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Introduction. Let Ft

j be the complex structure tensor in a Kaehlerian
space. If a 1-form u leaves invariant the structure tensor F t

j , then it is
called a contravariant analytic 1-form. It is defined by the relation

In a compact Kaehler Einstein space, we take a contravariant analytic 1-form
u. Then there exist Killing 1-forms v and w such that u can be written as

ut = vt +Fijwj9

which is known as a theorem of Matsushima [3]. We consider the analogy
of this theorem in a compact C-Einstein space. Denote the structure tensors
of a Sasakian space by (φλ

μ, ηχ, gχμ). Then it is known that a 1-form u
which leaves invariant the tensor <pλ

μ is Killing in a compact contact space
(S. Tanno [2]). Therefore if we take a ^/-preserving 1-form instead of a
contravariant analytic 1-form in a Kaehlerian case, the analogy of the theorem
of Matsushima is trivial.

In the former paper [6], we introduced the notion of C-Killing 1-forms
on a Sasakian space. We call a 1-form u C-Killing if it satisfies hu=0 and
leaves invariant gχμ — ηxημ. Especially if a C-Killing form u satisfies u' = i(rj)u
=constant, it is called special C-Killing. In a compact Sasakian space, it is
known that a 1-form u is special C-Killing if and only if it satisfies

Vλ^μ + VμUλ = 2up(φpληβ + φpμηx) .

Now we study the analogy of the theorem of Matsushima taking the C-Killing
forms for Killing forms.

In a Sasakian space, we define a contravariant C-analytic 1-form u by
the relation
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— φλ°φμ

σ Vp^σ = Up(φpλημ + φpμηx)

It is our purpose to show that for any contravariant C-analytic 1-form u on a
compact C-Einstein space, there exist special C-Killing 1-forms v, zv such that
the relation

holds good, which is an analogy of the theorem of Matsushima.
I should like to express my hearty thanks to Prof. S. Tachibana for his

kind suggestions and many valuable criticism.

1. Preliminaries. An n-dimensional Riemannian space Mn is called a
Sasakian space (or normal contact metric space) if it admits a unit Killing
vector field ηλ satisfying

where gλμ, is a metric tensor on Mn. A Sasakian space is orientable and odd
dimensional. We define a 2-form φ by φλμ = Vλ Vμ Then φ coincides with
(1/2) dη. We denote the outer (or inner) product with respect to the 1-form
η by e(rj) (or i{η)). Next we define the operators L and Λ by

L - e{η)d + de(η), Λ = i(v)S + δifo),

where d (or δ) is the exterior differential (or co-differential) operator. Then
L (or Λ) is the outer (or inner) product with respect to the 2-form dη. Let
u — (wλ, ..λp) be a ^>-form. Then we define some operators as follows:

(1.2)
ΐ = l

(1. 3) (V,«X,..α, = »?p VP«λl...λ,, (/>^ 0)

(l 4) (Γ«k. .AB = Σ ( - l ) > ^ VP«x,..ί...λ,,
a = 0

(1. 5) OΛ0λ,...Ji, - ^ V p ^ ..^, ( p ^ 1)

where uλl...l...λp means the subscript σ appears at the z-th position and Uχ9...£...λp

means the ct-th. subscript Xa is omitted. We denote by Θ(X) the Lie derivative
with respect to a vector field X.
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When Mn is compact, let the volume element of Mn be ω. Then for
any p-forms u and v, we define the global inner product by

(μ, v) = I <u,
JMn

v> ω
Mn

where <u,v> shows the local inner product of u and v. It is known that

the following relations hold good [6]

(1.6) (Φu,v) = -(u,Φv),

(1.7) (Vvu,v)= -(u, V,v),

(1. 8) (IX v) = (u, Dv) - {n- l)(u, i(η) v),

where u and v axe p-ίorms in (1. 6) and (1.7), and u is p-ίorvα and v is

(/> + l)-form in (1.8).

Now in a compact Sasakian space, we take a special C-Killing form u

which is characterized by

(1. 9) VλWμ + Vμuλ = 2up(<plλVμ

Then we know [6]

PROPOSITION 1.1. In α compact Sasakian space, Φu is a closed form

for any C-Killing form u.

PROPOSITION 1.2. In a compact Sasakian space, du is hybrid with

respect to φ for any special C-Killing form u, that is, it is valid that

φxOφΐidu)^ = (du)λμ , η\du)pλ = 0 .

2. Contravariant C-analytic 1-form. In this section we suppose that

Mn is an /z-dimensional compact Sasakian space, and consider the contravariant

C-analytic 1-form u, i.e., a 1-form satisfying

(2. 1) VλUμ, = φχ?φμ

σ VpUσ + Up(φpλημ + φpιιηx) .

