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1. Introduction. The function ¢* introduced by Littlewood and Paley is
important in their work. A generalized Littlewood-Paley function g¢% is
essentially the same as the function

1/2

[T los@)—o@) 7/}

where ¢%(x) denotes the n-th (C,x)-mean of Fourier series of f(x). Hence we
denote this by g*(x)=g%(x,f). One of the most important results of them
is that, if flx)e L?(1 < p=2) and a > 1/p then

[ 1e@iraz=a,. [ 1f@)dz.

The known proofs of this inequality depend upon complex method and at
least depend upon M.Riesz’s theorem. In the present note, the author gives a
real proof which is independent from M.Riesz’s theorem. In section 3, we extend
this to multiple Fourier integrals. Specifically, when the function is radial,
we can give a heuristic proof of the Hankel multiplier theorem. This is done
in section 4. D.L.Guy [2] has proved already this theorem by transplantation
technique and B.Muckenhoupt and E.M.Stein [5] have proved by the method
of generalized conjugate function. In the last section, we shall give the
theorem in multiple Fourier series.

2. One variable case. Let f(x) be an integrable function with period 27
and its Fourier series be

S(f)=a,/2 + >_ (a, cos vx + b, sin vx)

v=1



ON THE LITTLEWOOD-PALEY FUNCTION g* 497

=S Aa).

v=0

Set Az =_(n:a), and

1 n

‘Tﬁ(x)=7‘ﬁ(x,f) = A; Z AﬁiivAv(x),
then
ma(@)=a{o7(x) —o7 7 (2)} (a>0)

where ¢%(x) is the n-th (C,@)-mean of S(f).
We consider now the operation 7, such that

oo

Tf = {Z

n=1

2 1/2

f

Applying Bessel’s inequality, it is easy to see that T« is strong type (2,2),
provided a > 1/2. Next we consider for § > 0, 7*%(x). Denote by K3(t) the
conjugate (C, 8)-kernel, that is,

4z, f)
A n

K@t)= :417 ST A2, sin wt,

then
T 8 ~ ’
() = —}r- f flx+it) —% (K (e)} dt
1 L1
-1 f fle+H0ds
say. Since

C 55y
H,(t)=—- {K:®)}
we have an estimation of the kernel H,(¢) such that

& | H0) = s
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which is proved by the method of Zygmund’s book [4,p.94]. And we have
also

, Cn*—?
@) |H()| = »
since, when nt =1
|H ()| =Cn®
and nt =1
, nt=® 1 Cnt™
HO| =C(Fmr + 5) = s

Following the method of J.T.Schwarz [1, pp.1164-1184], denote by $H(x)
the /,-valued kernel such that

a)={H,(x)/~/ n} (n=1,2:-").

Then, by (1) for |x| > 2]|y]|,

Hyz+y)  H,(@) |_ |H+y)| , |[H@)
® T T | E et T

C

é n1/2+8 Ix l1+5.

On the other hand, from the mean value theorem and (2), we have also

Hy(z+y) _ H.(2)
vn

@ s = L |H@+oy  0=6=1)

= Wn

Cnily| . C™ly|
= NMnjz+0y'P = |z

provided |x| > 2]|y]|. Therefore

[ =

z=|z]|>2|y|>0 " n=1

2 1/2

Hty)  HE@ ",

~n NG
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172

=c[ (Z(E2YV+ ¥ ()| de

7ZT>2>0 n=1 n=[y-1]+1

3

8
éCf (lu—a-+—3:ﬁ>dxéc.
T=x>2y>0 z z

By the Hormander test [1,p.1169], T}.s is of weak type (1,1). Hence applying
Marcinkiewicz’s interpolation theorem, we have that 7).; is of strong type
(5P for 1 < p< 2. However in the L’-case as mentioned above, we have
rather stronger result, that is to say, T.(a > 1/2) is of strong type (2,2). We
take now any function g¢,(x) such that

2 lg@) /=1
n=1
for all x and consider the linear operation

T, /-y -BOnR@

n=1

Moreover we extend the index a to complex o+i7, then the norm increases
with & If we interpolate between p=1+& (6 >0) and p=2 changing index
Re a between 148 (8 > 0) and 1/2+9 (5> 0), we get finally the following
theorem.

