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1. Introduction. Let (M, g) be a Riemannian ^-manifold. Throughout
this paper manifolds under consideration are always assumed to be con-
nected and smooth. Furthermore, we assume dim M = n > 2. Let C(M, g)
be the group of conformorphisms of (M, g) and C0(M, g) the connected
component of the identity. I(M, g) denotes the group of isometries of
(M9 g). A subgroup G of C(M, g) is called essential if there exists no func-
tion p such that G is a subgroup of I(M, g*), g* = e2pg.

The following has been known.

THEOREM A [2, 4]. For a compact (M, g), C0(Mf g) is essential if and
only if (M, g) is conformorphic to a Euclidean n-sphere Sn.

The proof goes as follows. First of all if CQ(M, g) is essential, then
there exists a closed essential one-parameter subgroup G of C{M, g). The
existence of such G implies conformal flatness of (M, g). Then the follow-
ing proposition completes the proof.

PROPOSITION B [4]. Let (M, g) be a conformally flat Riemannian n-
manifold. If there is a closed essential one-parameter subgroup of C(M, g),
then (M, g) is conformorphic to a Euclidean n-space or a Euclidean n-
sphere.

For a non-compact manifold, the following conjecture is quite probable.

CONJECTURE. For a non-compact (M, g), C0(M, g) is essential if and
only if {M, g) is conformorphic to a Euclidean n-space.

In this paper we are going to prove the conjecture affirmatively under
the following situations:

(a) C(M, g) is transitive, and
(b) dim C(My g) > dim M = n.
In fact, (a) implies conformal flatness of (M, g), and (b) does the ex-

istence of a closed essential one-parameter subgroup of C(M, g).
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As an application of the main theorem we consider the case where
I(M, g) is transitive.

Some results related to ours can be seen in [3].

2. The main theorem. We state the main theorem and give a proof
by a series of lemmas.

THEOREM 1. Let (M, g) be a non-compact connected Riemannian n-
manifold, n > 2. If the group C(M, g) of conformorphisms is essential
and transitive, and if dim C(M, g) > n, then (M, g) is conformorphic to a
Euclidean nspace En.

LEMMA 1. If C(M, g) is essential and transitive, then (M, g) is con-
formally flat.

PROOF. For n > 3, let W be the Weyl conformal curvature tensor of
(M, g), whose vanishing implies conformal flatness. Since W is invariant
by any conformorphism of (M, g) and C(M, g) is transitive, W vanishes
identically if it does at a point. To prove the lemma, we assume the con-
trary. Namely, assume that W vanishes nowhere. Then the Riemannian
metric \\W\\g is conformal to g and is invariant by C(M, g). Thus C(M, g)
is not essential, contrary to the assumption.

For n = 3, W is replaced by a tensor field W of type (0, 3) which
plays the same role as W for n > 3. Then a quite similar argument
applies.

LEMMA 2. Under the assumptions of Theorem 1, the isotropy subgroup
of C(M, g) at a point is not compact and contains a closed essential one-
parameter subgroup of C(M, g).

PROOF. Let K be the isotropy subgroup at a point p. If K is com-

pact, since if is a group of conformorphisms, gP ~ \ k*gpdK, where dK is
J K

the Haar measure on K, is invariant by K and is proportional to the orig-
inal gp. Therefore, gp itself is invariant by K. Since C(M, g) is transi-
tive, the iΓ-invariant gp can be extended to a unique C(M, ̂ -invariant
Riemannian metric, which is obviously conformal to the original metric g.
Thus C(My g) is not essential, contrary to the assumption. Therefore, K
is not compact.

Since dim C(M, g) > dim M, we have dim K ^ 1. Then K contains a
closed one-parameter subgroup G which is isomorphic to the group of reals.
Since G is closed in K and is not compact, no compact subgroup of K can
contain G. Therefore G is essential. In fact, if G is not essential, then
G must be contained in the isotropy subgroup K of the group of isomet-
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ries of (ikf, g) for some g conformal to g. Obviously K is a compact
subgroup of K.

PROOF OF THEOREM 1. From Lemma 1, (M, g) is conformally flat, and
from Lemma 2 there is a closed essential one-parameter subgroup of C{M, g).
Then Proposition B completes the proof.

REMARK 1. On (E*9 g0) a conformorphism is a homothetic transforma-
tion, where g0 is a standard Riemannian metric on En. Therefore, C(M, g)
in the above is isomorphic to the group of homothetic transformations of
(En, g0), and dim C(M, g) = 1 + n(n + l)/2.

REMARK 2. Even if C(M, g) is not transitive, any compact subgroup
of the isotropy subgroup K at a point p leaves invariant the original
metric gp at p. This can be seen in the above argument.

3. A homogeneous Riemannian manifold. As a special case of
Theorem 1, we consider the case where I(M, g) is transitive. In this case
the essentiality of C(M, g) becomes simpler, and "conformorphic" is replaced
by "isometric" in Theorem 1.

LEMMA 3. Suppose that the group I(M, g) of isometries is transitive.
Then CQ(M, g) is essential if and only if C0(M, g) Φ I0(M, g), where Go

denotes the connected component of the identity of G.

PROOF. If C0(M, g) is essential, then obviously C0(M, g) Φ I0(M, g).
Conversely assume this. Since I(M, g) is transitive, so are I0(My g) and
C0(M, g) as well. Let K and H be the isotropy subgroups of C0(M, g) and
J0(Λf, g) respectively at a point. Then H is compact and is a subgroup
of K. Since if C0(M, g) is not essential, K must be compact, we have only
to show that K is not compact. Assume the contrary, namely assume
that K is compact. Then by Remark 2 the metric gp at p is i£-invariant.
Since I0(M, g) as well as C0(M, g) are transitive, gp can be extended
uniquely to a C0(M, ^-invariant Riemannian metric g on M. Since I0(M, g)
is a subgroup of C0(M, g), g is I0(M, gr)-invariant as well. Therefore, g =
g, which implies CQ(M, g) = I0(Mf g), contradicting the assumption.

THEOREM 2. Let (M, g) be a non-compact connected Riemannian n-
manifold, n > 2. If I(M, g) is transitive, and C0(M, g) Φ IΌ(M, g), then
(M, g) is isometric to a Euclidean n-space (En, g0) with standard metric g0.

PROOF. From Lemma 3 and our assumptions it follows that C0(M, g)
is essential and dim C0(M9 g) > dim I0(M, g) ^ n. Therefore by Theorem 1
there is a conformorphism / of (M, g) onto a Euclidean w-space (En, g0).
The pull-back f*g0 is denoted by g*. Then g* is conformal to g. At a
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point p the isotropy subgroup H is a compact subgroup of C(M, g) =
C(M, g*). Then by Remark 2 we may assume that #* is iϊ-invariant and
g% = gp. It follows then that I0(M, g) leaves g* invariant and g* = g.
Thus / is an isometry of (M, g) onto (En

f g0).

Theorem 2 is the non-compact version of a theorem of Goldberg and
Kobayashi [1].
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