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Introduction. Let F;’ be the complex structure tensor in a Kaehlerian
space. If a l-form w« leaves invariant the structure tensor F;’, then it is
called a contravariant analytic 1-form. It is defined by the relation

Viu; — F*F?<,u, =0.

In a compact Kaehler Einstein space, we take a contravariant analytic 1-form
u. Then there exist Killing 1-forms v and w such that « can be written as

u, =v, + F/w,,

which is known as a theorem of Matsushima [3]. We consider the analogy
of this theorem in a compact C-Einstein space. Denote the structure tensors
of a Sasakian space by (@#, m, gr,). Then it is known that a 1l-form «
which leaves invariant the tensor @ is Killing in a compact contact space
(S. Tanno [2]). Therefore if we take a @*-preserving 1l-form instead of a
contravariant analytic 1-form in a Kaehlerian case, the analogy of the theorem
of Matsushima is trivial.

In the former paper [6], we introduced the notion of C-Killing 1-forms
on a Sasakian space. We call a 1-form « C-Killing if it satisfies S#=0 and
leaves invariant gi, — ma7,. Especially if a C-Killing form « satisfies #' =i(p)u
=constant, it is called special C-Killing. In a compact Sasakian space, it is
known that a 1-form « is special C-Killing if and only if it satisfies

Vit + Vyuur = 2up(¢’pl Ny + Pou m) .

Now we study the analogy of the theorem of Matsushima taking the C-Killing
forms for Killing forms.

In a Sasakian space, we define a contravariant C-analytic l-form z by
the relation
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Vathy — @@ Votte = U Py + Ppuma) -

It is our purpose to show that for any contravariant C-analytic 1-form « on a
compact C-Einstein space. there exist special C-Killing 1-forms v, w such that
the relation

U, = v + @ w,

holds good, which is an analogy of the theorem of Matsushima.
I should like to express my hearty thanks to Prof. S. Tachibana for his
kind suggestions and many valuable criticism.

1. Preliminaries. An #n-dimensional Riemannian space M™ is called a
Sasakian space (or normal contact metric space) if it admits a unit Killing
vector field 7" satisfying

VA Vy,nu - nu,g?\v_”vght 'y

where ¢, is a metric tensor on M". A Sasakian space is orientable and odd
dimensional. We define a 2-form @ by @i, = Va7, Then ¢ coincides with
(1/2)dn. We denote the outer (or inner) product with respect to the 1-form
n by e(n) (or i(n)). Next we define the operators L and A by

L =elnd +de(n), A =1i(n)d+ (),
where d (or 8) is the exterior differential (or co-differential) operator. Then

L (or A) is the outer (or inner) product with respect to the 2-form dy. Let
u = (up,...1,) be a p-form. Then we define some operators as follows :

(1.2) (D)., = §¢A‘Puﬁl...£...;\”, P=1)

(1.3) (Vythen, = 1° Vpthaon,,  (p=0)

(1.4) (L., = io(—l)“qnj Volhrgionn,, (PZ=0)
(1.5) (Duhryn, = @ Vplhorgn,, (p=1)

where u,...5...,, means the subscript o appears at the i-th position and ua,...3..a,
means the a-th subscript A, is omitted. We denote by 6(X) the Lie derivative
with respect to a vector field X.
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When M™ is compact, let the volume element of M™ be w. Then for
any p-forms # and v, we define the global inner product by

@,v) = [ <u,v>w
o

where <<#,v> shows the local inner product of # and v. It is known that
the following relations hold good [6]

1.6) (®u, v) = —(u, Pv),
1.7 (Vi v) = —(u, V,v),
1.8 (P'u, v) = (%, Dv) — (n—1)(u, i(n)v),

where # and v are p-forms in (1.6) and (1.7), and # is p-form and v is
(p+1)-form in (1. 8).

Now in a compact Sasakian space, we take a special C-Killing form «
which is characterized by

1.9 Vaty, + YVt = 20%(@am, + Qo) -
Then we know [6]

PROPOSITION 1.1. In a compact Sasakian space, ®u is a closed form
for any C-Killing form u.

PROPOSITION 12. In a compact Sasakian space, du is hybrid with
respect to @ for any special C-Killing form u, that is, it is valid that

@2 ¢ua(du)pa = (du)lu s ﬁp(du)ﬂt =0.

