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1. Introduction. Let . be a family of martingales on a probability
space (2, F, P). The norm inequalities for operators of matrix type on
.7 were obtained by Burkholder, Davis and Gundy [2] [3]. Our purpose
in this paper is to prove a weighted norm inequality similar to that of
Burkholder-Davis-Gundy. Throughout the paper, we fix a BMO-martingale
M,=>pr_,m, such that 1 + m, =¢ (k= 1) for some constant ¢ with 0 <
¢ < 1. Then the process Z given by the formula Z, = 1z, 1 + m,) is
a positive uniformly integrable martingale and the weighted probability
measure dP = (Z./Z,)dP is equivalent to dP (see [6]).

THEOREM. Let @ be a non-decreasing continuous convex function on
[0, o[ satisfying @(0) = 0 and the growth condition @(2t) < CO(t) for all
t=0. If U and V are two operators of matrix type on _, then there
exists a positive constant C = C(U, V, ¢, @, M) such that the inequality
(1) Blo(U**(X))] < CE[®(V*(X))]
holds for allAX € .7, where E’[ ] denotes the expectation over 2 with
respect to dP.

The result for the case Z = 1 was established by Burkholder, Davis

and Gundy [2, Theorem 2.3].
The following inequality was obtained in the continuous parameter
case by Bonami and Lepingle [1] and Sekiguchi [9] independently.

COROLLARY. Let us denote the square function operator by S(X)
and the maximal operator by X*. Then the inequality

(2) cE[0(X*)] < E[0(S(X))] < CE[O(X*)]
18 valid for all Xe

I would like to thank Professors T. Tsuchikura and N. Kazamaki
for many helpful comments.

2. Preliminaries. The reader is assumed to be familiar with the
martingale theory as is given in Meyer [7] and Neveu [8]. Throughout
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the paper, let us denote by ¢ or C a positive constant and by C(p) a
positive constant depending only on the parameter p. Both letters are
not necessarily the same at each occurrence.

1) Notations. Let (2, F, P) be a probability space with a non-
decreasing sequence (F,),», of sub o-fields of F' such that V., F, = F.
Let X=(X,;n=1) be an (F,)-adapted process and (x,, @, ---) be the
difference sequence of X so that X, = >\r., x,.

A matrix (u;; 7 =1, k= 1) is said to be of type B-G (B-G stands for
Burkholder and Gundy) if it has the following properties:

(a) Each entry w;, is an F_,-measurable random variable.

(b) There is a constant a > 1 such that for all k = 1,

(3) a<Suh<a.
J=1

We define U(X), U,(X), U}(X) and U;*(X) for a matrix (u;;) of type
B-G as follows:

UX) = @ lim sup

n—00

n
> Uiy,
k=1

2\1/2
> ’

VLX) = (5] 3 wams
U (X) = supU(X)

t=n

and

i

?)1/2

We write simply U*(X) and U**(X) instead of U#*(X) and U**(X). U(X)
is called an operator of matrix type which was introduced by Burkholder
and Gundy [3]. In the same way, for another matrix (v;) of type B-G,
we can define V(X), V*(X) and V**(X) by using v, instead of uj.
Typical examples, corresponding to the identity matrix or a single-row
matrix, are S,(X) = (i 2%, S(X) = (i #d)"%, XF = supi, | X,| and
X* =sup, | X,|. Let us set X, =U(X)=U3X)=0,Z,=1and F,=F,
for convenience. Now we define X, and X as follows:

n = —xn(Zn~1/Zn) = _xn/(l =+ mn) ’
XAn = kglﬁk ’ X = (XAn)nzl .

U2(X) = (3 sup

ujkxlt
i=1 i<n 1

k=

IS

In particular w, = —m,/(1 + m,), m, = —, /A + w,) and A + m,)(1 +
m,) = 1. So we obtain



WEIGHTED NORM INEQUALITY 3

(4) ‘%n: —_x'n(l—i_mn): —xn_xnmn'

Let us denote by ||X|suo the smallest positive constant ¢ such that ¢*
dominates E[S(X)* — S,_(X)*|F,] P-a.s. for all n = 1. BMO is the class
of those martingales X which satisfy || X||swo < . We choose and fix
a constant ¢ with 1/e =1+ || M|sgmjo=1+ m, =€ >0. Then we get

M e BMO(P) with 1/e = 1 + 7, = ¢, where BMO(P) is the BMO-class with
respect to P (see [4]). Since the equality

(5) E[Y|F,) = E[Y(Z.)Z,)|F,] as. under P and P

holds for all P-integrable random variable Y, it is easy to see that X is
a P-martingale for each martingale X. By (4) we have

(6) eS(X) = S(X) < (1/e)S(X) a.s. .

