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NUCLEARITY ON HARMONIC SPACES
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Let X be a locally compact space and 4 be a sheaf on X such that for
any open subset U of X 4(U) is a real vector space of real continous functions
on U called harmonic functions on U. We suppose that 4 satisfies the axioms
H,, H,,H, [3]. In order to obtain a harmonic space we have to assume that a
supplementary axiom concerning the convergence of increasing sequences of
harmonic functions is fulfilled. There are known in literature three such
axioms : K, Kp [1] and 3 [4] where 3—> K, =—> K,. In [6] (resp. [2]) it was
proved that axiom 3 (resp. axiom K, and the axiom of countable basis) implies
the property that for any open subset U of X, H(U) is nuclear [7] with respect
to the topology of uniform convergence on compact sets. We shall call this
property axiom of nuclearity. This axiom implies the axiom K,. If axiom 3
is fulfilled then for any regular domain V and for any x<V the carrier of
the harmonic measure u; is equal to the boundary of V. We shall call this
proverty axiom of ellipticity. In [2] it was proved that if the axiom K, and
the axiom of ellipticity are fulfilled then the axiom 3 is fulfilled.

In this paper we give some equivalent conditions for the axiom of nuclearity
and show that the nuclearity does not follow from the axiom K, and the
axiom of ellipticity and that K, does not follow from the axiom of nuclearity
and the axiom of ellipticity. We don’t know whether the axiom K, implies
the axiom of nuclearity when the space has no countable basis.

* *

Let X be a locally compact space and 4 be a presheaf on X such that for
any open subset U of X H(U) is a real vector space of real continuous functions
on U. The elements of . {U) will be called harmonic functions on U. We
suppose that the following axiom is fulfilled :

AXIOM. For any x,€¢ X and any compact neighbourhood K of x there
exist an open neighbourhood V of x,, VCK, and a family (u,)..r of positive
(Radon) measures on K such that

a) for any real continuous function f on K the function on V x — p,(f)
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-belongs to HV);

b) for any open neighbourhood U of K and any u< J(U) we have
w(x) = p(u) for any x€V.

The example we have in mind introducing this structure is a harmonic
space [3].

THEOREM. Let W be a basis of open subsets of X. The following
assertions are equivalent:*

a) (resp. a') for any open subset U of X (resp. for any U < W) the vector
space H(U) endowed with the topology of uniform convergence on compact
subsets of U is nuclear;

b) (resp. b)) for any U< Wl and any compact subset K of U there exists
a positive measure pw on U with compact carrier such that for any harmonic
Sfunction (resp. positive harmonic function) u on U we have

supglu| = u(lul) (resp. supxu = u(w));

¢) (resp ) for any U el and any compact subset K of U there exists
a measure p on U with compact carrier such that the least upper bound of
any increasing sequence of harmonic functions on U is finite continuous
(resp. bounded) on K-if it is p-integrable;

d) (Gesp. d) for any open subset U of X (resp. for any U <) and any

sequence (Up)aeny Of positive harmonic functions on U such that ) u, is
neN

locally bounded we have

Z SupKun < oo
neN
for any compact subset K of U ;
e) For any open subset U of X, for any compact subset K of U and
for any positive harmonic function u on U we have

sup D u(x,) < oo,

tel

where (x,)..; is an arbitrary finite family in K and (w,)..; is an arbitrary

Jinite family of positive harmonic functions on U such that w= ) u;
vel

*) The implication ¢ = f may be deduced also from D. HINRICHSEN, Randintegrale und
nukleare Funktionenrdume, Ann. Inst. Fourier 17, 1(1967), 225-271.
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f) for any open subset V of X, any compact subset K of X, VCK,
any family (pz)ser 0f positive measures on K satisfying the conditions a),
b) of the axiom and any compact subset L of V there exists a positive
measure p on K such that p, = p for any x<L;

