
Tόhoku Math. Journ.
30 (1978), 95-106.

VECTOR VALUED ERGODIC THEOREMS FOR A ONE-PARAMETER
SEMIGROUP OF LINEAR OPERATORS

SHIGERU HASEGAWA, RYOTARO SATO AND SHIGERU TSURUMI

(Received November 6, 1976)

The purpose of this paper is to prove pointwise ergodic theorems
for a one-parameter semigroup of linear operators acting on the space of
functions which take their values in a reflexive Banach space and satisfying
certain norm conditions.

1. Preliminaries. Let (X, Jβ^ μ) be a σ-finite measure space and
(Y, I I) a Banach space. Let LP(X, Y) = LP(X, J^, μ Y), 1 ^ P < + ™,
denote the space of all strongly measurable Y-valued functions defined
on X for which the norm is given by

•/P

and let LJ^X, Y) = L^iX, ^ 7 μ; Y) denote the space of all strongly meas-
urable Y-valued functions defined on X for which the norm is given by

II/IU = ess sup \f(x)\ < + °° .
xeX

Following Chacon [1], if / is a strongly measurable function on X
and a > 0, then we let

fa'(x) = [sgn/O)] min(α, \f(x)\) ,

fa+(x) = fix) - /""(*) ,

where sgn/(a;) = f(x)/\f(x)\ if /(ap) ^ 0, and sgn/(x) = Qiίfix) = 0.
Let T be a linear operator on L^X, Y) such that || T\\x ̂  1 where

|| Γ||1 '= sup {|| Γ/Id: ||/Hi ^ 1}, and also such that, for some constant ϋΓΞ>l,
supΛSl II Γ / |U ^ XΊI/IU for all feL^X, Y)ΠL^(X, Y). Then Γ can be
extended so that it is defined on each LP(X, Y), 1 ^ p < + °°. In fact,
this is done by letting for feLp(X, Y)

Tfix) = lim Γ(/α+)(x) a.e. on X

(see [1]). We remark that T thus extended maps LP(X, Y) into Z^X, Y)
with HT ll^iΓ, where | |Γ n | | p = sup{|| Tnf\\p: | |/ | | p ^l} This follows from
the Riesz-Thorin convexity theorem.



96 S. HASEGAWA, R. SATO AND S. TSURUMI

Next, let {Tt}0<t<+oo be a strongly continuous one-parameter semigroup
of linear operators on L±(Xf Y). This means that

( i ) each Tt is a linear operator on Lλ{X, Y),
(ii) TtTs= Tt+S for all t, s > 0,
(iii) lim^. \\Ttf - TJ\l = 0 for each feL^X, Y) and each s > 0.
Let us assume in addition that ]| Tt\\x <; 1 for all t > 0 and that, for

some constant K ^ 1, sup f > 01| TJ\\^ S.K\\f\U for all / e LL(X, Γ) Π
L«,(X, Y). Then, given any p with 1 <Ξ p < + co} each Tt is extended
to a linear operator on Lp(Xf Y) with \\Tt\\p ̂  if. And thus, by a standard
approximation argument, {Tt}0<t+oo may be regarded as a one-parameter
semigroup of linear operators on LP(X, Y) which is strongly continuous
on the interval (0, +oo) with respect to LP(X, F)-norm.

It is known that, given any / 6 LP(X, Y) with 1 <Ξ p < + co 9 there
exists a Y-valued function g(t, x), defined on (0, + c o ) χ l and strongly
measurable with respect to the product of Lebesgue measure and μ,
such that, for each fixed t > 0, g(t, x) as a function of x belongs to
the equivalence class of TtfeLp(X, Y). In what follows, g(tf x) will
be denoted by Ttf(x). Then we observe that there exists a μ-null set
N(f), dependent on / but independent of t, such that if x£N(f), then
the ^-valued function t H* Ttf(x) is Bochner integrable over every finite

Ttf(x)dt
TtfdteLp(Xt Y).

a

Similarly, we observe that there exists a μ-null set N'(f), dependent on
/ but independent of t, such that if x 6 Nf(f), then the Y-valued function
t\-^ e~uTtf(x) is Bochner integrable over the interval (0, + co) for every

λ > 0, and the integral I e~uTtf(x)dt as a function of x belongs to the

equivalence class of [°°e-^TtfdteLp(X9 Y).
Jo

2. Maximal and dominated ergodic theorems. Our investigation is
based on the following slight generalization of Chacon's maximal ergodic
theorem ([1], [7]).