In this paper, unless otherwise stated, “a martingale” means “a martingale
with respect to P”.

2) Preliminary lemmas. To show our theorem, we need several
lemmas.

LEmMMA 1. Let (a;) be a matrix of type B-G. Then there is a
positive constant C(a) such that the inequality

(B (Ssw

is valid for all Y e BMO(P), where (§,) is the difference sequence of Y.

n

>

=1

)] = C@I1F o BISCO)

ProoF. Let us fix a positive integer N. For any 6 > 0,

l—<,z'1 ?EI? iKY 2>1/2:]
I:{le Sab | ¢ Zxk(sk(X) + ) A(SUX) + ) a0 2}1/2}

< B[ S sup (31540 + 9))( S asu(Su®) + 0gi)} |

=1 1N
by Cauchy-Schwarz’s inequality. Moreover,
wi/(SYX) + 0) = (SUX)* — S (X))/(SX) + 0) = 2(S(X) — Sii(X)) .
Therefore the left hand side of (7) is dominated by

VEZE[ 5 8/0(S a0 + gt )}
= VEZE[ Sy {3 50X + 9 (S )}
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= C@B| Sy(X)*{% 8.X) + i} | oy @)

< C@BIS/(O1E] % (S0 + 09 |

by Schwarz’s inequality. The last factor of the above expression is equal
to

B[ 58X + OUDy — 8, |
= B[ 3, (54X) = Se,(XNSHD) = Seu(D)) + 88u(D) |
= B| £ (S(X) — S (XNEISUTY = Su (V)| F]
+OBSH (D) F | = 11 llono BISH(X) + 0] .

Letting 6 — 0 and then N — <o, we obtain (7).
LEMMA 2. The inequality

k2:1 1Y
holds for all ¥ e BMO(P).

The inequality (8) is of Fefferman’s type. The proof of Meyer [7,
V-9, p. 337] is still valid in our case, where X is a semimartingale with

respect to P.
We are going to verify the inequality (1) in the case @(\) = .

(8) Ey[sgp ] = 1/?H ?“BMO(IA’)EA’[S(X)]

LEMMA 3. Let X be a martingale. Then
(9) E[U**(X)] £ C(ar, &, M)E[S(X)] .
ProoF. By (4) and Lemma 1, we have

n

D UMy,
e}

BU*(X)] = BU*(X)] + E[ (3 sup )]
< E[U*(X)] + C@) || Mlsnoi EIS(X)] -
Applying Burkholder-Davis-Gundy’s theorem and (6), we have
E[U*(X)] = C(@)E[S(X)] = Cla, &) EIS(X)] .
Thus (9) holds.
Here we define 4,, d, and D(X) = (D,),s, as follows:

k-1

4,=0, 4 =3 (Sve)n do=242, D =3d.
i= =1

i=1
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LEMMA 4. There exists a positive constant C(a, e, M) such that
(10)  EIS(XP/(V*(X) + )] = Cla, &, MYE[VX(X) + 6] + E[S(X))
for every 6 > 0 and for every martingale X with E‘[D(X )*¥] < oe.

PROOF. We define H and G as follows:

A, = BIY(V*X) + ®)|F,), hy=H,—H,,, H=Hu,
G, = kZ:,lA,ﬁk and G = (G, .

Note that H is a P-martingale dominated by 1/0. First we show Ge
BMO(P). By Cauchy-Schwarz’s inequality and (3),

4,0 = (B S o] ) (B o) = c@ V.

1
&Lk
1

So we have
(11) |4,H, .| < C@E[Vi (X)(VXX) + 8)|F,.] < Cla)

and IA,,I?,LI < C(a). By using the above inequalities, we obtain

-

BIS@) — 8, (Gy|F,] = B |3 4iki|F,|+ A, — .y

= C(a)E[ 2 Vi AX)hi|F, ]+ 2| AH, 1 + |AH, P

= C@E|,| 3 Ve (Xl — Ai)|F. ]+ C@
< C(a)E[V*(X)?Hf |F,] + Cle) < C(a)

from which

(12) [1Gllsoct < Cle

follows. Secondly we modify D,H, as follows:
A= (S 0)E ) = Z 0+ £ B+ St
= 3\ Doy + 23 Hy oAy + 23 iAo,
= 3\ Dy by — 23 By oA — 23 Hy A, + 2 3\ 24,
Here ZD,,_ﬁk and Zﬁk JAZ, are P-local martingales with value 0 at

time 1, so there is a non-decreasmg sequence {R,,} of stopping times such
that lim, . R,= o a.s. and B[S D, h,]= E'[Z,, »H, ,A,%,]=0. Therefore

we obtain
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~ ~ N N A~ Bn ~
| BDy Ay, < 28] 3 [ Hy Al 2| | + 28] 3 .4k, |