') for any xr,e X and any compact neighbourhood K of x, there exist
an open neighbourhood V of x,, VCK, and a family (p,).cv of positive
measures on K satisfying the conditions a), b) of the axiom and such that
for any compact subset L of V there exists a positive measure p on K such
that p, = u for any x< L.

a—>a’ is trivial.

a’=—>b. The set {uec H(U)|supgiu| =1} is a circled convex closed
neighbourhood of the origin of (U). Since J(U) is nuclear there exists a
compact subset L of U, KC L, such that the map u|;—u|x: HU)|r— HU)|*
is nuclear ([7] page 63). Hence there exist a sequence (/,)..y of continuous
linear functionals of norm at most equal to 1 on the normed space HiU)|, and
a sequence (#n)ney in H(U) such that

2o supklua| < oo, ule= 20 Ll u,lxk.

neN nenN

By the Hahn-Banach theorem there exists for any #< N a measure u, on L
such that u,| =1 and p,(«!|z) = l,(#iz) for any ue JU). We denote by u
the positive measure on L

pi= z (Supk‘\un‘)!p‘nl .

Obviously

supx|u| = 2 |la(u]n)| supxlua] = p(lul).

nenN

b—=—>a. Let U be an open subset of X. For any x<U we denote by /,
the element of the dual H(U) of H(U) defined by u—u(x). It is obvious

that the map
xi—1l: U—-J9(UY

is continuous for the o(H(U), H(U)) topology. Let L be a compact subset of
U and W be the circled convex closed neighbourhood of the origin of H(U)

*) | (resp. J((U)|r) means the restriction of u (resp. the normed vector space of the
restrictions of H(U)) to L.
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W: = {uec H(U)|sups|u| =1} .

For any measure g on L the map

fio f AL)du(z): COW?) — R

defines a measure v on W?°, the polar of W.
Let K be a compact subset of U. There exist a finite family (U,),; in 1
and a finite family (K,) ., of compact sets such that

KcUcU, K=\JK.

cel

From b) there exists for any ¢< I a positive measure p, on U, with compact
carrier such that

SUPK¢|u| é,u:“ul)

for any u< H(U,). We set p:= > pu. Let ueH{U). Then, since I is a
presheaf, !

supglul = > supg lul = > pllul) = p(lul).

cel cel

The required implication follows now from the above considerations using
SATZ 4.1.5 [7].

b=>b" is trivial.

b'=—>c. Let K be a compact subset of U and u be a measure stated in
b". Let further (#,)..x be an increasing sequence in H(U) such that its least
upper bound is p-integrable.  Then for any natural numbers m,n,m <n, we
have

SUPK(“n - um) é ,u(un - um) .

Hence the sequence (#,|x)ncy is uniformly convergent.

c—>¢  is trivial.

¢’=>b. Let K be a compact subset of U and u be a measure stated in
¢. We want to show that there exists a positive real number a such that
the measure au satisfies the conditions required in b’. Assume the contrary.
Then for any m € N there exists a positive harmonic function v, on U such that
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SUPKU,, = m , plv,) =1/ m?.

Then (Z ‘vm) is an increasing sequence of harmonic functions on U whose
m=n nenN

least upper bound is u-integrable but not bounded on K.
b"=>d’. Let K be a compact subset of U, p be a measure stated in b’
and (#,)..y be a sequence of positive harmonic functions on U such that

D u, is locally bounded. Then

neN

> supgu, =y | u,dp = f (Z u,,)d,u-< oo

nenN neN nenN

d'=>d follows immediately from the fact that Ul is a basis of X.

d—=—>e. Suppose that e) is not true. Then there exist an open subset U
of X, a compact subset K of U and a positive harmonic function # on U such
that for any n<€ N there exists a finite family (w,,)..; of positive harmonic
functions on U such that

Z SupKun,‘ > 2” ) Z un,, =Uu.