In the following we call in short C-analytic for contravariant C-analytic. It

is evident that the 1-form η is C-analytic. We denote by u the ^-component

of a 1-form u.

LEMMA 2.1. We have for any C-analytic 1-fornι u,
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(2. 2) S/xu = 0 ,

(2. 3) θ(η)u = 0 .

PROOF. Contracting (2.1) by ημ or ??\ we can obtain easily (2. 2) or (2. 3)

respectively.

LEMMA 2.2. A special C-Killing form it is C-analytic.

PROOF. If u is a special C-Killing form, du is hybrid by virtue of

Proposition 1.2. Hence we have

VχUμ - VβUλ = φλ

pφβ

σ(VpUσ — Vσ^p) .

From (1.9), the right hand side is equal to 2φλ

pφ°\79uσ. Therefore again

using (1. 9), we have (2.1) immediately.

LEMMA 2.3. A C-analytic 1-form u satisfies

(2.4) Φdu = Q.

PROOF. Making use of (2.1) and (2. 3), we can get

(2. 5) φi VpWμ + φμ

p VλUp = ηλuβ + ηβuλ - 2u ηλημ .

Exchanging the subscripts λ and μ in (2. 5) and subtracting side by side, we

have

φx\S7Puμ - Vμup) + φμ

p(\7λUp - VpWλ) = 0

which means

(Φdu)λμ = 0.

LEMMA 2.4. A C-analytic 1-form u is special C-Killing if and only if

it satisfies

(2.6)

PROOF. We have from (2.1)

+ Vμ^λ = 2up(<ppλημ + <ppμ,ηλ)
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and therefore u is special C-Killing if and only if it satisfies

(2. 7) φλ

pφΐ(VPuσ + \7σup) = 0 .

On the other hand, for any 1-form u, the following relation

Φdu — dΦu — Yu + e(τj) u

is valid. Now we suppose that a C-analytic 1-form u satisfies (2.6). Then
taking account of (2.4), we have Tu+e(η)u = 0, and hence

ψλP VPUμ — φJVpUx + ηχUμ — ημUλ = 0

is obtained. Then we can get

= —φχpφμ VσUp + u\φpλημ

from which we have (2. 7) because of (2.1). Therefore w is special C-Killing.
The converse statement is a direct result of Proposition 1.1.

LEMMA 2.5. A C-analytic 1-form u satisfies

(2. 8) (Γw, e(η) u)= - (e(η) u, e(η) u),

(2. 9) (IX ΓiO = «77)w, e(η)u) + (8«, 8α).

PROOF. For a C-analytic 1-form u, we have w' = constant. Hence (2.8)
comes from Lemma 4.1 in [6]. We show (2. 9). Differentiating (2.1) by V«
we have

(2. 10)

— Wμ^λ — Wλ#κμ — 2uκηλημ + 2u\ημgκλ

Using the fact that

= -{Rσ?φ
τp + (n-2)φσ

τ)uτ,

we transvect (2. 9) by <7κλ; then

(2.11) Vp VPwμ + i?μpw
p = -4Mμ
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holds good. Moreover we can calculate the following relations from (2.10)

(2. 12) φf* V. VλUμ = -φλ?RpσU
σ - (w+2)^λ

pMp + ψi Vp(8w) ,

(2. 13) rf ηλ V« Vλ Wμ = - Uμ + M' ημ .

Making use of (2.11), (2.12) and (2.13), we can get

(DTu)λ = <^σ Vp(^>σ

τVτuλ - ^ λ

r Vτwσ)

= (Du-u')ηi - (n-2)uλ + (Jδw)λ - Vη(βu)ηλ .

Then with the aid of (1. 7) and (1. 8), we have

(u, DTu) = (z/, Du-u) - (n-2)(u,u) + (8w,δw) - («', V^δw)

= (IV,«) + (n-2)(u',u) - (n-2)(u,u) + (δw,δw)

= - (Λ -

On the other hand, the left hand side of this relation becomes by virtue of
(1.8)

= (Γu,Γu) + (n-ΐ)(e(η)u,Tu)

= (Tu, Vu) - (n-ΐ)(e(η)u, e(η)u) ,

and consequently we can obtain

(ΓK, TU) = (e(v)u, e(rj)u) + (βu, Su) .

THEOREM 2.6. If a C-analytic 1-form u is coclosed, then it is special
C-Killing.