THEOREM 1. Let T be a linear operator on L^X, Y) such that
and also such that, for some constant K ^ 1, s u p ^ [| Γ /IU ^
for allfeLάX, Y) Π L^X, Y). Ifl ^ p < + «,, f e~Lp(X, Y) and a > 0,
then

JE(Ka)

where

S \ \fa+(x)\dμ,
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•L ^ > mi £•E{Ka) = \x\ sup >Ka\ .
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PROOF. Since the proof of Chacon's maximal ergodic theorem [1] is
easily modified to show the present theorem, we omit the details.

THEOREM 2. Let {Tt}0<ί<+oo be a strongly continuous one-parameter
semigroup of linear operators on LX(X, Y) such that HΓJd^l for all £>0
and also such that, for some constant K ^ 1, sup ί>01| Ttf\\^ ^ JKΊI/IU

for all f e LX{X, Y) n LJίX, Y). If 1 ^ p < + <*>, fe LP(X, Y) and a > 0,

\ (a-\f'
Je(Ka)

e(Ka) = \x: sup — [TJ{x)dt\ > Ka\ U {x: \f(x)\ > Ka) .
I r>0 r Jo I )

where

PROOF. This is an adaptation of the proof of Lemma VIII. 7.6 in [2].

S r
Ttf(x)dt is continuous in r on the interval

0

(0, + co)f we have

1sup
r Jo

Ttf(x)dt = sup [
r Jo

were Z> denotes the set of all positive rationals. Moreover, for each
r e D, we have

lim
γ Jo

= 0 ,

because {Tt}0<t<+oo is strongly continuous on the interval (0, +°°) with
respect to LP(X, Γ)-norm and I |Γ t | | p ^iε" for all t > 0. Thus, by the
Cantor diagonal method, we can choose a subsequence (V) of (n) such
that for all r e D,

— [rTtf(x)dt = lim Λ - ' Σ V I / , " ) ' / ^ ) a.e. on X .
r Jo *'-H-oorw ! ί=o

Therefore, putting for each nf ^ 1,

/J(α ) - sup

and
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we have

and so
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sup λ[τtf(x)dt
V Jo

<Ξ lim inf f£($) a.e. on X ,

e(Ka) c lim inf En,(Ka) .
Λ'-»-t-oo

Hence, by Theorem 1,

ί (α - |/β"(a0|)d/< ^ lim inf ( (a - |/β-(α0|)dj«
Je(Ka) n>^+™ JEnΛKa)

^\ \fa+(x)\dμ.

We shall next give a dominated ergodic theorem.

THEOREM 3. Let {Γ(}0<t<+oo be as in Theorem 2. Ifl ^ p < + c =
feLp(X, Y), let

f*(x) = sup-1 Γ T«/(x
r Jo

(xeX).

Then f*(x) < + °° for almost all x e l . Jw paticular, if 1 < p <.

\f(x)\pdμ.
p — 1 Jx

PROOF. By Theorem 2 we get

( (α -

^ \jfa+(x)\dμ

Hence

μ{e{Ka)) S μ(\\f\ > -|}) + - | 5 j/ ' +

(X

which implies that /*(«) < + °° for almost all X G I The second assertion
of the theorem is also a direct consequence of this inequality. For the
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detailed discussion, we refer the reader to the proof of Theorem VIII.
6.8 in [2].

3. Ergodic theorems.

THEOREM 4. Let Y be a reflexive Banach space and {Tt}Q<t<+oo a
strongly continuous one-parameter semigroup of linear operators on
LX{X, Y) such that || TJIi ^ 1 for all t > 0 and also such that, for some
constant K^l, sup ί > 0 | | TJ\U ^ K\\f\U for all feL^X, Y) Π L»(X, Y).
If 1 <: p < + oo and f e LP(X, Y), then the ergodic limit

lim — \ Ttf(x)dt
r^+co γ Jo

exists for almost all x e X.