cel, cely

This contradicts d) since

1
Z Z 7%.:

neN eI,

is locally bounded and

> 2 SUpKZ—I,,un,, = oo,

neN cel,

e—>1f. Let f be a positive real continuous function on K. By e)

sup 2 palf)) < oo,

cel

where (x,)..; is an arbitrary finite family in L and (f.)..; is an arbitrary finite
family of positive real continuous functions on K such that

f:zﬁ’

cel
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the map

S1=sup 27 pe, (f)
11

yields the required measure p.

f—=—>{ follows immediately from the axiom.

f =—>b. Let U be an open subset of X and K be a compact subset of
U. By {) there exists a finite family (K., V., (#..2)ser).er such that K, are compact
subsets of U, V, are open subsets of K., (g, z).cr are families of positive measures
on K, satisfying the conditions a), b) of the axiom and KC U V.. There exists a

e
family (L,)..; of compact subsets of U such that L,cV, for any ¢< I and

K=\_JL.

cel

By {’) there exists for any ¢€ I a positive measure g, on K, such that u, .=p,
{for any x € L,. We set

pro= 20 p

cel

Then for any harmonic function # on U we have

supxlu| = D supy |ul = X sup | p, ()|

ce] cel

=2 sup pa(lu)) = 3 pllul) = w(lul).

ce] ¢ cel

COROLLARY 1. Let X be a harmonic space satisfying the axiom K,
and such that for any open subset U of X and amy compact set K of U
there exists a measure p on U with compact carrier L for which any
absorbent set containing L contains K. Then the axiom of nuclearity is

Julfilled.

Let U be an open subset of X and K be a compact subset of U. Let K’
be a compact neighbourhood of K contained in U and p be a measure on U
with compact carrier L such that any absorbent set containing L contains K'.
Then there exists a positive real numbzr « such that for any positive harmonic
function # on U we have
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supg# = au(w) .

Indeed, if this assertion is not true then there exists a sequence (#,)ncy oOf
positive harmonic functions on U such that

SUpxin, Z n, /"’(un) _—<_ 1/712

for any n< N. The sequence (Z um> is an increasing sequence of harmonic
nenN

m=n

functions on U whose least upper bound u# is p-integrable. Hence

Lc {zeUlux) < =} nU.

This last set being absorbent ([3] Lemma 1.6 or [2] Satz 1.4.2) it contains K.
Hence # is harmonic on the interior of K’ and therefore bounded on K which
is a contradiction. The corollary follows now from b’ =—> a.

This corollary contains the result of P.Loeb and B. Walsh [6] (resp. that
of H. Bauer [2]) that axiom 3 (resp. axiom K, and the countable basis of X)
implies (resp. imply) the axiom of nuclearity.

COROLLARY 2. Let (X, H) be a harmonic space, F be an absorbent set
of X and 9(r be the sheaf induced on F by 9( in the sence of [5]. If the
axiom of nuclearity is fulfilled on X then it is fulfilled also on F.

This corollary follows immediately from the theorem (a é= f) using [5]
Corollary 2.1.

We shall construct now examples of harmonic spaces which will clear up
the relations between the axiom of nuclearity and the axiom K, and Kp.

EXAMPLE. Let (7,)sen be a decreasing sequence of strictly positive real
. r
numbers converging to 0 and such that for any n€ N —%- e N. Let further

n+1

(62)nen be a sequence of pairwise different real numbers, 0 < 6, < 27. We set

X: = {(x,y,2) e Ry =2=0}) U

(U {(z,,2) € R*|y = 1,C080,, 2 =7y sin@n}) U

neN
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neN meZ

(U U (x,y,2) e R |x=mr,, y =1rcos 0,,
z2=rsinf,, 0<r<r,} );

here N,Z,R denote as usal the set of natural, integer, real numbers
respectively. X endowed with the induced topology is a locally compact (connected
and locally connected) space. We shall take as harmonic functions the real
continuous functions which are locally linear on the axis {y = 2 = 0} and on
any free segment and such that for any point (x,y,2) of the form x = mr,,
Yy = r,cosb,, 2= r,sinb,, the sum of the derivatives taken in the three directions
starting from this point is equal to zero. More precisely we denote for any
open subset U of X by J{(U) the set of real continuous functions on U such
that :

a) the function x - w(x,0,0) is locally linear on {x< R|(x,0,0)cU};

b) for any n< N the function x— w(x,r, cos8,, r, sin@,) is locally linear
on {xre R|x + mr, for any me Z, (x,7r,cosb,, r,sinf,)c U} ;

