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1. Introduction. The purpose of this paper is to establish a spectral
decomposition for positive elements in the maximal CCR ideal of type I AW*-
algebra and the corresponding Schatten-von Neumann-Dixmier’ Theorem in a type
I AW *-algebra.

In [5], Kaplansky showed that any type I AW *-algebra is *-isomorphic to
the algebra of all bounded module endomorphisms on some AW*-module over the
center of the AW *-algebra, and can be considered as the extension of type I
factor. Moreover, in [5], a one-dimensional projection on a Hilbert space
corresponds to an abelian projection in a type I AW™*-algebra. Therefore, the
closed ideal (we shall in general mean two-sided ideal) generated by the abelian
projections in a type I AW algebra corresponds to the closed ideal of all
completely continuous operators on the Hilbert space.

2. A spectral decomposition for positive elements in the maximal
CCR ideal of a type I AW *-algebra. Let A be a type I AW%*-algebra with
the center &F. By the Kaplansky Theorem ([5]), we may identify A with the
algebra B(M) of all bounded module endomorphisms on the AW*-module M over
G, where M =Ae, e being any abelian projection in A of central support 1, and
the F-valued inner product on M is denoted by (x, y)y=y*x in & for x, ye M,
we shall identify the center, &F, of B(M) with %Fe. The closed ideal generated by
the abelian projections of B(M) is a maximal CCR ideal in B(M) ([2]), which
we denote by C(M).

The following lemma is useful for the later discussions.

LEMMA 1. (Kaplansky [5]) It ¢ is a bounded homomorphism on an
AW*-module H over an abelian AW *-algebra U, there is a unique a, in H
such that ¢(a) = (a, a,)g for all a< H where (+, )y denotes the N-valued inner
product on H.

Let Z be the spectrum of &F. For each ¢ in Z, define [¢] to be the closed
ideal defined by
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[£] = closure{>_apb; a,€ BIM), b,€ F and b;(¢) = 0

i=1

Let ¥, be the natural map of B(M) onto B(M)/[¢]. For a in B(M), let
a(§) =¥ a). Then ||lal =sup {la(l)l; ¢€ Z}, and the function ¢ — [la(¢)] from
Z into the positive numbers is known to be upper semi-continuous ([ 1]). However,
we have the following lemma for the AW*-algebra B(M).

LEMMA 2. The function & — |a(&)| of Z is continuous.

PROOF. Since |a(¢)]=|a*(&)a(t)|?, it is sufficient to consider the case where
a is positive. Let 2z be in &, then 2(¢) = 2MN¢)I(§). If 2(¢)=a(t) for each ¢ in
Z, then ¢(2)=@(a) for any pure state @ of B(M), hence V¥(z)=+(a) for any
state ¥ of B(M), so z=a. Let Fla)={zc F; 2=a}. Fla) is a bounded net
in & in the decreasing order. Then b= glb.F(a) exists and lies in .
Moreover, we have b=a. For this, it is sufficient to show that, for every x in
M, (bx, x)y=(ax, x)y. For each x in M, let ¢= (x, x)y, d = (ax, x)y, then,
for ze F(a), (2x, x)y==zc, (bx, x)y=>bc and zc=d. Hence, for all positive
number €, 2(c+e)=d+eb, 2= (d+eb) (c+¢)7"; the last inequality holds good for
every z€ F(a), hence b=(d+eb)(c+e)™', or b(c+e)=d+eb, from which it
follows bc=d, i. e. (bx, x)y=(ax, x)y. Since x is arbitrary, b=a. Moreover,
by [11], we have b"(¢) = l|a(t)|| and this completes the proof, since *(¢) is continuous
function of ¢. Q.E.D.

Employing Lemma 2, we can now establish the spectral decomposition for
positive elements in C(M). This is an alternative form for AW®*-algebra of
the one which was proved by H. Halpern.