PROOF. We first concern ourselves with the case 1 < p < + oo, Then
the reflexivity of Y implies that LP(X, Y) is a reflexive Banach space.
Hence it is shown that the linear manifold L generated by the functions
of the form

/ - h + (g - T8g) ,

where h, g e Lp(Xt Y) Π LJ^X, Y) and Tth = h for all t > 0, is dense in
Lp(Xf Y). (This is due to Kakutani and Yosida. See, e.g., Corollary VIII.
7.2 in [2].) We notice that if / 6 L then the ergodic limit in the theorem
exists for almost all xeX. In fact, this follows from considering the
case / = g — T8g where geLp(X, Y) f\ Lco(Xt F). If this is the case,
then we get

! ( T | Ttg(x)\dt + p | Ttg(x)\dt)

-+Q a.e. on X

as r—-> +co, and hence limr^+0O (1/r) I Ttf(x)dt = 0 a.e. on X.
Jo

Now assume that / is an arbitrary function in Lp(Xf Y). Choose a
sequence (/w) of functions in L satisfying \imn^+oo\\f — fn\\p — 0 and put
£« = / - / » and

g*(x) = sup
r Jo

Then we get, by Theorem 3, that

(xel)

iβ* —2—
p — 1
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as n —> + oo. Therefore we may write

1 [ Ttgn(x)dt,
V Jo T Jo

where lim^+0O (1/r) 1 TtfΛ(x)dt exists for almost all xeXf for all n ^ 1,
Jo

and where, for each ε > 0, 0 ^ g!(x) < ε except on a set of measure less
than ε, for each sufficiently large n.

This proves the theorem for the case 1 < p < + <*>.
We next concern ourselves with the case p = 1. In this case, since

L±(Xt Y) Π L2(X, Y) is dense in Lt(X9 Y), the above argument shows that
it is enough to notice that if (/J is a sequence of functions in LL(X, Y)
satisfying limΛ_+oo | |/J|i = 0, then we have

lim μ({x:f*(x) > Ka}) ^ lim — \\fn\l - 0 (a > 0) ,

where

f*(x) = sup ^
r>0 r

This inequality is an immediate consequence of Theorem 2 as observed
in the proof of Theorem 3, and the proof is completed.

THEOREM 5. Let Y and {Tt}0<t<+oo be as in Theorem 4. / / 1 <Ξ p < + co
and fsLp(X, Y), then the local ergodic limit

lim — [τtf(x)dt
r->+0 f Jo

exists for almost all x e X.

It should be remarked here that this theorem and the next theorem
have been obtained by one of the authors if Y is the field of complex
numbers and K^l ([6]); for another related result we refer the reader
to [4].

PROOF. We first concern ourselves with the case 1 < p < + co. Then,
since LP(X, Y) is a reflexive Banach space and || Tt\\p ^ K for all t > 0,
it follows that, for each feLp(X, Γ), the set {Ttf:t>0} is weakly
sequentially compact in LP(X, Y). Using this fact we shall prove that
Tt on Lp(Xt Y) converges strongly as έ—* -hθ.

To do this, we notice that

{feLp(X9 Y): lim \\TJ - / [ | p = 0} = U TtLp(X9 Y) ,
ί-H-0 ί>0
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and that for each / e LP(X, Y) there exists a closed separable subspace
B{f) of LP(X, Y) such that feB(f) and TtB(f)aB(f) for all ί>0. Let
{ft: i i> 1} be a dense subset of B(f). Then by the Cantor diagonal method,
we can find a sequence (ίn) of positive reals, with limw^+0O tn = 0, such that
weak-lim^+so Ttnft exists for all /£. It follows by a standard approximation
argument that weak-Iim^+0O TtJk exists for all heB(f).

If we define

Toh = weak-lim Tth (h e B(f)) ,

then it is easily shown that To is a linear operator on B(f) with \\TO\\P^K
and TtTQ = Tt = T0Tt on B(f) for all t ^ 0. Hence / can be written as
/ = /i + /., where TJ = A and TJ2 = 0. Since /, - TJ, = weak-lim^+00 Γ ί β/ l f

it follows that / e U*>o TtLp(X, Y). Therefore we conclude that

lim || TJ - MP = lim || TJ, - /JIp = 0 .
ί-^ + 0 ί-^+0

This proves that Tt on LP(X, Y) converges strongly as ί —* + 0. (Here
we note that this strong convergence is treated in [5] under a more
general setting.)