THEOREM 1. If a>1/p 1 < p=2), then

T

L {i JT—(ZL}/ dr= A4, f 7; Aa)|Pd.

This theorem has been proved in the author’s note [6] by the complex method.

3. Spherical means of multiple Fourier integrals. Our real proof has an
advantage to be able to extend the result to the spherical mean of multiple
Fourier integrals and Fourier series.

Let x and y be vectors in k-dimensional euclidean space E,, and set

Z=(Zy, Xy, * * *, Tie)s (Z, ) =X, Y1 + X Yo+ + o+ LYk,

x|’ =xi+x5+ « -« +xi, dzxr=dxdx,---dz;.

When f(x)=f(x,, ,, - * +, x;) belongs to the class L, (1 = p=2), we consider
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its Fourier transform defined by

Hy)= | flo)e™? dx

Ex

and the spherical Riesz means of order a=(k—1)/2+8 of F(y), that is to say
2
siw =0 [ (1-BE) Foperen ay
lyl<r
=(2m)* [ fla+uKiedu
Ex
where
K“(x) f (1 ly I i —i(y,z)dy
ly|<r

=C,RV*-# Je1pesR |y 1) , Cy=2k" 1/2—31-‘_{ k-gz B}”I.c/z

‘ llc 1/2+8

Following the notation of the preceding section, we set

T.f={ f" Sim, =St N1 g },

[
=1,

TR(x’

~~R

dR}

’

where

Tﬁ(x’f ) = Sf?(x’ f) —Sﬁ.l(xnf)

[yl F(y)e‘“”"‘)dx

lyl<r

—(2n)” j;l i (1— lyl2 F(y)e‘i(“)dy

Q) 2\%1
=R [ (=) rReeeay
Y|<R
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= PO A [ Az +Ke(wdu

_ @
R2

f flxe+w)AKg (w)du ,

where A is the Laplacian operator. By the Parseval relation, 7. is of the

strong type (2,2) if @ > 1/2. We consider now a= ]3;—1— +1+39, and set

73z, f)=(fxHg)(x)
where

k%l+8

Hy(x)dz=C; 71? AKy " (x)dzx

1/2-8
SRy Tl | g

= Cst—2 {ATVk_1/2+5(Rr)} rk_ldrd(l) .
Here we set
Vix)=J(x)/z*  (u>—1/2).

Then it is well known that

£ V@) = =aV,u@)

ol -0
I

Of{x~02+M} ag  —

and V,(x) i8 finite in any compact range. When the function is radial, the
Laplacian is transformed by polar coordinates to

& (k-1 d
ar r dr

A=

Differentiating
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?(li? Vi-1p46(R) = —R*rV_yppi501,
d2 V R R2 R4r2
B’P k—1/2+5( 7‘) =— Vk_1/2+3+1+ Vk_1/2+5+2 .
Hence
Hy(rr'dr
a: -1 d
= CaRk—lb‘.[_dp Viprao(Rr) + é?’ ar Vk-1/2+5(R1')} rdr
= GR* 7 RV 1praa(R7) + RrVioipis (R} dr
If Rr=1
HR(r)r"' \yr—= O(R-(5+1)7.—(8+2) +R‘8r‘(5“))dr.
=0O(R2r &M dr
and if Rr <1

Hur)r*-1dr=0(R*r*~! + RE+*re+))dr
—O(R-r-@)dr,

because £ = 2. Thus we get
@ Hyr)r*'dr=0(R%~*®)dr.
Once more differentiating Hx(r), we have

’ % r1dr=0 [rk-1Rk-2 {R*R*Vi_1ns 8+2(Rr)

+ R4+ RZTVk—1/2+6+3(Rr)} ]dr'
When Rr = 1»
=O(R***r* + R¥*47%+%)dr

RI—S

0|

(Rk—-Brk—B + Rk+2—6 7Jc+2—8) } dr
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=0(553dr