< C@B[ 3 lavi] | + 28 5w Abl| Gy (D)
< C@) | Mo BIS(XO] + 211 Gllvoc BIS(X)] by Lemma 2)
= Cla, M)E[S(X)] (by (12)) .

Since |D,H,| is dominated by (1/6)D(X)*, we get | E[D.H.]| < CE[S(X)]
by the dominated convergence theorem. On the other hand,

VX = Ve X) = St = 23 (S vswvses = da
so we find >, 27, vhai = V(X)* — D,. Then
BISQO(VHX) + 0)] = B| (S0t ) [ (V*X) +9)|
= C@E| (3 Souat) [ (V0 + )| by @)

k=1 j=1

< C@E[(VAX) — D/(V*X) + 9]
= C@{E[V(X)/(V¥X) + 0)] + | E[D.H,]}
= C(a, &, MIE[V*(X) + 6] + E[S(X)]} .
Therefore we obtain (10).
LEMMA 5. The inequality
(13) E[U**(X)] < C(a, &, M)E[V*(X)]
holds for all martingale X.
ProOF. Since S(X)Ais locally P-integrable for a P-local martingale
X, S(X) is also locally P—iptegrable by (6). l§y using the stopping argu-
ment, we may assume E[S(X)] < « and E[S(D(X))] < oo, Applying
Lemma 3 to the case where (u;,) is a single-row matrix, we get E[D(X)*] <
CE[S(D(X))] < «. By Schwarz’s inequality and by Lemma 4, we have
E[S(X)] = E[S(X)(V*(X) + 8)™(V*(X) + 6)]
< BIS(XP(VH(X) + OIE[V*(X) + 5]
< cla, &, M{E[V*(X) + 8] + E[SX)}E[V*(X) + o] .
Put A = E’[S(X)] and B = E’[V*(X) + 6]. Then the above inequality is
equal to 4 < ¢{(B + A)B}?, where A < «. Therefore there e:iists some
constant ¢/, depending only on ¢, such that A < ¢'B, that is, E[S(X)] <
c'E'[V*(X) + 6]. Letting 6 — 0 and combining this inequality with (9),
we obtain (13).
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3. Proof of Theorem. By virtue of Neveu-Garsia’s lemma (see [8,
I1X-8-5]), it is sufficient to prove that there is a positive constant ¢ such

that
(14) E[U**(X) — U*(X)|F,] < cE[V*(X)|F,]

for every martingale X and n = 1. By (5), the inequality (14) coincides
with the following inequality:

(15) E[(U(X) — Us(X))NZ./Z,) | F,] = cE[V*(X)(Z/Z,) | F,]

for every martingale X over (F,). Let 4 be an element of F,. Set
dP = (Z./Z,)dP and X| = {X,+n — X,_.}I, for each martingale X over
(F). Then X' = (X}),>: is a martingale over (F,,_.).»: such that

(16) U**(X) - U*X) 2U**(X') and V*X') < 2V*X)

on A. Furthermore, it is easy to see that M' ¢ BMO with 1/e =1 + mj = ¢
for the BMO-martingale M with 1/e =1 + m, =¢. Therefore the inequality
(18) is still valid for a martingale X’ over (F+,_.)is: and for the weighted
probability measure dP instead of dP. Thus we get E[U**(X')] <
CE[V*(X")], that is, E[U**(X')(Z./Z,); AISCE[V*(X')(Z.|Z,); A] for every
X', where E[ ] denotes the expectation over 2 with respect to dP.
By (16), we obtain

E[(U*(X) = UsA(X))Z o/ Z,); 4] = E[UN(X")(Z../Z,); 4]
= CE[VYX')Z./Z.); 4] = CE[VH(X)(Z./Z.); 4]

for every martingale X. This holds for any 4¢€ F,, so that we get (15).
Hence the theorem is established.
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