Let us write To = strong-lim^+0 Γt. Then we have that, for each
feLP(X, Y), lim^+0 [| TJ - TJ\\P = 0 and Tt(f - TJ) - 0 for all t ^ 0.
Hence it follows that

- Tj \f - TJ\\pdt~*O
a Jo

as a —> + 0, and therefore the set M of the functions of the form

h ,

where g, heLp(X, Y) and Tth = 0 for all t ^ 0, is dense in LP(X, Y).

We shall prove that if / e M then limr_++0 (1/r) I TJ(x)dt exists for
Jo

almost all xe X. For this purpose it is enough to consider the case
Ttgdt, where geLp(X, Y). If this is the case, define a Y-valued

0

function ξ(t, x) on (0, + ©o) x X by the relation

ξ(t, x) - [t+aTsg(x)ds ((έ, x) e (0, + oo) x X) .

Then it is easily seen that £(£, x) is a strongly measurable function with
respect to the product of Lebesgue measure and μ, and that, for each
fixed t > 0, ξ(t, x) as a function of x belongs to the equivalence class of
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Ttf e LP(X, Y). Moreover, for almost all x e X, we have

lim ξ(t, x) = [aTsg(x)ds .
ί-»+o Jo

Therefore

lim — Γ TJ(x)dt = lim — [* ξ(t, x)dt
r->+o γ Jo J -»+O γ Jo

= lim ξ(t, x) =
t-»+o Jo

for almost all xe X.
Now assume that / is an arbitrary function in LP(X, Y). Choose a

sequence (fn) of functions in M satisfying limΛ^+001|/ — fn\\p = 0, and put
Qn = f - fn and

= sup
7 >0 r Jo

(lei).

Then we may write, as in the proof of Theorem 4, that

-i- Γ Γt/(ίc)<iί = ^ Γ Γt/n(a;)dt + -^ Γ Γίflr.(a;)dt ,
r Jo r Jo r Jo

where limr^+0 (1/r) \ Ttfn(x)dt exists for almost all xeX, for all n ^ l t
Jo

and where, for each ε > 0, 0 <; ffϊ(αθ < ε except on a set of measure less
than ε, for each sufficiently large n.

This proves the theorem for the case 1 < p < + oo.
The proof for the case p = 1 is exactly the same as the corresponding

part of the proof of Theorem 4, and we omit the details.
THEOREM 6. Let Y and {Tt}0<t<+co be as in Theorem 4 and put, for

all feL^X, Y),

TJ(x) - lim— Vτj(x)dt a.e. on X .
j—+o r Jo

Then To is a linear operator on L^X, Y) with \\TQ\\^1 and \\ Γ0/ίU ^
K\\f\U for all feL^X, Y) Π L»(X, Y), and further

lim || Γ,/- Γo/iL-0
ί + 0

for all f e LX{X, Y).

PROOF. It is obvious that the operator To is linear and satisfies
|| Tΰ\l ^ 1 and || Γ0/|U ^ K\\f\U for all / e L,{X, Y) Π LX{X, Y). It also
follows from the proof of Theorem 5 that, on each LV(X, Y) with 1 <
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p < + oo, Γo = strong-lim^+0 Tt and TtT0 ^= TQTt= Tt for all t ^ 0. Hence,
by a standard approximation argument, we get that, on L,(Xt Γ), TtT0 =
T0Tt - Γ4 for all t £ 0.

Let / be an arbitrary function in Lγ(X, Y), and write /0 = TJ. Then,
since T t/ = TffQ for all t Ξ> 0, it suffices to show that

-Λlli = 0 .

