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The purpose of this paper is to prove pointwise ergodic theorems
for a one-parameter semigroup of linear operators acting on the space of
functions which take their values in a reflexive Banach space and satisfying
certain norm conditions.

1. Preliminaries. Let (X, &, pt) be a o-finite measure space and
(Y, |-]) a Banach space. Let L,(X,Y)=L,(X, &, 1Y), L=< p < + oo,
denote the space of all strongly measurable Y-valued functions defined
on X for which the norm is given by

11 = [ 1r@pan]” < +

and let L(X, Y) = L.(X, &, 1Y) denote the space of all strongly meas-
urable Y-valued functions defined on X for which the norm is given by

[ flle = eszseguplf(x)l < 4o

Following Chacon [1], if f is a strongly measurable function on X
and ¢ > 0, then we let

S (x) = [sgn f(x)]-min (a, | f(2)]),
fer) = f(@) — (@),

where sgn f(x) = f(x)/| f(x)| if f(x) # 0, and sgn f(a) = 0if f(x) = 0.

Let T be a linear operator on L,(X, Y) such that || T|, <1 where
Tl = sup{|| Tf|l.:1| fl. < 1}, and also such that, for some constant K =1,
SUD,s, || T°f |l < K|| £l for all feILy(X, Y)NL.(X, Y). Then T can be

extended so that it is defined on each L,(X, Y),1 < p < + o. In faect,
this is done by letting for fe L, (X, Y)

Tf(x) = lim T(f**)(x) a.e. on X
a—+0
(see [1]). We remark that T thus extended maps L,(X, Y) into L,(X, Y)

with ||T"||,< K, where ||T"||,=sup {|| T"f]|,: || f|[,=1}. This follows from
the Riesz-Thorin convexity theorem.
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Next, let {T.},<:<;. be a strongly continuous one-parameter semigroup
of linear operators on L,(X, Y). This means that

(i) each T, is a linear operator on L,(X, Y),

(ii) T.T,= T,., for all t,s > 0,

(iii) lim,., || T.f — T.fl. = 0 for each feL(X, Y) and each s > 0.

Let us assume in addition that || T,], <1 for all ¢ > 0 and that, for
some constant K = 1, sup,s, || T.f |l < K| f|l. for all fe L (X, Y)N
L.(X,Y). Then, given any p with 1 < p < + <, each 7T, is extended
to a linear operator on L,(X, Y) with || T,||, = K. And thus, by a standard
approximation argument, {7T,},<;+.. may be regarded as a one-parameter
semigroup of linear operators on L,(X, Y) which is strongly continuous
on the interval (0, -+ o) with respect to L,(X, Y)-norm.

It is known that, given any feL, (X, Y) with 1 < p < + o, there
exists a Y-valued function g(t, ), defined on (0, + ) x X and strongly
measurable with respect to the product of Lebesgue measure and ,
such that, for each fixed ¢ > 0, g(t, ) as a function of x belongs to
the equivalence class of 7,.feL,(X, Y). In what follows, g(¢, x) will
be denoted by T,f(x). Then we observe that there exists a g-null set
N(f), dependent on f but independent of ¢, such that if x¢ N(f), then
the Y-valued function ¢+ T,f(x) is Bochner integrable over every finite

b

interval (a, b) with respect to Lebesgue measure, and the integral S T.f(x)dt
b a

as a function of = belongs to the equivalence class of S T.fdte L,(X, Y).

Similarly, we observe that there exists a g-null set N"Zf), dependent on
f but independent of ¢, such that if ¢ N'(f), then the Y-valued function
t+> e *T,f(x) is Bochner integrable over the interval (0, + <) for every
x> 0, and the integral Sme‘“th(x)dt as a function of x belongs to the

equivalence class of Swe_?‘Tt fdte L(X, Y).
0

2. Maximal and dominated ergodic theorems. Our investigation is
based on the following slight generalization of Chacon’s maximal ergodic
theorem ([1], [7]).

