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The operations p§ and pk play significant roles in K-theory. Their
definitions and the actions on the K-groups of diverse complexes are described
in [2]. ,

In this note, we calculate the action of pi on the reduced K-rings of a
complex projective space CP". The method used here is the same as the one
which is employed by J.F.Adams in the calculation of p% on the ring

Kx(S*) [2. (5.18)].

Preliminaries. Let CP" be the (complex) n-dimensional complex projective
space and K (CP") (resp. I?R(CP")) be its complex (resp. real) (reduced)

K-rings. We write
¢: Ka(CP"—— K,(CP™),
r: Ko(CP") ——> Kx(CP™),
t : Ky(CP") —— K, (CP™)

for the homomorphisms induced by complexification, realification and complex
conjugation. As is well-known ([1], Lemma 3.9), we have

cr=1+1¢,

rce =2.

The ring IZO(CP") is generated by one generator u which satisfies the relation
p"*1=0 ([1], Theorem 7.2). The ring Kz(CP") is generated by one generator
o=ru which satisfies the following relations :

o™ =0, if n=4w,

A =0, o™=0, if n=dwtl,
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0¥t =0, if n=4w+2, n=4w+3

([3], Theorem 2.2, (i)).
Let

ch: K(X) —— H*(X,Q)
denote the Chern character. Note that
ch: R{CP"/CP™) — H¥CP"/CP™)

is a ring monomorphism ([1], p. 621). For the generator u e KACPm),
chp=e"?—1 (mod y"*'), where ye HXCP",Q) is the generator. Therefore,
we have
checo=ch-crp=ch(l+t)p = ch{p®/1+u)}
= (2sinhy/2)* (mod y**'),
and
chy-co=2-y/(2t)! . (1)

Next consider the stunted projective space CP"/CP'. Since H*(CP"/CP")
=0, every real vector bundle over CP"/CP' has the vanishing 2-dimensional
Stiefel-Whitney class and therefore every element in Ki(CP*/CP') is
considered as a linear combination of Spin(8m)-bundles. By the exactness
of the sequence

_ % o
0 — RuCP/CPY) L5 RuyCP) —2—5 RHCP) — 0,
I?R(CP"/ CP") is additively generated by w;, @,, s, « + « such that the equalities

j*(D1=2CD ( )
2
j*ws=ws, 5=2’3’°"

hold ([3], Theorem 2.2, (iii)).

Determination of piw. Let Q, be the additive group of fractions of the
form p/k% where p and g are integers.

THEOREM. For the generator o< I?R(CP"), we have
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Pho=1+ao+ aw?+---,

in 1+Kz(CPY)® Q., where a, (t=1,2,-++) is given by the following
Sformula:

a, = (B—1) - - - (B2 —(2t—1))/(2"2t+1)1).

PROOF. By [2, (5.2)],

Log she, = >_ (1/2) ay, chyco, .

t=1

For the definition of a,, see [2, §2]. By the naturalities of ch and ¢, we
have

j* LOgsh w; = Z (1/2) agtchu . cj*ﬁ)l

= 3" (1/2) &ty chy - c(20)  (by (2))

=23 a,(y*/(20)") (by (1))
= 2Log((sinhy/2)/(y/2)) (by [2, (2.1)]).
Therefore,
J*¥she, = ((sinhy/2)/(y/2))" . (3)
We define
Vi S H*(X, Q) —— > H*(X,Q)
by

Vi(x) = k'x, for xe H¥(X,Q).
This is a ring homomorphism and we have
J*¥isho, = ((sinh ky/2)/(ky/2))* . (4)

By [2, (5.6)], we have
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J¥ch-cpro, = j*{(Vish o,)/(sh @)}
= ((sinh ky/2)/(ksinhy/2)y  (by (3), (4))-

Since
J*ch - cpro, = ch - cph(20)
=(ch-cpra@)’,
we have
ch - cphw = (sinh ky/2)/(ksinhy/2). (5)

Recall the formula in the elementafy calculus
sinh e = 3% o/2r+ D) T (1~ -1 [sinb 1 2.
r=0 t=1

Here, II[ ] means 1, when »=0. If n is odd, the right hand side has the
finite summands. But when 7 is even it is a infinite series. Therefore we have

ch-cpbo = /D] I (= =17 [sin /2.