2. Contravariant C-analytic 1-form. In this section we suppose that
M™ is an n-dimensional compact Sasakian space, and consider the contravariant
C-analytic 1-form «, ie., a 1-form satisfying
2.1) Vit = @ @7 Votts + u Pty + Ppum) -

In the following we call in short C-analytic for contravariant C-analytic. It

is evident that the 1-form 7 is C-analytic. We denote by «’ the 7-component
of a 1-form u.

LEMMA 21. We have for any C-analytic 1-form u,



336 Y. OGAWA
2.2) V' =0,
2.3) 6(nu =0.

PROOF. Contracting (2.1) by #* or 5*, we can obtain easily (2. 2) or (2. 3)
respectively.

LEMMA 2.2. A special C-Killing form u is C-analytic.

PROOF. If u is a special C-Killing form, du is hybrid by virtue of
Proposition 1.2. Hence we have ‘

Vit — Vyuta = @ @7 (Votty — vdup) .

From (1.9), the right hand side is equal to 2@\"@yS V,%,. Therefore again
using (1.9), we have (2.1) immediately.

LEMMA 2.3. A C-analytic 1-form u satisfies
2.4 Ddu=0.

PrROOF. Making use of (2.1) and (2. 3), we can get
(2.5) o Voth, + @ Vot = mu, + nutn — 20 .

Exchanging the subscripts A and g in (2.5) and subtracting side by side, we
have

¢lp(vpuu - vﬂup) + ¢MP(V“"P - vpul) =0
which means
(®du),, =0.

LEMMA 24. A C-analytic 1-form u is special C-Killing if and only if
it satisfies

(2.6) ddu =0.
PROOF. We have from (2.1)

Vau, + Vi = 2up(¢p7t N + P m + @i ‘Pua(vpuﬂ + Vou,)
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and therefore u is special C-Killing if and only if it satisfies
2.7 o 9l (Votty + Vou,) = 0.
On the other hand, for any 1-form u, the following relation
Odu — dPu = Tu + e(n)u

is valid. Now we suppose that a C-analytic 1-form u satisfies (2.6). Then
taking account of (2.4), we have T'u+e(n)u = 0, and hence

@ Vothy — @S NVpur + mre, — nutr =0
is obtained. Then we can get
Viathy = =P @7 Votty + (P, + Ppu )

from which we have (2.7) because of (2.1). Therefore « is special C-Killing.
The converse statement is a direct result of Proposition 1.1.

LEMMA 25. A C-analytic 1-form u satisfies
2.8) Tu, e(n)w) = —(e(n)u, e(n)w) ,
2.9) (P, T'w) = (e(n)u, e(n)u) + (Su, du) .
PROOF. For a C-analytic 1-form #, we have #'=constant. Hence (2. 8)

comes from Lemma 4.1 in [6]. We show (2.9). Differentiating (2.1) by V.,
we have

(2.10) V.V, = @@V NV tho + P (Vthe = Vb)) . + U PorPus + Ppuper)
— UG — UrGe — 2w, + 20 (9,90 + MGes) -
Using the fact that
PPV Ve = — —;#” Ry, u-
= =R @™ + (n=2) p, ) ur,,
we transvect (2.9) by ¢g; then

(2.11) VPVt + Ry,uf = —4u, — 2(Du — (n+1)u)y,
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holds good. Moreover we can calculate the following relations from (2.10)
(2.12) P Ve Vathy = —@if Ryott” — (n+2) piu, + @i V,(Su0),
(2.13) Ve Van, = —u, +u'n,.
Making use of (2.11), (2.12) and (2.13), we can get
(D'ujy = @ V(o Vrthy — @a" Vihy)
= (Du—u/) m — (7’1—'2)%,\ =+ (dSu);L —_ V,,(Bu) -
Then with the aid of (1.7) and (1. 8), we have
(, DT'u) = (u', Du—u') — (n—2)(u, ) + (du, du) — (u', V,du)
= (Pu,’ u) + (72—2)(1/, u,) - (n-—Z)(u, u) + (Su, Su)
= —(n—2)e(n)u, e(n)u) + (du,du) .

On the other hand, the left hand side of this relation becomes by virtue of
(1.8)

= (P'u,Tu) + (n—1)(e(n)u, I'u)
= (Tw, Tu) — (n—1)e(n)u, e(n)u) ,
and consequently we can obtain
(Tw, Tw) = (e(n)u, e(n)w) + (Su, &) .

THEOREM 2.6. If a C-analytic 1-form u is coclosed, then it is special
C-Killing.