THEOREM 1. Let T be a linear operator on L,(X, Y) such that || T||,<1
and also such that, for some comstant K =1, sup,., || T"f|l. < K||f]l.
Jorall feL(X, Y)NL(X,Y). If1=p< + o, feL,(X, Y)anda >0,
then

|y @ @D s | 1 @lde,

where
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E(Ka) = «{x sup ;2 Tif(x)| > Ka} .

Proor. Since the proof of Chacon’s maximal ergodic theorem [1] is
easily modified to show the present theorem, we omit the details.

THEOREM 2. Let {T.}oci<cio be @ stromgly continuous one-parameter
semigroup of linear operators on L,(X,Y) such that ||T,<1 for all t>0
and also such that, for some constant K =1, suP,, || T.f |l = K|/ fll-
Jor all feL(X, Y)NLJ(X,Y). If1<p<-+o, feL,(X,Y) and a >0,
then

| @—lr@hde=| 1f@lde,
where
S 1( ' .
o(Ka) = {x sup ‘7 ‘ T.f ()dt| > Ka} Ufe: | f@)| > Ka) .
PrOOF. This is an adaptation of the proof of Lemma VIII. 7.6 in [2].

Since, for each x ¢ N(f), (l/r)Sth f(x)dt is continuous in = on the interval
0
(0, + =), we have

Tl rs@a L{rr@ae|  @eNgy,

sup
r>0

were D denotes the set of all positive rationals. Moreover, for each
re€ D, we have

lim

n—too

’__S T.fdt — LS

' =0

because {T.}o<cici is strongly continuous on the interval (0, + <) with
respect to L,(X, Y)norm and ||T,||, £ K for all ¢ > 0. Thus, by the
Cantor diagonal method, we can choose a subsequence (n’) of (n) such
that for all »e D,

1 STT, f@dt = lim -2 (T,,.)f(x) ae on X.
r Jo NN X A =T
Therefore, putting for each n’ = 1,
k-1 .
fol@) = sup |2 5 (Lw) @] @eX)

and
-E'n’(Ka’) = {(L’Z fn#(x) > Ka} ’
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we have
sup :71— ST T,f(w)dt] < lim inf fE(x) a.e. on X,
re > 0 n'—+oo

and so

¢(Kae) Climinf E,.(Ka) .

n/—too

Hence, by Theorem 1,

| @1/ @hipstimint| @ 1@

Bt
= | |r+@ldp.
We shall next give a dominated ergodic theorem.
THEOREM 3. Let {T.}ociciw b€ a8 in Theorem 2. If1 < p < + oo and
feL,(X,7Y), let

F*(@) = sup '% S T.f (w)dt | @e X).
r>0 0
Then f*(x) < + o for almost all xe X. In paticular, if L < p < + oo,
then

| Fr@rdp = —L @Kyl |f@)rae.
x p—1 X

ProorF. By Theorem 2 we get
Lu(aka){ifi > L) 5| @ 1r-@hix
< | 1r @l (@>0).
Hence

weka) = p({171> 2}) + 2 (7@l au

-
a Jilfl>al/2

IA

2 .
@ Sl[f|>a/2| | fe (@) dpe +

2

agﬂfba/z)

1Fe @) dpe

|f(@)ide  (a>0),

which implies that f*(x) < + o for almost all x € X. The second assertion
of the theorem is also a direct consequence of this inequality. For the
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detailed discussion, we refer the reader to the proof of Theorem VIII.
6.8 in [2].

3. Ergodic theorems.

THEOREM 4. Let Y be a reflexive Banach space and {T.}icicieo @
strongly comtinuous one-parameter semigroup of linear operators on
L(X, Y) such that ||T,||, =1 for all t > 0 and also such that, for some
constant K = 1, sup,s,|| Tof |l < K| fll. for all feL, (X, Y)N L.(X, Y).
If1<p< +oo and feL,(X,Y), then the ergodic limit

lim L S’Tt F@)dt

r—=toco 4 0

exists for almost all xe X.