THEOREM 1. If a is a positive element in C(M), then there is a monotone

decreasing sequence {a;} of positive elements in F and a sequence of mutually
orthogonal abelian projections {e;} uniquely such that

(1) closure {£€Z; M) # 0} = {£< Z; gME) = 1) .

where q, is the central support of e

(2) a,—> 0 as i —> oo (in the uniform topology); and
(3) a= f:, ae; (in the uniform topology) .
i=1

The proof goes just in the same way as Halpern ([ 3]), so we shall omit it.
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3. Schatten-von Neumann-Dixmier’ Theorem in type I AW *-algebras.
Let P be the set of all positive elements a in C(M) such that if > ae, is a
i=1

n

spectral decomposition for a then the increasing sequence {Zai} is bounded above
i=1 n
in &,

DEFINITION. Let S(M) be the set of @ in B(M) such that a*ae€ P, then
S(M) is an ideal in B(M) ([3]). We define the Schmidt class of B(M) to be
the ideal S(M) and the trace class of B(M) to be the ideal T'(M) = S(M)2.

The set of positive elements of T'(M) is the set P. Let a be an element of
P and let a have the spectral decomposition > a.e,. Define the trace Tr(a) of a
i=1

to be the least upper bound of the increasing sequence {Z a,} in &F.

i=1

If a is an element of T'(M), then there exists the positive elements {a,}4-:
in T'(M) such that a=a,—a,+i(a;—a,). We can define uniquely Tr(a) = Tr(a,)
—Tr(a,)+i(Tr(a;)—Tr(a,)) so that Tr is a F-linear function of T'(M) into <.

We show that the Schmidt class S(M) of B(M) is an AW*-module over &.

THEOREM 2. The ideal S(M) is an AW*-module over F.

PRrROOF. Put (a, b)s=Tr(b*a) for a, be S(M), then this is the F-valued
inner product. Define, for a< S(T), |al, = ||(a a)s||'’? then |+, on S(M) defines
a norm.

At first, we show that S(M) is complete in this norm. Let {a,} be a
Cauchy sequence in S(M). By the fact that |al| =|al|, for each ae.S(M) and
that C(M) is uniformly closed, there exists an element a in C(M) such that
las—all -0 as n—oco. We prove that a<cS(M) and that |a,—al,—0 as

n—oo, Let Y ae, be the spectral decomposition of |a|. Put ws(@)=a. By
i=1

the fact that i a;M¢)e, (&) is the spectral decomposition of the completely continuous
operator |a(¢) l—([3]) and [7], we have p,(a)’(&) = pa(a(l)) where u,(a(f)) is the
n-th characteristic number of the operator a(¢), and ||ui(@,—a,)— pr(a.—a)|] — 0

as m — oo, It follows that, for each ¢ in Z and each positive number N,

]x/2/\ 1/2

{Zulen—arf @) = [l - at)
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Y1/2

= lim sup{i (@) — am(f))z}

m—oo k=1

= lim sup lla, — a,l,
for all zn. Therefore, it follows that

N 1/2
{Z/ﬁk(a,. - a)z} = lim sup la, —a,l,
k=1 m—ee

for all n. Therefore, letting N — oo, we find

la, — alls = lim sup la, — a,l|: so that

m—»

llm Ilan —_ allg é llm ”an - am”2 = 0 .
n—00 m, n—oo

Thus the completeness of S(M) is proved.

Next, by the property of AW*-algebra &, we can easily show the following:
If {p,} is a set of mutually orthogonal projections in &F of 1. u. b. p, and suppose
a is an element of S(M) with p,a=0 for all 7, then pa=0.

Finally, we show the following: If {p,] is a set of mutually orthoganal
projections in &F of 1. u. b. 1 and if {4} is a bounded set in S(M), there is a
unique a € S(M) such that pa= pa, for all 2. Let |q,l,*= |Tr(a*a;)| =N? for
all 7, then |a,)|=|a;|,=N. Therefore, there is an a in B(M) such that
pa=pa,; for all i. Let e be an abelian projection in B(M) and let p be the
central support of e. The algebra eB(M)e = Je is *-isomorphic to Fp. Following
[3], we let 7.(a) denote the unique element in Fp such that eae = 7.(a)e.
Let S be a set of mutually orthogonal projections and let F(S) be the set of all
finite subsets of S. For each J of F(S) and for each 7, we have

Pi(Z Tf(a'*a')) = Pi (Z Tf(ai*az)) é T"(ai*di)l’i _é NPi .

fed Sfed

This follows from the fact that 1. u. b.>" 7,(a*a;) = Tr(a;*a,). The proof of this

J e F(S) fed
fact is essentially same as Halpern in [ 3], except for noting that =,(-) is completely

additive on projections ([4]). So>_ 7,a*a) =N-.1. Thus, {Z 'rf(a*a)}
Jed JeF(8S)

fed
is bounded above. Therefore, by [3], a*a< P and a< S(M). This completes the
proof of this theorem. Q.E.D.

