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1. Consider a parabolic equation

— - o'u - ou ou _
L _idgla"axiaxﬁf;b‘ax‘ teu—g =0

in Q=R"Xx(0, ), where x=(x,+++, x,) is a point of the #z-dimensional
Euclidean space R", te€ (0, ) the time-variable and a;; = a;, b; and ¢ are
functions defined in Q. In this paper, we have some interests in treating behavior
of the continuous solution # of the Cauchy problem

Lu=0 in Q,
(1) {

w(z,0) = fl) in R™

In the case where ¢=0 in , some results were obtained by many authors.
For instance, we can prove the following.
Suppose that coefficients of the operator L satisfy the following condition in

QO
O<Z aufif;§K1(lxl2+1)l_l|f|2
i,j=1
(2) ’ for any real vector £ = (£, «++, &) X0,
|bi|§K2(lx|2+1)l/2’ (z: 1""’7[)’
c=0

for some positive K;, K, and A €[0, o). Further, suppose that there exists a
positive function H(x) in R® such that LH= —& in R" for a positive constant
§ and such that H(x) tends to infinity as |x| tends to infinity. If a continuous

function u=u(x, ) in Q= R"X [0, o), satisfying
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((lz|®+ 1) A=0

= X
DS M plin(l2l 4101 A>0
in Q for some positive M, and g, is a solution of the Cauchy problem (1) and
if |flx)|<M in R" for a constant M, then u(x, ¢) converges to zero uniformly
on every compact set in R” as ¢ tends to infinity.

The special case A =1 in the above was proved by II'in-Kalashnikov-Oleinik
[3] and the proof of the above fact is also obtained by using their arguments.

On the other hand, even though ¢ is not non-positive in £, we can get the
decay of u, similar to the above, under some additional conditions.

The results in this direction were obtained by the writer [2] and by Kuroda
[4]. However, in these two works, it was assumed that A\ is positive in (2).

In this paper, we shall discuss the asymptotic behavior of solutions of the
Cauchy problem (1) under a suitable condition which corresponds to the case
A=0 in (2) but is different from (2) in the view point that ¢ is not necessarily
non-positive.

2. Now suppose that for coefficients of L in (1) there exist positive constants
k, K,, K,, K; and K, such that

Rlz?+DIE]° =30 aii €, = Ki(lx]P+ 1)[£]°

i,j=

1for any real vector £= (&, -+, &),
l‘bil§K2(|x|2+l)l/2’ (i=1,---,n),
c = — Ki(log(|x|*+ 1)+ 1)+ K,.

(3)

The above condition for ¢ is suggested by Kusano [5]. Throughout this
paper, we shall say that u(x, ¢) is a solution of the Cauchy problem (1) when
u(x, t) is continuous in Q, twice continuously differentiable in Q and satisfies (1).

The purpose of this paper is to prove the following theorem.

THEOREM. Let w(x,t) be a solution of the Cauchy problem
(Lu=0 in Q,
fu(x, 0) = f(x) in R®

such that |u(x,t)| = pexp (vlog(|x|2+1)+1)® for some positive constants u
and v. Assume that the coefficients of L in (1) satisfy (3). If the Cauchy
data f(x) is bounded in R" and if
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kn
(4) 2K,

[(2K1 + Kzn) — /2K, + K,n)* + 4K, K;] + K, <0,

then u(x, t) converges to zero uniformly in x< R™ as t tends to infinity.
3. To prove our theorem, we need the following sharpend version of the
maximum principle for parabolic equations with unbounded coefficients obtained by

Bodanko [1].

LEMMA 1 (Kusano [5]). Let the differential operator L in (1) satisfy
the condition (3) in Q. If a continuous function wlx,t) in Q is a solution of
Lu=0 in Q in the usual sense such that

lu(z, t)| = pexp(vlog(|x|® + 1)+ 1)*

for some positive constants w and v in Q and if w(x, 0)=0 for x< R", then
u(x, t)=0 throughout Q.