¢) for any ne N, me Z the function r1— w(mr,, r cos 8,, rsin 8,) is locally
linear on the set {0 <r < r,|(mr,, rcosf, rsinf,)cU};

d) for any me Z, ne N such that (mr,, r,cos8,, r,sinf,)c U

lirrol (u(mry, + 7,7, cos O, 7, 8in 0,) — w(mr,, r, cos 6, r, sin 6,))/r
7>
>0

+ lir? (w(mr, — 7,7y, cOs Oy, 1, sin 0,,) — w(mry, r, cos 0, r, sin 8,))/r
r—
>0

+ lirgl (u(mry, (rn — 1)cos O, (r, — 1) sin 0,) — w(mr,, r, cos O,, 7, sin §,))/7
>0

=0.

It is obvious that 4f is a sheaf on X such that for any open subset U H(U)
is a real vector space of real continuous functions on U. Moreover for any
n'e N the open set

Xo: = {(my,2) ¢ X| y =rcosby, 2 =7sinf, 0<7r}

endowed with the restriction of 4 is a harmonic space satisfying the axiom 3.
Let V be a set of the form

V={zy,2)eXla<x<b v+ 2<%,
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where a,b,c< R, and let f be a real bounded function on 9V, the houndary of
V in X. We denote for any n€ N such that r, <c¢ by wu, (resp. v,) the
function on V equal to 0 on VN (X,, harmonic on VN X, and such that

lim w,(x, 7, cos 0,, 7, sin6,) =1, lim w,(x, r, cos 8,, 7, sinb,) = 0,
z—b

r—a

(resp. lim v,(x, 7, cos O,, 7, 8in 6,) = 0, lim v,(x, 7, cos 8,7, sinf,) = 1}
x—a x—b
limu,(¢) =0 (resp. lim v,(q) = 0)
q—p q—p

for any pe VNa(VNX,). It is easy to see that u,, v, are harmonic functions on

V and that
A/3) un(mry, ry cos O, 7y 8in 6,) = w,((m + Dy, 7, cos 6, 17, 5in 6,,)
= (1/2) u(mry, r, cos 0, 7, 5inb,),
(1/3) v ((m + L)1y, 70 COS Ga, 74 8IN0,) = v, (mry, 1y cOs b, 7, 85I 6,)
= 1/2) v ((m + Vr,, r, cos b,, 7, sin 6,)

for any me Z, a <mr, <(m + 1)r, <b. Let a’,b" be real numbers such that
a<<a =b <b. From the above inequalities we deduce

,_ _
@ =0 o @ =G _,

/3" = sup Uz, y,2) =1/2 ™,

b0’ b=b"

279 49 =9

/3™ = sup, vz, y,2) =1/2 ™
xela’,b’]

Let (@)new, (Bn)nen be two bounded sequences of real numbers. Using the last

inequalities one may show that the function > (a, #, + 8, v,) is harmonic on

neN
Th<C

V and may be extended continuously to V if

lima, =1lim@B, =0.

n—oo n—oo

From this fact and the fact that the functions of the form (x,y,z2)—ax + 8
(a,B € R) are harmonic on X it follows that V is regular and that the Bauer
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convergence axiom K, is fulfilled. Moreover V is an MP-set.

\

b-a
Tm . . . .
The sequence( >~ 3™ u, ) is an increasing sequence of harmonic
nenN

m=n
Tm<C

functions on V whose limit is finite everywhere but it is not locally bounded.
Hence the axiom K, (and even axiom K, [1]) is not fulfilled.