PROOF. We have from the assumption that d2=0 and (2.9)
(Y, T'u) = (e(m)w, e(n)w) .
Hence it follows that

Tu+e(n)u, Tu+e(n)u) = (Cu, T'u) + 2(Fu, e(n)u) + (e(n)u, e(n)u)
=0,

which means that ['w+e(n)u=0. Therefore by virtue of Lemma 2.3 and 24,
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u is special C-Killing.
LEMMA 2.7. If u is a C-analytic 1-form, then ®u is also C-analytic.

PROOF. From (2.6), we can get
v1(¢puup) = Muly — u,glu + @/ Vau,
= =@ Vou, + mu, + 2n,un — u' gay — 2u’ mny,

and hence we have

P @ vp(¢dTuT) = @) Vatly — U Grp — Mty + 20 qan,

= Vi@ us) — nuttr — mu, + 20 mam, .
On the other hand, it is valid that
(@ uNParnu + Poutn) = Mty + nutir — 20 M7,
Therefore for a 1-form % =®u, we have
Vi, = o @) V,u, + ﬁp(¢pl N+ Ppu m) .

This shows that %z is C-analytic.

LEMMA 28. Let u be al-form satisfying Du=0. Then ®u is C-Killing
if and only if u is C-analytic. In this case it holds good that ' =0 and
du=0.

PROOF. Suppose that » is C-analytic. Then we have

3Pu = (n—1)u’ .

Since %’ is constant, we can get integrating on M™

0= f(S(I)u)a) = (n—l)u'fw.
Therefore ¥ must be zero, and we have
SPu =0.

As ®u is C-analytic, it is C-Killing by virtue of Theorem 2.6. Conversely, if
®u is C-Killing, then we have
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0 = 8%u = Du — (n—1)u
=@n-Du’,

hence #'=0 holds good. Therefore u = —®% is also C-analytic and du=0 is
valid.

N.B. If a 1-form « is closed, then it satisfies Du =0. Thus we can
apply Lemma 2.8 for a closed 1-form .

Next we study the integral formula for a C-analytic form. We put for a
1-form «

Un = Vaty — @ @7 Vytte — @ + @)
and

Ay = VP V,ur + Rifu, + dup + 2(Du—(n+1)u)n,,

B, =9Vl @or + s — ' m,

Co=10"VpVotia +tr — ' ma.
Then we can calculate
2.14) f U UMo = f (=242 +2n B+ C)* @ — AT, 10)
—(du',du’) + (V,u', V,u) .
Now we have for a 1-form «
VPV, u' = 0" VP Vot + 2Du—(n—1)u’ .

Hence if « satisfies A,=0, then we see that V*V,» =0, which shows that «’
is constant on M". Therefore the following lemma is valid.

LEMMA 29. If a 1-form u satisfies
(2.15) Ay =0,
then u' is a constant function.

From this lemma, it follows that for a 1-form = satisfying (2.15), we can
get I'u’=0, du'=0 and V,u'=0. Moreover if u satisfies
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(2.16) O(n)u =0,

then we have easily Byu' = Cou* =0. Therefore if a 1-form u satisfies the
relations (2.15) and (2.16) then it is valid that

f(U;\,LUA")a) =0.

Hence we have U,,=0. This shows that # is a C-analytic 1-form. Conversely,
a C-analytic 1-form satisfies the relations (2.11) and (2.3), which are the
same as (2.15) and (2.16). Therefore the following theorem is proved.

THEOREM 2.10. A 1-form u is C-analytic if and only if it satisfies
VP Vour + RPu, + duy + 2(Du—n+LDu)m =0,
0(7}) Uy, = 0.

N.B. Calculating similarly, we have that a 1-form # is special C-Killing
if and only if it satisfies (2.15), (2.16) and du=0. This is the same result
as Theorem 2.6.

For a later use, we show the following

LEMMA 211. A C-analytic 1-form u satisfies
(2.17) 20M 7 Vau, = (dAdu), .

PROOF. We have

2¢M‘ v:: vl up, = ¢A’L v:: (du)ly,
= V{Adu) — 20" (du). = (dAdu). .

3. C-Einstein space. A Sasakian space is called C-Einstein if its Ricci
tensor R,, satisfies

(3.1 Ry =agy +bmn,.

A C-Fubini space is C-Einstein. In this section we assume that the dimension
of the space >3. It is known that in a C-Einstein space, a and b are
constant scalar functions, and satisfy a+b=n—1. (M. Okumura [1]). In the
following we consider a compact C-Einstein space and show that a C-analytic
1-form can be decomposed by special C-Killing forms.
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The formula (2.15) for a C-analytic 1-form "% can be |written in a
C-Einstein space as

3.2) Auy = 2(a+2)ur + 2(Du+bG—n—1)u)n,
where A denotes the Laplacian operator.