We now establish that Hom(C(M), &F), the set of all uniformly bounded
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module homomorphisms on C(M)to &, is identified with the trace class T(M) of
B(M).

THEOREM 3. If ¢ is an element of Hom(C(M), F), there is a unique a,
in T(M) such that ¢(a)= Tr(aas) for all a in C(M). Moreover, for each
acT(M) let |al, = |Tr((a*a)'?)|. Then the function |||, is a norm on T (M)
under which T (M) is an involutive Banach algebra. The function ¢ — a4 is an
isometric isomorphism of Hom(C(M), F) onto T (M) (as Banach space).

The proof of this theorem is same as that of Halpern in [3].

Since an abelian AW*-algebra 9 is *-isomorphic with the algebra of complex-
valued continuous functions on a Stonean space which is the spectrum of A, we
have in the followings to consider “order-convergence” of a net in U. The
following criterion for the order-convergence in U is useful.

LEMMA 3. (Widom [8]) A net {a.} of W order-converges to a (written
a:—a (0)) if and only if given a non-zero projection e in W and a positive
number e there exists a non-zero projection f in A with f<e and a A\, such
that A=\, implies | flai—a)l| <e.

Then, we have the following lemma, which is stated in the strong topology
for a von Neumann algebra.

LEMMA 4. (Widom [8]) The wnmit sphere of W is complete relative to
order-convergence.

Now, we show that Hom(T'(M), &), the set of all bounded (with respect to
|+ 1) module homomorphisms on T (M) to &, is identified with B(M).

THEOREM 4. Let ayc B(M). The function ¢(a)=Tr(aa,) for ac T(M) is
an element of Hom(T (M), F). Conversely, if ¢ is an element of Hom(T'(M), F),
there is a unique ay < B(M) such that ¢(a) = Tr(aas) for all acT(M). The
Sunction ¢ — a4 is an isometric isomorphism of Hom(T(M), F) onto B(M)
(as Banach space).

PROOF. Let ayc B(M) and let ae T(M). Then we have

1T7(aa.)| = laol - |Tr([a])] = lao)l - al .

Thus the function ¢(a)=T7r(aa,) forac T (M) is an element of Hom(7T'(M), &F) and
Il = lla,l by [3].



732 C. SUNOUCHI
Let ¢ be an element of Hom(T'(M), &F). For every fixed & in S(M), the
function a — ¢(b*a) is a bounded module homomorphism on S(J). In fact, by [6 ],
Ig@*a)| = gl - |1 Tr(1b*al)| = gl - 5]l al,.

By Lemma 1 and Theorem 2, there is, for every b€ S(M), a unique ®(b) in
S(M) such that ¢(b*a)=(a, ®b))s for every a in S(M). Let f be a projection in
C(M) and e be an abelian projection. Then

(@D = llre@())*) = ITH(D(S)*e)] = ll(e; D(S))sl
= lg(fe)l| = ¢l - ITr(| fel)l
= |1 N Tr(((S)) )] = 18] - llme(S) ] = 19 .
Now, we have ||®(f)|=2|¢l. Indeed, ®(f) is in S(M) and ®(f)=D(f),—D(.f),
+i(D(f);—DP(f)s) where ®(f), in S(M)* for =1, 2, 3, 4, hence
()] = 12(Sf )1 — (S )all + |D(S)s — D(S)al
= max. (|D(f)il, 1P(f):))+max. (|D(f)s], 1D(Sf)all).

Suppose that max.(|®(f )], |P(S).l) = |®(f).]], and let i ae, be the spectral
decomposition of (), then

1P(f)ll = lla | = llael| = |le;aienl = lex®(f el
= v (@) = ligll .