PrROOF. We first concern ourselves with the case 1 < p < + . Then
the reflexivity of Y implies that L, (X, Y) is a reflexive Banach space.
Hence it is shown that the linear manifold L generated by the functions
of the form

f=h+@—-Tyg,

where h, ge L(X, Y)N L.(X, Y) and T,h = h for all ¢ > 0, is dense in
L,(X, Y). (This is due to Kakutani and Yosida. See, e.g., Corollary VIIIL.
7.2 in [2].) We notice that if f e L then the ergodic limit in the theorem
exists for almost all x € X. In fact, this follows from considering the
case f =g — T,g where ge L, (X, Y)N L.(X, Y). If this is the case,
then we get

J%—S:T,f(x)dtl = (Sol T.g(x)|dt + S:+'| Ttg(x)[dt>

L
p
S%?—KHQH,,-—»O ae. on X

as — oo, and hence lim,_ ., (1/7) Sthf(x)dt =0 a.e. on X.
0
Now assume that f is an arbitrary function in L,(X, Y). Choose a
sequence (f,) of functions in L satisfying lim,.,.||f — f.ll, = 0 and put
g =S — f, and

gn(x) = sup '% S:Ttgn(x)dt‘ (e X).

Then we get, by Theorem 3, that
raypdp < —L _(2K)7 || g.|2— 0
| gi@rdn s — @Y llg.
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as n— +co. Therefore we may write

l' Sthf(x)dt =1 Sthfn(x)dt + L S Tig.(2)dt ,
Vi 0 0

P Jo r

where lim,_ ., (1/7) Sthfn(x)dt exists for almost all ze X, for all n =1,

and where, for eacho e>0,0 < g¥(x) < € except on a set of measure less
than ¢, for each sufficiently large n.

This proves the theorem for the case 1 < p < 4+ oo,

We next concern ourselves with the case p = 1. In this case, since
L(X, Y)N L(X, Y) is dense in L,(X, Y), the above argument shows that
it is enough to notice that if (f,) is a sequence of functions in L, (X, Y)
satisfying lim,...||f.|l, = 0, then we have

lim p((a: £ @) > Ka)) < lim 2117, =0 @>0),

where
f2(@) = sup |7l | T.h@ait|  @eX).

This inequality is an immediate consequence of Theorem 2 as observed
in the proof of Theorem 3, and the proof is completed.

THEOREM 5. LetY and {T,}ociciw b€ as tn Theorem 4. If1<p < + oo
and feL,(X,Y), then the local ergodic limit
lim L S’Tt f@)dt

r—+0 4*

extists for almost all xe X.

It should be remarked here that this theorem and the next theorem
have been obtained by one of the authors if Y is the field of complex
numbers and K =1 ([6]); for another related result we refer the reader

to [4].

PrOOF. We first concern ourselves with the case 1 < p < 0. Then,
since L, (X, Y) is a reflexive Banach space and || T,|, = K for all ¢t > 0,
it follows that, for each feL, (X, Y), the set {T,f:t > 0} is weakly
sequentially compact in L,(X, Y). Using this fact we shall prove that
T, on L,(X, Y) converges strongly as t— +0.

To do this, we notice that

{f e L(X, Y): lim || Tof — fll, = 0} = U TiLy(X, ¥,
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and that for each f e L,(X, Y) there exists a closed separable subspace
B(f) of L,(X, Y) such that fe B(f) and T,B(f)CB(f) for all ¢ >0. Let
{fi: 7 = 1} be a dense subset of B(f). Then by the Cantor diagonal method,
we can find a sequence (¢,) of positive reals, with lim,_ ... t, = 0, such that
weak-lim, ... T, f; exists for all f;. It follows by a standard approximation
argument that weak-lim, ... T, h exists for all h ¢ B(f).
If we define
Tih = weak-lim T, h (h € B(f)),

n—+oo

then it is easily shown that T, is a linear operator on B(f) with |[|T,i|, = K
and T.T,= T, = T,T, on B(f) for all ¢ = 0. Hence f can be written as
f =f.+f, where T,f = f, and T.f,=0. Since f, = T,f, = weak-lim,_... T, f,
it follows that f, e U,s, T:L,(X, Y). Therefore we conclude that