LEMMA 31. In a compact C-Einstein space, if a l-form w is C-
analytic, then (ddu) is C-analytic, too.

PROOF. Since 6(n) commutes with the operators d and 8, we have for a
C-analytic 1-form =

3.9 6(n)(dow) = dd(B(n)) = 0,
and moreover it satisfies (3.2). From (2.17) we can get
S(Du+(b—n—1)u)n) = — V,Du = ——é—(i(n) dAdi)
= -%(Adﬁ(n)u — dAi(n)du) =0 .
Therefore we have
3.4) Adu = 2(a+2)du ,
which shows that
Addu = 2(a+2)ddu .
Wé put Z=dou. Then we have i()x=0 and D% =0 because % is closed.
Therefore the relation (3.2) becomes Az =2(a+2)z#. Together with (3.4),

# is a C-analytic 1-form by virtue of Theorem 2.10.

LEMMA 3.2. In a compact C-Einstein space with a+2 +#0,

1

T at2) (ddu)

Ur = Uy
is special C-Killing for a C-analytic 1-form u.
PROOF. By virtue of Lemma 3.1, v is C-analytic. We have from (3.4)

(déu) = AQdu) = 2(a+2) du,
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hence we can get

dv = du — (1/2(a+2)) 8(ddu)
=%u—du=0.

This shows that v is a special C-Killing form owing to Theorem 2.6.

THEOREM 33. In a compact C-Einstein space with a+2+#0, a C-
analytic 1-form u can be decomposed in the form

u=v+ dw
where v and w are special C-Killing forms.

PROOF. Let # be a C-analytic 1-form. Putting w = ddu/2(a+2), there
exists a special C-Killing form v such that

Uu=v+w
holds good. Since w is closed, by virtue of Lemma 2.8, ®w (= —w) is
C-Killing and we have i(n)w = 0. Therefore we can get Pw =w. Thus we
see that the C-analytic 1-form »# can be written as
u=v+ dw,

where v and w are special C-Killing forms.

Unfortunately, the uniqueness of the decomposition in the theorem is
negative. In the first place, we consider a 1-form # which is harmonic and
special C-Killing simultaneously. Then it satisfies the following

(3.5) Vath, = uX @t + Ppum) .

Conversely, a 1-form in a compact Sasakian space which satisfies (3.5) is
harmonic and special C-Killing.

LEMMA 34. In a compact C-Einstein space with a+2 # 0, there exists
no non-zero l-form which satisfies (3.5).

PROOF. We take a 1l-form u satisfying (3.5). As z is harmonic, we
know that
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(3.6) w =1i(pu=0
owing to the theorem of Tachibana in [5]. Further, it satisfies
3.7 VP Veur = Ryu,, Du=0.
On the other hand, as « is special C-Killing, we have
VPV, + RiPu, = —4uy — 2(Du—n+1)u)na .

Taking account of (3.6) and (3.7), it follows that

Réu, = —2u, .

In case of C-Einstein, it is equal to (a+2)u3=0, from which we can get
=0 if a+2+0.

Now let # be a C-analytic 1-form in a compact C-Einstein space with
a+2+#0. Taking the two decompositions of Theorem 3.3, we can write

v, + Pw, = v, + dw,
where v, v,, w, and w, are all special C-Killing 1-forms. Then we have
U, — Uy + D(w;—w,) =0.

Since w;,—w, is C-Killing, the form &(w,—w,) is closed by virtue of
Proposition 1.1. Therefore v,—v, is at the same time closed and coclosed,
and hence v,—v, is harmonic. Similarly v;—v, and ®(w,—w,) are harmonic
and special C-Killing. Making use of Lemma 3.4, we have

v, — v, =0,

D(w,—w,) =0.
Hence we can conclude that there exists some constant ¢ such that

w, = Wy, +cn.

Thus we have the following

THEOREM 3.5. In the decomposition of a C-analytic 1-form u in
Theorem 3.3, v is uniquely determined, and w is determined up to cy (c is
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a constant).
Now we shall treat with the case of C-Einstein space with a+2=0. Then

THEOREM 3.6. In a compact C-Einstein space with a+2=0, any C-
analytic 1-form is special C-Killing.

PROOF. For a C-analytic 1-form #, we have (3.4). Then if a+2=0,
Adu =0

holds good. Thus du is a constant scalar function. While it is codifferential,
we see that dx must be zero on a compact space. By virtue of Theorem 2.6,
u is C-Killing.
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