PROOF. We have from the assumption that δw = 0 and (2.9)

Hence it follows that

(Tu + e(η)u9 Tu+e(η)u) = (1X Tu) + 2(Γ«, e(η)u) + (e(η)u, e(η)u)

= 0,

which means that Tu+e(η)u=0. Therefore by virtue of Lemma 2.3 and 2.4,
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u is special C-Killing.

LEMMA 2.7. If u is a C-analytic 1-form, then Φu is also C-analytic.

PROOF. From (2. 6), we can get

Vλ(φp

μup) = ημuλ — ug'xμ, + φμ

PS7χUp

= —φ\pVpUμ + ηλuμ + 2ημUλ — u gλμ, — 2u ηλημ ,

and hence we have

ψ\?ψμ VP(φσ

τUτ) = φμ

σ VλUσ — U gλμ — ηλUμ + 2u ηλημ

= ^7λ(φμ

σUσ) - ημuλ — ηλUμ + 2u ηλημ .

On the other hand, it is valid that

(φpτUτ)(φpλημ + φpμηλ) = ηλUμ + ημUλ — 2u ηλημ .

Therefore for a 1-form u=Φu, we have

VλUμ = φλ

pφμ Vpΰcr + up(φPχ ηβ + φpβ Vx) .

This shows that zZ is C-analytic.

LEMMA 2.8. Let u be a I-form satisfying Du=0. Then Φu is C-Killing
if and only if u is C-analytic. In this case it holds good that u—0 and
du=0.

PROOF. Suppose that u is C-analytic. Then we have

δΦw = (n-ΐ)u .

Since u is constant, we can get integrating on Mn

0 = J(BΦu)ω = (n-ΐ)u J ω.

Therefore u must be zero, and we have

SΦu = 0 .

As Φu is C-analytic, it is C-Killing by virtue of Theorem 2.6. Conversely, if
Φu is C-Killing, then we have
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0 = BΦu = Du- (n-ΐ)u

hence u=0 holds good. Therefore u = — Φ2w is also C-analytic and du=0 is
valid.

N. B. If a 1-form u is closed, then it satisfies Du = 0. Thus we can
apply Lemma 2.8 for a closed 1-form u.

Next we study the integral formula for a C-analytic form. We put for a
1-form u

and

Aλ =

Bχ = 9

Cλ = rfησ VP

Then we can calculate

(2.14) JuλμU
λιιω= j(-2Aλ + 2nBλ + Cχ)uλω - 4(Tu\u)

— (du,du) + (V,«', V,tt') .

Now we have for a 1-form w

Vp VPu = τ?σ Vp VPwσ + 2Df*-(n-l)tf' .

Hence if u satisfies Aλ=0, then we see that \7pS7pu =0, which shows that u
is constant on Mn. Therefore the following lemma is valid.

LEMMA 2.9. If a 1-form u satisfies

(2.15) Ax = 0 ,

then u is a constant function.

From this lemma, it follows that for a 1-form u satisfying (2.15), we can
get I V = 0 , du=0 and \7ηu=0. Moreover if u satisfies
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(2.16) θ(η)u=0,

then we have easily Bλu
λ = Cλu

λ = 0. Therefore if a 1-form u satisfies the
relations (2.15) and (2.16) then it is valid that

Hence we have Uχμ=0. This shows that u is a C-analytic 1-form. Conversely,

a C-analytic 1-form satisfies the relations (2.11) and (2.3), which are the

same as (2.15) and (2.16). Therefore the following theorem is proved.

THEOREM 2.10. A 1-form u is C-analytic if and only if it satisfies

Vp Vμuλ + Rλ

pup + 4wλ + 2(Du-(p+ϊ)u)ηλ = 0 ,

N. B. Calculating similarly, we have that a 1-form u is special C-Killing

if and only if it satisfies (2.15), (2.16) and Su=0. This is the same result

as Theorem 2.6.

For a later use, we show the following

LEMMA 2.11. A C-analytic 1-form u satisfies

(2.17) 2φλfί V, Vλ uμ = (dAdu\ .

P R O O F . We have

= Vκ(Adu) - 2η\du)λκ = (dλΛO, .

3. C-Einstein space. A Sasakian space is called C-Einstein if its Ricci
tensor Rλμ satisfies

(3.1) Rλ[ί = agλβ + bηλημ,.

A C-Fubini space is C-Einstein. In this section we assume that the dimension

of the space > 3. It is known that in a C-Einstein space, a and b are

constant scalar functions, and satisfy a+b = n—l. (M. Okumura [1]). In the

following we consider a compact C-Einstein space and show that a C-analytic

1-form can be decomposed by special C-Killing forms.
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The formula (2.15) for a C-analytic 1-form *u can be [written in a
C-Einstein space as

(3. 2) Auλ = 2{a+2) wλ + 2(L>w + (6 - w -1) u) Vλ ,

where Δ denotes the Laplacian operator.