We prove now that if (7,).cx is a strictly decreasing sequence then the
axiom of nuclearity is fulfilled. Let first V be as above and K be a compact
subset of V. Then there exist real numbers a’, 8" such that

a<a<b<b a—-—a=b-">b, Kc{x,y,2)eV]a <x<b}.
Let p be an isolated boundary point of V belonging to X, with r, < c¢ and let
(pD)ser be the family of harmonic measures of V. Then, by the above

inequality,

a’-a _

pipH=1/2 "

for any x€ K. If the sequence (7,),.x is strictly decreasing then

a’'—a

S22 <o,

neN
We deduce immediately that there exists a measure p on the boundary of V
such that py = p for any x € K. A similar result is true for any regular set
V in X, for any n€ N since on X, the axiom 3 is fulfilled. The axiom of

nuclearity follows now from the theorem (f =—> a).
Suppose now that the sequence (r,),.y is such that

> 1/3"" = oo

nen

In this case the axiom of nuclearity is not fulfilled. Indeed let V be the set
Vi={x,y,2)eX|0<x<?2}.

We set

K: ={xy2eV]|r=1}.
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K is a compact subset of V and we have

supgtt, = 1/3Y+* |

where u, is the function constructed above. Since

S u, =1, D> supg U, =

neN neN

the above assertion follows from the theorem (a =—> d).

In this example the axiom of ellipticity is not fulfilled. In the sequel we
shall modify the sheaf 4 such that all the above properties are conserved and
such that the axiom of ellipticity shall be satisfied.

Let (&).cx be a sequence of strictly positive real numbers such that

D&,/ < oo

nenN

For any n€ N U{c} and any open subset U of X we denote by 4, (U) the
set of real continuous functions « on U such that:

a) the restriction of u to {(x,y,2) <€ Ul(y,2)# (0,0)} belongs to
I {(x, 3, 2) € U|(y, x) # (0,0)});

b) for any two times continuously differentiable real function @ on R
whose carrier is contained in {x <€ R|(x,0,0)c U} we have

f w(z, 0,0)p" (x)dx
{xe R|(x,0,0)eU}

+ > & > @(mry) lirgx (w(mry, 7 cos 6;, r sin 6,) — u(mr;, 0,0))/r

teN

meZ
i=n  (mroo,ney 0

=0.

It can be shown as above that for any < N (X, 4,) is a harmonic space for
which the above sets V are regular. For any peV we denote by u, , the
harmonic measure associated to V, p and 4(,. For any bounded real function
f on the boundary of V we denote by H ; the function on V

pl— ffd o -
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For any real numbers a,r,» > 0, we set
Via,r): = {(x,y,2)e X| |x—a| <r, y* + 22 <7},

Let (8,)..x be a sequence of strictly positive real numbers. We may construct
inductively the above sequence (&,)..x such that for any n< N we have

3™ = HER™| < 8,

sup G Xe) < 8,
|x—mr;|<r;
for any jeN,j=n+1, any me N, 0<m =r,/r;, any real function f on

the boundary of V(mr;, r;), |f| =1, and any £ < N. Then by simple considerations
we deduce that we have

|HEGm — HIy™ | < 8,

(I) sup b i) (Xe) < 8,

lie—mrj|-<r;

for any m e Z any je€ N, any real function f on the boundary of V(ms;, 7)),
Ifl =1, and any ke N. If

> 8 < oo

neN

then for any m € Z any j< N and any real bounded function f on the boundary
of V(mr;, r;) the sequence (H,"*"),.y is uniformly convergent. We set

HEos™ = lim HIG™™

n—o0

It is easy to see that HI"/»™ e 9. (V(mr;, ;). Moreover if f is continuous
the function on V(mr,,7;) equal to HZ™*™ on V(mr;, ;) and equal to f on the
boundary of V(mr;, r;) is continuous.