lim || T.f — £ill, = lim | T\.f, — fill, = 0.
t-+0 t—+0

This proves that 7T, on L, (X, Y) converges strongly as t— +0. (Here
we note that this strong convergence is treated in [5] under a more

general setting.)
Let us write T, = strong-lim,,., T,. Then we have that, for each

feLp(X, Y), lim,..,, || T.f — Tofll, =0 and T.(f — T.f) =0 for all ¢ = 0.
Hence it follows that
Hl‘ S Tzfdt - of
a

4
0

= 2\irs = mride—0
a Jo

,

as @ — -+0, and therefore the set M of the functions of the form

=1 YTtgdt T h,
a 0

where g, he L,(X, Y) and T,h = 0 for all ¢t = 0, is dense in L, (X, Y).
We shall prove that if feM then lim,.., (l/r)g T.f(x)dt exists for
0
almost all xe€ X. For this purpose it is enough to consider the case

f =S T.gdt, where ge L,(X, Y). If this is the case, define a Y-valued
0
funetion &(¢, x) on (0, + <) X X by the relation

o) = To@ds  (t2)e, +) x X).

Then it is easily seen that £(¢, ) is a strongly measurable function with
respect to the product of Lebesgue measure and g, and that, for each
fixed ¢t > 0, &(¢, ) as a function of x belongs to the equivalence class of
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T.fe L(X, Y). Moreover, for almost all x€ X, we have
lim £(¢, @) = S“T,g@)ds :
t—=+0 0
Therefore

1im—1—S T.f(@)dt = lim _S £(¢, x)dt

r—+0 9
— lim &(t, o) = S T,g(x)ds = f(2)
t—+0 0

for almost all x € X.
Now assume that f is an arbitrary function in L,(X, Y). Choose a
sequence (f,) of functions in M satisfying lim,_.. ||f — f.|l, = 0, and put

g, = f — f. and
o:@ = sup || T @dt|  @eX).

Then we may write, as in the proof of Theorem 4, that

L nr@ar=1 S Tf@dt + | Tg,@at,
?

where lim,_., (1/7) STth,,(x)dt exists for almost all xe€ X, for all » =1,

and where, for eacfl €>0,0= g¥(x) < e except on a set of measure less
than ¢, for each sufficiently large n.

This proves the theorem for the case 1 < p < + oo,

The proof for the case p = 1 is exactly the same as the corresponding
part of the proof of Theorem 4, and we omit the details.

THEOREM 6. Let Y and {T\ }o<;< .. be as in Theorem 4 and put, for
oll feL(X,Y),

T.f(@) = lim = 1 S T.f@dt ae on X.

Then T, is a linear operator on L (X, Y) with || T, £ 1 and || Tof |l. <
K||flle for all feL(X, Y)N L.(X, Y), and further '

lim | T.f — Tof |, = 0

for all feL(X,Y).

ProoF. It is obvious that the operator 7, is linear and satisfies
[[To], =1 and || Tof|l. £ K||fll. for all feL(X, Y)N L.(X, Y). It also
follows from the proof of Theorem 5 that, on each L,(X, Y) with 1 <
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p < +eoo, T, = strong-lim, ., T, and 7,7, = T,T, = T, for all t=0. Hence,
by a standard approximation argument, we get that, on L,(X, Y), T, T, =
T, T, = T, for all ¢t = 0.

Let f be an arbitrary function in L,(X, Y), and write f, = T,f. Then,
since T.f = T.f, for all ¢ = 0, it suffices to show that

lim [ T,f, — fill. = 0.
t—-+0
To prove this, we first notice that

ﬁ,(x):limlS:Tt,ﬂ,@)dt ae. on X,

r~+0 9

because T,f, = f,. Hence, by Fatou’s lemma, we get

i = v [

1

Then, since ||T,|l, <1 for all ¢t = 0,

170 = lim [ 2§ 7. fae |

Thus we obtain

=0.