Similary, max.(|®(f)s], |P(f)all) = |#l. Therefore |P(f)] =2 I|¢l]. Moreover,
®(+) has the following property: for ac S(M) and be B(M), we have »®(a)
= ®(ba). Indeed, for ¢ € S(M),

(¢, b®P(a))s = (b%c, Pla))s = pla*b*c) = ¢((ba)*c) = (c, Plba))s.

The set C(M), of all projections in C(M) is an increasing directed set under
the usual ordering for projections in B(M) with 1. u. b. 1. We shall show that
when g € C(M), converges to 1 in B(M), ®(g) is strongly convergent to a fixed
element a4 in B(M). If g varies over C(M),, for each xeM, we have
(9x, x)y order-converges to (x, x)y in &F, hence

(1=9g)z, 2)u = |(1-g)z|*—>0(0).
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This means by Lemma 3, that, for each x < M, and for a given non-zero projection
e< S and any positive number €, there exists a non-zero projection fe &G, f=e
and a g, C(M), such that g =g, g< (M), implies |f|(1—g)x|?| <e:. Now,
for g, ¢ in C(M), such that g, 9" = g,, we have

(@(g)x, x)u = (P(g)x> gox + (1L — go)x)n
= (92(9)%; x)u+ (D(g)x; (1 — go)x)n
= (D(go)x:x)u + (P(g)2; (1 — go)X)u 5

together with the similar relation by g’, we have

(P(9)x, )y — (P(9')2, x)u

= (Cb(g)x, 1- 9o)Z)y — (P(9')x (1 — go)x) s
so that
| A(®(g)zs x)u— (P(G) x, x)u)]|

= [(@(g)fz fIL — go)x)ull + |(P(g') S, (1 — go)x)ull
= () fx|-IlF1(1 = go)x |2 + | D(g') fxl| « | F1 (1 — go)z| 2| /2
=4 ¢|ol - |xl,

by |®(g)| =2|¢| for all g€ C(M), and, for b in B(M), bd(a) = P(ba) for every
a< S(M). Hence, by Lemma 3 and Lemma 4, we see that ®(g) strongly converges
to an element a4 in B(M):

(®(g)xs x)u—> (apz, x)y (O) for every xe M.
Next, we have ®(f)=fa4 for every fe C(M),, because

(fasZ, Y)u = (as> f)u = order-lim (P(g)x, f¥)u
= order-lin (f®(9)x, ¥)x = (®(F)z> ¥)x

00,
for every x, ye M.
Let a, b S(M), then
l(a, @(®))sll = || p*a)ll = 8] -1I6ll,llal,

so we have |®()]|,=¢| -], Therefore ®(-) is continuous in S(M).
But, for a in S(M), if 3 ae; is the spectral decomposition of |a| and
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n

b.= > a,ue;)) where u is the partial isometry such that «|a| is polar decomposition

of a,bihén |b,—all; =0 if n— oo([7]), hence

®(a) = lim P(b,) = limY_ aud(e,)

N0 n—oo T

= lim Zaiueia,, = llm baay
MN—00 i=1

i e. |®(a) = buagl, = |P(a) — Pba)l, >0 if n— o0

But llbnd¢ —aa:bnz_s_ an_a P
acSM).
Finally, let b P. Then b/2¢ S(M). We have

¢(b) — ¢(b1/2b1/2) — (b1/2, q)(buz))s
= (b'2, b"%as)s = Tr(as*p) .

Therefore ®(a) = aay for every

Therefore, for every b e T(M), ¢(b) = Tr(as*b) = Tr(bas*).

Therefore, if ¢ is an element of Hom(7T (M), F) there is one and only one
as in B(M) such that ¢(a) = T'r(aay) for all ae T'(M). Since the function ¢ — a4
is linear, the function is isometric isomorphism of the Banach space Hom(7T(M), &F)

onto B(M). Q.E.D.

Finally, the author wishes to express his hearty thanks to Prof. M. Fukamiya
in the presentation of this paper. The author also wishes to thanks to MTr.
T. Okayasu, Mr. K. Saito, Mr. H. Takemoto and Mr. T. Kikuchi for several valuable

comments,
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