To prove this, we first notice that

fo(x) = lim— Γ TJ0(x)dt a.e. on X ,
r-++Q r Jo

because To/O = /0. Hence, by Fatou's lemma, we get

r-+0 γ Jo

Then, since || Tt\\x ^ 1 for all t ^ 0,

, = Urn 11-ί
r-^+o II γ Jo

Thus we obtain

lim fo--[τtf0dt\\ = o .
r Jo Ik

Hence /0 belongs to the closed linear manifald generated by the set
{TJQ: t > 0}. Since || Tt \\λ <, 1 for all t > 0, this together with an easy
approximation argument shows that

This completes the proof.

4. Abelian ergodic theorems.

THEOREM 7. Let Y be a reflexive Banach space and {Tt}0<t<+oo a
strongly continuous one-parameter semigroup of linear operators on
Lt(X9 Y) such that \\ Tt\\x ^ 1 for all t>0 and also such that, for some
constant K^ 1, sup ί>0[| TJ\U ^ K\\f\\» for all feL^X, Y)(\L»(X, Y).
If 1 ^ p < + co and f e LP(X, Y), then the abelian ergodic limit

lim x\Q°e'λtTtf(x)dt
λ^+o Jo

exists and coincides with the ergodic limit in Theorem 4 for almost all
xeX.
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PROOF. Let / be an arbitrary function in LP(X, Y) where 1 ̂  p <
+ 00. Since there exists a μ-null set Nf(f), dependent on / but inde-
pendent of t, such that if x 0 N'(f) then

\COe-u\TJ(x)\dt< + 0 0 ( λ > 0 ) .

—
L t

We have that, for x g N'(f) and λ > 0,

λ [™e~λtTJ{x)dt = λ
Jo

and that

\x\°te-lidt = 1 .
Jo

Now let f{x) denote the ergodic limit in Theorem 4, and let f*(x)
be defined as in Theorem 3. Then

\[*e-»Ttf(x)dt-?(x)
Jo

" [ - | \tTJ(x)ds - f(x)]dt

\^ 2f*(x) λ2 I te~λtdt + supM*TJ(x)d8-f(x)
t Jo

Hence, letting λ—> +0 and then α—•* + ̂ y we get the conclusion.

THEOREM 8. Let Y and {Tt}0<ί<+oo be as in Theorem 7. Iflύp< + °°
and feLp(X, Y), then the local abelian ergodic limit

lim x\C°e-uTtf(x)dt
t-H-oo Jo

exists and coincides with the local ergodic limit in Theorem 5 for almost
all xeX.

PROOF. Using Theorems 5 and 3, the theorem is shown by the same
argument as in the proof of Theorem 7, and so we omit the details.

5. Remarks on the discrete case. Using Theorem 1 and modifying
the proof of Theorem 4 we can prove the following slight generalization
of Chacon's ergodic theorem ([1], [7]).

THEOREM 9. Let Y be a reflexive Banach space and T a linear
operator on LX{X, Y) such that \\T\\X ^ 1 and also such that, for some
constant K^ 1, supwfel || T*/|U ^ K\\f\U for all feL^X, Y) f] LUX, Γ).
If 1 ̂  P < + °° (rnd f 6 LP(X, Y), then the ergodic limit
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lim — Σ

exists for almost all x e X.

Now, using Theorem 9 and modifying the proof of Theorem 7, we
shall prove the following abelian ergodic theorem.

THEOREM 10. Let Y and T be as in Theorem 9. If 1 ^ p < + co
and f e LP(X, Y), then the abelian ergodic limit

exists and coincides with the limit in Theorem 9 for almost all x e X.

Here we note that the existence of the abelian ergodic limits in
Theorems 10 and 7 was proved by Kopp [3]. However it should seem
that the arguments in the proof of Theorem 1 in [3] must be suitably
corrected.

PROOF. Let / be an arbitrary function in LP(X, Y), where l^p< + °o.
Since [[jΓn||p ^ K for all n ^ 0, it follows that there exists a μ-null set
N, dependent on / but independent of n, such that if x g N then

Σ ^ I T*f(x) \< + co for all λ (0 < λ < 1) .

Hence, for all x g N, we have that

(1 - λ)Σ λ"Γ /(α;) = (1 - λ)2

0
Σ

Hr Σ

» -)- 1 i=I

(l - λ)2
 Σ (Λ + i)λ." = i .

Thus, using Theorem 9, the theorem is proved similarly as Theorem 7.
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