7,.1+5
and when Rr=1
=O(R™%%% + R0 dr

O (e s

Thus we have

@ -4

1-8
r*'dr =0 —Rl 5 ) dr.
it

It is remarkable that Hz(r)r*"'dr has the same estimation to the one-
dimensional case. Consider now the L*valued kernel

s1- {240 |

then by (1) for |r| > 2|s|

< pro dr 6> 0)
and by (2)
@ By Heo) |t gy
- ‘_dH<_+01 s|rt dr
dr
= C——MRW—& dr.

- 7,.1+5
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Hence, by (3) and (4)

[

s AL (R are [ (b o0

o i 172
§%520-8) §2 J
720+8) + TR r

)

1/2

Hy(r+s)  Hz(r) 2dR} So-i gy

~R ~R

1,

/2
dr

=C
0<28<r

=cC f (ria) dr=CcC.
0<2s<r

Thus by the Hérmander test we can prove that T ,x-1,5 (8 >0) is of
2

weak type (1,1). Now the operation T%,t-1,5 is of weak type (1,1) and of
2

strong type (2, 2) as mentioned above. Applying Marcinkiewicz’s interpolation
theorem, we have that 7),%.-1,; is of strong type (p, p for 1 < p=2.
2

Next we take any function ¢(r, R) such that

~ g, R)|?
fo - dR =1

for all » and consider the linear operation

_ [ EnSyR) p
T.f= fo L) GR.

However, in the L’-case, T, is of strong type (2,2) if @ >1/2. We extend
the index @ to complex o+i¢r, then the norm increases with €'l If we
interpolate between p=1+& (¢ > 0) and p=2 changing the index Re a between

1+ k;l +8(@3>0) and —é~ +7 9 > 0), we get finally the following theorem.

THEOREM 2. If a> —kp— + % 1-k), 1< p=2) then

f{f B Et R}m dz = A, f k i) |Pdz.
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2k

COROLLARY. If F i1

< p=2, then

f { f“ |Sk(x, ) }S%(x’ﬂi dR }W dr=A, fF @)z,

Ek 0

This is a k-dimensional extension of the original ¢* function of Littlewood-
2k
k+1
of mean convergence of spherical means.

Paley and the range < p=2 is the conjectured range of the validity

4. Radial functions. If f(x) is radial, that is
f@)=e(|x))=@(&)
~ then F(y) is also radial and
Fy)=2(|y )=

= J to—2y2
— Gy [ g T2 ag

= (enp [ " GO () dE

Now let us set the weight function

dm,(§)=E"dE
where

v=(k—1)/2=0
is the critical index, and consider

@(&) € Ldm,).

Then the above Fourier transforms reduce to the Hankel transforms

)= [ pOVisnendm®).
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For the partial integrals defined by

5.6 9 =) [ @V suEndm,a)

C.S.Herz [3] proved the norm inequality such as

o [ 5@ 9 pame =4, [ 9@ 7dm®

provided that

2v+1 2k
— < ;
v+1 Frl <P=2 @=0)

Hence g* gets a full power and it is a routine argument to prove the
following theorem.

THEOREM 3. Let T be the multiplier transformation defined by

TP©O= [ nVisiErdmin

0

where

o= (2 [ " D anEndmn(®)

and the multiplier p(n) satisfies
m
| =M, [ elduo] =My, 0<n <o,
0
Then the transformation @ — Te has a bounded extension from L*(dm,)

to L*(dm,) provided that (2v+1)/(v+1) < p< 2v+1)/v.

PROOF. At first, we shall reduce the corollary of Theorem 1 to the

2v+1
v+1

radial function @(§). Thus, if < p=2, then
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oo

@) f{fm

=4, [ 1@ 7dme).

0

/2

"R dR} dmy(E)

f D)V, (Enydms )

Next we have to generalize the norm inequality (1) to vector-valued functions.
This is done by the Herz method [3], and we get

3) f

From (2) and (3), it is easy to get the following proposition. (See Zygmund
[9D).

