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1. Let f{z) and g{z) be two integral functoins. It is assumed that the reader
is familiar with the following symbols of frequent use in Nevanlinna's theory:

™{r, / ) , n(r, / ) , N(r, / ) , T(r, / ) , δ(a, / ) , etc..

Valiron [4] proved the following theorem.

Iff(z) is a meromorphic function of finite order μ and of lower order
λ> and if μ—λ<l> then all deficiencies of f(z) are invariant under a change of
origin.

GoPdberg and Belinsky [ 3 ] showed that the condition μ—λ<l in the
theorem can not be dropped.

These theorems can be considered as results on relation between deficiencies of a
composite function f(g(z)) and those of the integral function f(z), where g[z) is a
polynomial of degree 1.

From this point of view we consider the following two problems:
(A) Is f(a0) also a deficient value of f(g(z)), when a0 is a deficient value of

g(z)?
(B) Is w0 also a deficient value of f{g(z)), when w0 is a deficient value of

2. We first deal with the problem (A).

THEOREM 1. Let g(z) be a transcendental integral function and f[z) a
polynomial of degree n. Then, for any w0, it holds that

(1)

where {yjΓ̂ o1 are zeros off(z)—w0.

PROOF. Clearly we see
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It is known that if g(z) is a non-constant integral function and if f(z) a polynomial
of degree n, then

T(r,f(g(z))) α β

T(r,g(z)) —*n ** r—™>

(see Hayman [ 2 ] , p. 54). Thus we have

/ i \ n~1 / i \

JVίr, - 1 TN(r L 1
lim sup J\9)—w*J ^ . ~Ό V flr—7t /

^ n-1

W ι=0

SO

which proves the theorem.

REMARK. Given any transcendental integral function g(z), there exists a

polynomial f(z) such that the equality in ( 1 ) holds.

From Theorem 1 the following is easily obtained.

COROLLARY 1. Let f(z) and g[z) be as in Theorem 1. If a0 is a

deficient value of g{z), then f(aQ) is also a deficient value off(g(z)).

3. We shall next show that if f(z) and g(z) are both transcendental integral

functions, then the conclusion of Corollary 1 does not always hold.

THEOREM 2. Let g{z) be a transcendental integral function of finite

order μ and of a positive lower order λ. Then, for any aQ(^oo), there exists

a transcendental integral function f(z) such that f(a0) is not a deficient value of

f(9(z)).

PROOF. We can choose a sequence {tfj^i of complex numbers and two
sequences {rj T=19 {XJ T=i of positive numbers which satisfy the following conditions
( i ) and (ii):

1 1
( i ) Σ τ Γ T < + ° ° > Σ - Z v Γ - < + c o ' ri
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and

f>g ^ - < +oo, Kt> 1,
1 κt

(ii) T{rι+ι, g)^rl'+\ log+ \at\,

\ai+1\ >Ki+1-M{ri+1, g)

and

l i m Λ(r)-log r =

r-~ T(Γ, #)

where M(r, g) = max | ^ ( ^ ) | and Λ(r) denotes the number of ak such that
\z\=r

<KrM(rp g) for r ^ m i n {rn€ {rjΓ-i'- ^ ^ ^ n } .

In fact, we fix r χ > l and choose ax such that \aλ\ >M(rl9 g). We next

take r 2 ( > r x ) such that

T(r2, g) ^ rψ log+ | Λ l | and r 2

Further, for this r2, we choose a2 such that

| α s | > i ^ 2 M(r 2 , g)9

where

If at has already been determined such that \at\ > Kt M[ri9 g), then we determine

r i + 1 ( > r i ) satisfying

T(r i + 1 , g) ^ rίA log+ | f l i | and r< + 1 ^ (i +

and we choose α i + i such that \ai+x\ > Ki+1 M(ri+1, g) where

By constructing sequences {a^TLv {rJΠ=i and {X"i}Π=i in this way, we see easily

that these sequences satisfy the conditions ( i ) and (ii). We now consider the

infinite product
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f(z) =

\7=1
Π* U--T'

Then/(2;) is an integral function with simple zeros at at. Hence we have

1
m r,

a i ί i o β * a

9(re»)

1

dθ + O(log r)

l-
dθ

1 r>*
-k-\ log+ Π

l - !

and

π
i=Λ(r) l - !

= 11 r,l~-*M\ = 11 M(r,

O(log r)

= π
i=h{r) - ^ _ 1 '

so we see

log+ Π
1 -

oo i °° -j

^log4" Π r~ = Σ) i°g Ϊ~ < 2 .
i=Λ(» )

Thus it follows that

1
m r,

Mr)-11 Γ

= i ί i o g ^ a
• O(log r)

()g+ a w

+

By the second fundamental theorem, we obtain

a 2 τ ( r -
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It is easy to see that

mlr, -9-\ = O(log r)

and

( Λ(r)-l /

r, Σ - ^-T- =O(Λ(r).log r ) .
On the other hand, a result of Clunie (see Hayman [ 2 ] p. 54) implies that if f(z)
and g(z) are two transcendental integral functions, then

Hence, for the sequence {rn}£=1 chosen above, we have

mL I ) 2 T(rn, g) + * £ ' T ( ^ / } + O(A(r,) log r.)

T(rn,f(g)) = T(rn, g) ' T(rn, f(g))

which gives us

U ^ i n f J = °U^-inf T(r,f(J)) = °'
by t h e conditions ( i ) , ( i i ) and ( 2 ) . T h u s we obtain

B{0,f(g)) = lira^ί-^f

This proves Theorem 2.

COROLLARY 2. LeZ f(z) and g[z) be transcendental integral functions.
Even if ao(Φ oo) is a deficient value of g(z), f(a0) is not always a deficient
value off(g(z)).

For, by a result of Edrei and Fuchs [ 1 ], the function g(z) constructed in
the proof of Theorem 2 is of positive lower order, since g(z) has a finite
deficient value. Hence Theorem 2 implies this corollary.

4. Concerning the problem (B), we can prove the following theorem.

THEOREM 3. Let g(z) be a polynomial of degree n and f(z) a transcen-
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dental merσmorphic function of order μf and of lower order λ/. Assume
that μf—Xf<l/n. Then, for any w0, it holds that

δ(wo> f{g)) = δ(w0, f).

PROOF. Using the method due to Valiron [4], we obtain

(1 - 0 « (Λ 7 ^ - ) " 0(108 r) S N(T, J ^

s (l + s) N( , 7 ^ 7 ) +

and

ί, / ) - O(log r) ±Ξ T(r, f(g)) ^ (1 + δ)T(5, / ) + O(log r)

for any £ > 0 and for all sufficiently large values of r and we have

provided that μf — \f< 1/n, where (̂2;) = <zoz
nH ^̂ »» Iz\ = r, \at\ = a

(i = 0, 1, 2, , n), s = aQrn+ hΛn and s = a^—ά^71'1 On. Hence

= 1 - δ(w., / ) .

Similarly we have

Thus we obtain

As a direct consequence of Theorem 3, we have

COROLLARY 3. Under the same condition as in Theorem 3, if zv0 is a
deficient value of f(z), then w0 is also a deficient value off(g(z)).
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