In the case 7 %1 (mod 4) the theorem follows since ch-c is a mono-
morphism on Kz(CP"). In the case n=4w+1, consider the exact sequence

-~ -~ '* -~
0 _— KR(S8w+4) > KR(CP4W+2) __z___) KR(CP4W+1) > 0.
For the generator o  of the ring IZR(CP“”""), we have
Mo*)=a', 5=1,2,+++,2w+1.

Since ch-c is a monomorphism on Kx(CP**?), by the naturalities of ch-c

and pk, the coefficient of »***! in phe is a mod 2 reduction of the coefficient

2w+l

of in pte and the theorem is valid.

Determination of pfe* (8=2). Since ch-c is the ring homomorphism,
we have

ch - co® = 2%sinh® y/2

_s {i (—1) (2:)cosh(23-—2r)y/2+(—1)"(1/2)<2:)}

r=0
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and
Chay + cor* = z{iz:,(—l)r(zj)(s—r)w/(zt)!}yﬂ, t=1,2,. -
Therefore
Logshe* = 3 (1/2) ay chyco
- S a5 1y (3) -y}
- 5 - (3) [Ty
= 2s .
= = (-1 (%) Log (sinbGs—r)5/2/(=1)3/2)}
Therefore,
sha' = H {(sinb(s—r)y/2)/ (=P y/23 .
Since V% is a ring homomorphism, we have
Vysho' = lI ((sinh k(s —) /2 s—r)3/2)
and therefore
-1 (%)

ch-cpho* = Visho'/sho*= [ {(sinh k(s—7)y/2)/(ksinh(s—7)y/2)} (6)

From this we can determine piw® as above. But for general s it is very
complicated. For example, in the case s = 2, (6) reduces to

ch - cpf ® = (sinh ky/k sinh y)((% sinh y/2)/(sinh ky/2))*. (7)
Therefore

ch-cpho? = (1+((B2—1)/2)sinh?y/2 + (B —1)(k*—3%)/4!)sinh' y/2 + « + + )
- (L+((B2—1)/3") sinh? y/2+ (B2 —1)(k*—3%)/5!) sinh* y/2 + + + )=
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= 1—((k*—1)/15) sinh*y/2
+ (2(k*—1)(10%*+31%k%2+31)/(3*+5-7))sinh®y/2 + « « - .
So we have

THEOREM.

587

ph o = 1—((B*—1)/240) o + ((k*—1)(L0A* +31%2 +31)/(2°-3%-5-T)) @® + » » ».

The following theorem is more convenient.
THEOREM.

Pi(? +40) = 1+((R* —1)/3)) & + (B2 —1)(E*—22)/5!) o

+ (B =1)(E =22 R —3)/T) @* + + + -.

PROOF.

ch-cpli(o*+4e) = (ch - c pt o®)(ch - c P @)
= sinh ky/k sinh y (by (5) and (7))

k-1 r
= > (2/@2r+1)!) :II (k*—¢t*)sinh?" y/2.
r=0 =1
This completes the proof.

The first term of piw®. We have

2s

Log{Wisho'/she} = aw(k~1) {z (—1)f( S )(s—r)“/(Zt)! } y.

=0
Since for arbitrary s,
> (1 (®)e-nr =0 r<s
- = (1/2)(2¢)! t=s,
we can easily see that

THEOREM. For arbitrary s, we have

(8)



588 K. IWATA AND H. OIKE

Pho® =1+1/2)k*—1) @y, 0® + (higher order terms).
For o*! e K(CP**), we have
THEOREM.
ottt =1+ o' if k= =3 mod 8

=1 if k= =1 mod 8.

PROOF. We know that for the generator a e Kx(S**?) = Z,
pka=1+a if k=3 mod8

=1 if 2= =1 mod 8.

By the exactness of

0 —> ER(st+2) N KR(CPUAH-I) N ER(CP‘“”) — 0,

the theorem follows immediately.

REMARK. Let h; be the canonical complex line bundle over CP*, we
have

ch - c pir(h}) = (sinh Eny/2)/(sinh Ay/2) .

(8) is obtained from this formula as the special case A = 2.
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