LEMMA 2. Let a be a positive root of the quadratic equation AX*+ BX+C
=0 (A =0), where B=0 and C<0. Then the function

@(t) = a tanh Axt
satisfies the inequality

@' (t)+ Ap*t)+ Bp(t)+ C=0.

PROOF. Evidently

@ (£) = 4Aate 4 (1 4 e~24t)-2,

so we get
@ (1) + Ap(t) + Bp(t) + C
— [4Ax2e—2z1nt + Aq?(l —_ e—ZAat)Z_I_Bx(l _6_4A“t)
+ C(l +e-2Aat)2] (1 + e—24at)—2

= [Aa’ + Bx+ C+ e (4Aa® — 2Aa® + 2C)
+ e—4Aa!(Aa2 — Ba+ C)](l + e-zAat>—2
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— (e—2Aat + e—4Aazt) (1 ;3§it)2 =0.

4. Now we can state the proof of Theorem.
Let @(¢) and Y(¢) be functions twice continuously differentiable in [0, oo).
We consider the function

(5) Hiz, 2) = expl — ge)log(|z]* + 1) + 1) + Y01
It is easily verified that
LI = 1650 oI 21* + D) + (2] + 17 3 aur

1,j=1

+ 8p(®)(log(|x |2+ 1)+ )(Jx|2 +1)2 i ;XX

i,j=1

—8p(t)(|x|? +1)~* i ;T %;

i,j=1
~ tg(Olog(lx|* + 1)+ ([l + 1) 2 (e + bi)
+c+ @ @)og(|x|2+ 1)+ 1)+ 4 ().
It follows from (3) that

i‘g = (log(|x |2+ 1) + 1)e’(¢) + 16K,9%(¢) + (8K, + 4K,n)p(t) — K;)

+ (—4kng(t) + K, —¥'(2)) .
Thus, if we take
(6) @(t) = a tanh 16K, az,
where a is the positive root of the quadratic equation in X
16K, X* 4+ (8K, + 4K,;n)X — K; = 0,
then we see from Lemma 2 that
@' () + 16K,9%(t) + (8K, + 4K,n)p(t) — K; = 0.

Further, it is easy to see that
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(7) Y(t) = — 4k—I‘<’1*10g(cosh 16K, at) + K,t
1

satisfies
—4knp(t) + Ky —¥' () = 0

for @(¢) given by (6). Thus H(x, ¢) given by (5) for @(¢) in (6) and Y{¢) in
(7) satisfies

LH=0
in Q.
It is evident that H(x, 0) = 1. Further, we can see

(8) H(z, t) = 2445 expl( — dk,na + K]

in Q. The condition (4) implies boundedness of Hi(x, ) in Q. As the Cauchy
data f(x) is bounded, we may assume |f(x)|<<M in R".
If we put

Wiz, t) = MH(x, t) + w(x, t),
then LW, =MLH+ Lu=0 in Q and W.(x, 0) = M+ u(x, 0)=0.
Moreover, we have clearly
Wiz, £)| = p*exp(v*log(|x|® + 1) + 1)*

in Q for some constants u* and »*. Hence we see by Lemma 1 that W.(x,£)=0
in Q, so from (8) we have

lu(zx, t)| = MH(x, t)
< Miexpl(— 4kna+ K)tl, (M =2415M)

for a in (6) throughout Q. From the assumption (4), it is obvious that u(z, t)
converges to zero uniformly in £ € R™ as ¢ tends to infinity.

5. Finally, in the following we state an example which shows that there is
an operator L in (1) satisfying (3) and (4) and having a coefficient ¢ not
necessarily non-positive in R".

EXAMPLE. Consider a differential equation of the particular form
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° o%u ou
(| l l)zaxt2 ¢ ot ’

i=1

c = —K;(log(|z|*+ 1)+ 1)’ + K,.
in Q. Take positive numbers K; and K, as such as

Ki+2nK,

nZ

< K; <K,.

This is possible only in the case 0 < K, <n(n —2). Then we have
K2+ 2nK, —n’K, <0,

which is the condition ( 4) for our equation. Moreover, we see ¢(0,2)= —K;+ K,>0.
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