1

lim

r—+0

-1 S'T,fodt
r Jo

Hence f, belongs to the closed linear manifald generated by the set
{T.f:t > 0}. Since [|T,||, =1 for all ¢ > 0, this together with an easy
approximation argument shows that

}irg”Ttﬁ) —ﬁlh =0.

This completes the proof.
4. Abelian ergodic theorems.

THEOREM 7. Let Y be a reflexive Banach space and {Ti}iciciw @
strongly continuous one-parameter semigroup of linear operators on
L(X, Y) such that ||T.|, <1 for all t >0 and also such that, for some
constant K =1, sup,s.|| TS |l < K|| f |l Jor all feL(X, Y)N L.(X, Y).
If1<p< 4+ and feL,/(X,Y), then the abelian ergodic limit

lim ) S“’e—“ T,f()dt
A—+0 0

exists and coincides with the ergodic limit im Theorem 4 for almost all
ze X.
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PROOF. Let f be an arbitrary function in L,(X, Y) where 1 < p <
+ oo, Since there exists a gnull set N’(f), dependent on f but inde-
pendent of ¢, such that if x ¢ N’'(f) then

Swe‘“l Tf@)|dt < 4+  (n>0).
We have that, for x ¢ N'(f) and X\ > 0,
N Swe‘“th(w)dt =\ S“’te-n[i Sthf(x)ds]dt
0 0 t Jo
and that
Vrte‘“dt ~1.
]

Now let f(x) denote the ergodic limit in Theorem 4, and let f*(x)
be defined as in Theorem 3. Then

]x S:oe”“ Tf ()dt — f<x>]

S te‘“[ S T.f(@)ds — f(x)]dtl

= 27%() v | te STf(x)ds ~ Fw)| -

Hence, letting M — 40 and then ¢ — + o, we get the conclusion.

THEOREM 8. Let Y and {T.}ici<cio 06 as in Theorem 7. If1<p<+co
and feL,(X,Y), then the local abelian ergodic limit

lim A S e T, f(@)dt

A—+coo

exists and coincides with the local ergodic limit in Theorem 5 for almost
all xe X,

ProOOF. Using Theorems 5 and 3, the theorem is shown by the same
argument as in the proof of Theorem 7, and so we omit the details.

5. Remarks on the discrete case. Using Theorem 1 and modifying
the proof of Theorem 4 we can prove the following slight generalization
of Chacon’s ergodic theorem ([1], [7]).

THEOREM 9. Let Y be a reflexive Banach space and T a linear
operator on L(X, Y) such that ||T|l, =1 and also such that, for some

constant K = 1, sup,s, || T*f |l < K|| flle for all feL(X, Y)N L.(X, Y).
If1<p <+ and feL,(X,Y), then the ergodic limit
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lim L5 Tif()
n i=o

n—>+oo
exists for almost all x e X.

Now, using Theorem 9 and modifying the proof of Theorem 7, we
shall prove the following abelian ergodic theorem.

THEOREM 10. Let Y and T be as in Theorem 9. If 1 <p < +c»
and feL,(X,Y), then the abelian ergodic limit
lim (1 — ) AT f(2)
A-1—0 n=0
exists and cotncides with the limit in Theorem 9 for almost all xe X.
Here we note that the existence of the abelian ergodic limits in
Theorems 10 and 7 was proved by Kopp [3]. However it should seem

that the arguments in the proof of Theorem 1 in [3] must be suitably
corrected.

PrOOF. Let f be an arbitrary function in L, (X,Y), where 1<p < + <.
Since |[T"||, < K for all n = 0, it follows that there exists a pnull set
N, dependent on f but independent of m, such that if x ¢ N then

i‘,ox"]T”f(x)|< L forall M(0<A<T).

Hence, for all x ¢ N, we have that

1= NENTF@ = (=N 5[V 3 T |
SO [CER VR CR S SO

A=A (0 + =1,
7n=0
Thus, using Theorem 9, the theorem is proved similarly as Theorem 7.
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