D

%%@é&f

/2

dm,(§).

[ S (B 9 1)) |2dit

[ (&, 0)2de

2v+1 2r+1
v+1 <P<

PROPOSITION. If , then

00 oo

[1Z | 15emte.)

k=—o

2 p/2

| am@=a, [ " () [Pdmu(®),

(=0, =1, =2,.--)

where

Sl 9)= f OV, uEn)dmin).

From this and Herz’s theorem we can prove easily the multiplier theorem
of Marcinkiewicz type.

REMARK 1. We can extend the original ¢*-theorem to the weighted
norm. Hence the weight function m,(x) is extensible to wider range.

REMARK 2. In the above theorem, v=(k—1)/2 and % is any positive
integer. By an interpolation argument, we can extend » to any positive real
number in that range.

5. Spherical means of multiple Fourier series. For the sake of
simplicity we consider only two variables case. Let f(x)=f(x,, x,) be integrable
on the unit cube Q and its Fourier series be
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S(f)___ Z Coin e‘lm:(n;mﬁn,:t,)
1, o2

and set

2 2\ %
n +n; g
Kg(z), x)= > (1— le ') g F Mt nam)
/

2 2
ny+ny<R?

then the spherical (R, 7% a)-mean of the Fourier series is representable by
convolution such as

Sa(x)=S(x, f)=(2m)? f st g, 2o+ us) K, w)dundus,
Q

The kernel is transformed into (See [2]),

(1) Z (1 . ﬂf;;nﬁ )“ e—zm’(n,zﬁ»ng)

2.2
ny+n,<R?

— ~a - J1+a[2'TI'R {(ml —x1)2 + (m2 _x2>2}1/2]
__C'R1 Z {(?nl _x1)2+(m2_x2)2} (1+a)/2

My, ma=—o00

where C=T(1+a)/x*. We consider now

1/2

T.f= | fl"" lSz<x,f)—IL§%-‘(xv,f)|2 dR}

:{flm

This corresponds to the T, in the section 3. It isr easy to see that T, is
of strong type (2,2) provided that @ > 1/2. Next we take a=1+1/2+83(8>0)
and set : -

) |’ on”
Vi dR}.

i, f)= [ flat a0t

Q

where the corresponding kernel is

1
R?

Ha(x)= AKY(x)
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where A is the Laplacian, that is to say

Ch ek
b= +

At first, we consider for mi+mi >0

J1+1/z+a[_2ﬂli{(m1 — )+ (my—x5)°} ] .

-(1+1/2+3) S
@ K PR ey e L

2 2.
my+m,y>0

Change to the polar coordinate, then for a radial «, A« is transformed
to

du
dr?

L1 du
r dr

Hence the term in the summation has the form such as

AV . 2mRr)

where a=1+1/2+38. Differentiating this

—% V(2mRr)= —R%V1,.(2mRr)

L@y omRr)= —RV,..enRr)

% Va@mRr)= — RV, (27 R7) + R4V, o(2R7)

and

AV.27Rr)=0(R™2 r~ @),

Hence the formula (2) is less than

-
Z, AVv1+1/2+6

2,2
my+my>0

1

_ - 1 | _omr-

=0 {R 222 0 (m%-i—miﬁ)(a”)"z} OR™)
my+my>0
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Thus we have the estimation
HR(xl, .7:2) = CA(V1+1/2+5)(27TR7') + O(R—S)

and since

= dR ’1/2
20+ :C
‘\fl R®+ J'

we can neglect the ramainder terms in the following argument. Hence we
can proceed to the same as Fourier integral and get the following theorem.

2 1

THEOREM 4. If a> 5 7(1 < p=2), then

[{[ 1 S@=sm @1 g }”” de =4, [ |fwldz
Q

1

From Theorem 4, we can prove easily some of the almost everywhere
summability and strong summability theorems such as given in Stein [7].

COROLLARY. If 4/3<p=2, then

I U R dR}m dx = 4, j; f@)|"dz.
Q 1
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