Let U be an open relatively compact subset of X and # be a function of
Y. (U) whose lower limit at the boundary of U is positive. We want to show
that » is positive. Suppose the contrary and let p be a point of U where u

takes its minimum. It is obvious that p& UXn Hence p is of the form
neN

(a,0,0). We may suppose that there exists an increasing sequence (Z,)..y in R
converging to a such that w(x,,0,0) > u(a,0,0) for any n< N. Let & be a
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strictly positive real number such that {(£,0,0) ¢ X ||x—a|=¢& cU and
u(x,0,0)=0 for |x —a| =& We set

8: = sup w(x,0,0) — u(a,o0,0).

a—e=z<a
By the hypothesis 8 > 0. There exist real numbers, &, ¢, d such that

a—&E<d<c<b<a
and such that

sup u(x,0,0) = u(a,0,0) + 5/3,

inf u(x,0,0) = u(a,0,0) + 25/3.
d=r=c

Let @ be a two times continuously differentiable real function on R whose
carrier lies in ]d, a + &[ such that: a) it is positive and @(a) =1, b) @ =0
on [a—&ual, =0 on [¢g,a + & and @ (b)=1/&; ¢) @ =0 on [d,b] and
¢ =0 on [c,a]. We have

o

f u(z, 0, 0)p " (x)dx = — (8/3) f (@) dx > 8/3€.
a—e b
On the other hand

D& > @mr) lim (u(mry, reosh;, rsinf;) — u(mry, 0,0))/r
70

ieN mez >0
(mry,0,0)eU -
MTi=q

= — 3¢ Z &/rs.

ieN

Hence for a sufficiently small &

a

f w(z,0,0) @ (2)dx

+ > & 3 @mr)lim (wmr, rcos b, rsin 6;) — u(mr; 0,0))/r
r—0

ieN ‘meZ
(mry,0,0 €U/ r0
Mry=a

>0.
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If « is constanit on an interval of the form [a,a + 7] (7 > 0) then we may take
@ such that

a+e

f u(z, 0,0) @ (2)dx

+ > & > @lmr) 1i1r01 (u(mr;, r cos ;, r sin ;) — w(mr;, 0,0))/r
N (ol er 0
Mri=a

=0.

If this condition is not fulfilled we may show as before that the above expression

is strictly positive for a sufficiently small €& We get therefore the contradictory
relation

= f w(r, 0,0) ¢ (r)dx
e R)(e,0,0)< 17

+ > & > @(mr;) lim (u(mry, r cos 6;, 7 sin 6,) — u(mr;, 0,0))/r
ieN meZ :_'3
(mr;,0,0)eU -

>0.

From all these considerations we deduce that V(mrj,7;) is a regular
domain with respect to (. for any me Z, j € N. Since the restriction of (.

to U X, forms a harmonic space we deduce that there exists a basis of regular

nenN
sets for J[.. Let (u,),.y be an increasing sequence in 4 .(U) whose limit =
is bounded. For any m e Z, j€ N such that V(mr;,r;)cU we have

u = HIm

on V(mr;,r;). Hence u is continuous and (., satisfies the axiom K,. Since
(x,y,2) >ax + B: X— R belongs to H.(X) for any real numbers a,8 we
deduce that the set of harmonic functions on X separates X. We have proved
therefore that (X, 4(.) is a harmonic space. It is easy to see, since any &,
(neN) is strictly positive, that (X, 4..) satisfies the axiom of ellipticity.

Comparing the harmonic measures of V(mr;, ;) with respect to 9 and 4.
it is easy to see using the formula (F) and the theorem (a &= {') that (X, J/)
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and
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(X, Y(..) satisfy simultaneously the axiom of nuclearity. If

S 878, < oo,

neN

then it can be shown as for (X, .9() that (X, 4.) does not satisfy the axiom K,
(an even axiom K, [1]).
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