LEMMA 3.1. In a compact C-Einstein space, if a 1-form u is C-
analytic, then (d%u) is C-analytic, too.

PROOF. Since θ(rj) commutes with the operators d and δ. we have for a
C-analytic 1-form u

(3. 3) θ(η)(dhu) = dS(θ(η)u) = 0 ,

and moreover it satisfies (3. 2). From (2.17) we can get

= --^-(Adθ(η)u - dAi(η)du) = 0 .

Therefore we have

(3.4) ASu =

which shows that

We put u—dhu. Then we have i(η)u=0 and Dύ=0 because u is closed.
Therefore the relation (3.2) becomes Au—2{aΛ-2)ϊi. Together with (3.4),
u is a C-analytic 1-form by virtue of Theorem 2.10.

LEMMA 3.2. In a compact C-Einstein space with

v u λ (dSu)λ

is special C-Killing for a C-analytic l form u.

PROOF. By virtue of Lemma 3.1, v is C-analytic. We have from (3.4)

= Δ(δw) = 2(a+2)δu,
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hence we can get

This shows that v is a special C-Killing form owing to Theorem 2.6.

THEOREM 3.3. In a compact C-Einstein space with α + 2 ^ 0 , a C-

analytic 1-form u can be decomposed in the form

u = v -f Φw

where v and w are special C-Killing forms.

PROOF. Let u be a C-analytic 1-form. Putting w = dδu/2(a+2), there

exists a special C-Killing form v such that

u — v + zv

holds good. Since w is closed, by virtue of Lemma 2.8, Φw (= —w) is

C-Killing and we have i(rj)w = 0. Therefore we can get Φw = w. Thus we

see that the C-analytic 1-form u can be written as

u = v + Φw,

where v and w are special C-Killing forms.

Unfortunately, the uniqueness of the decomposition in the theorem is

negative. In the first place, we consider a 1-form u which is harmonic and

special C-Killing simultaneously. Then it satisfies the following

(3. 5) Vλ Uμ = Up(φpλ ημ + <ppμ ηλ) .

Conversely, a 1-form in a compact Sasakian space which satisfies (3.5) is
harmonic and special C-Killing.

LEMMA 3.4. In a compact C-Einstein space with α + 2 ^ 0 , there exists

no non-zero 1-form which satisfies (3. 5).

PROOF. We take a 1-form u satisfying (3.5). As u is harmonic, we

know that
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(3.6) u =i(η)u = 0

owing to the theorem of Tachibana in [5]. Further, it satisfies

(3.7) \7pVPuλ = Rλ

pup, Du = 0.

On the other hand, as u is special C-Killing, we have

Vp V,uλ + Rλ

pup = -Auλ - 2(Du-(n + l)u)Vλ .

Taking account of (3. 6) and (3. 7), it follows that

Rλ

pup= -2uλ.

In case of C-Einstein, it is equal to (a+2)uλ=Q, from which we can get
uλ=0 if

Now let u be a C-analytic 1-form in a compact C-Einstein space with
. Taking the two decompositions of Theorem 3.3, we can write

vx + Φw1 = v2 + Φw2

where vu v2, wx and w2 are all special C-Killing 1-forms. Then we have

^i — v2 + Φ{wλ — w2) = 0 .

Since w1 — w2 is C-Killing, the form Φ(w1 — zv2) is closed by virtue of
Proposition 1.1. Therefore v1 — v2 is at the same time closed and coclosed,
and hence vλ — v2 is harmonic. Similarly v1 — v2 and Φ(w1—w2) axe harmonic
and special C-Killing. Making use of Lemma 3.4, we have

v1 — v2=0,

Φ{w1 — w2) = 0 .

Hence we can conclude that there exists some constant c such that

W1 = W2 + Cη .

Thus we have the following

THEOREM 3.5. In the decomposition of α C-αnαlytic 1-form u in
Theorem 3.3, v is uniquely determined, and w is determined up to cη (c is
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a constant).

Now we shall treat with the case of C-Einstein space with <z+2=0. Then

THEOREM 3.6. In a compact C-Einstein space with α+2=0, any C-
analytic \-form is special C-Killing.

PROOF. For a C-analytic 1-form u, we have (3.4). Then if α+2=0,

holds good. Thus Bu is a constant scalar function. While it is codifferential,
we see that Zu must be zero on a compact space. By virtue of Theorem 2.6,
u is C-Killing.
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