B) into Q(AR B) by V(P, Q) =(m, Q)" '(0).

The mapping ¥ is also continuous.

Now the composed mapping ®-¥ is the identity map in Q(A)xQ(B).
While, “the composed mapping Vo®d is the identity map in Q(AQRB) if and
only if AQB satisfies the condition (F).” 1In this case, Q(A®B) is homo-
morphic with the product space Q(A)x Q(B).

The relation between the condition (F) and the property (7)) is the follow-
ing; if the homomorphic images of a C*-algebra A having the property (7)
have always the property (T'), then AR B satisfies the condition (F), by 3 of

Theorem 5, for any C*-algebra B. However it is not known whether the
homomorphic images of a C*-algbera having the property (T') have also the
property (7T) or not.

We note at last that if AQB satisfies the condition (F) the equality
K,®K, =K holds where K,, K, and K are the largest GCR ideals in A, B
and A®B used in Theorem 4. In fact, if a pure state @y (@ € P(A), ¥ <« P(B))
vanishes on KI@KQ we have @ |K,=0 or | K,=0, and

<x,¢®"P>:<Rzp(x),\l/’>:<[4¢(x),¢> =0

for every x< K because R, (K)CK, and L, K)CK, by Theorem 3. Since
K,®K, cK, this implies the conclusion.
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