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1. Introduction. We shall be in the C~-category. The manifolds
under consideration are connected and orientable. In this note we prove
the following theorem:

THEOREM. Let M be a complete foliated Riemannian manifold with
a foliation Z, and the Riemannian metric be a bundle-like metric with
respect to F. If all leaves of F are minimal and the Ricci operator
Oy of F is mon-positive everywhere and negative for at least one point
of M, then every transverse Killing field of F with finite global norm
18 trivial.

Examples of foliated Riemannian manifolds with bundle-like metrics
and minimal leaves are shown in [2] and [6]. We remark that the as-
sumption on the Riceci operator of & can also be interpreted as the
quasi-negativity of the Ricci operator of & in the sense of Wu [10], [11].

The above theorem seems to be the ultimate generalization of the
vanishing theorem of Killing vector fields started by Bochner. So far,
we have already obtained the following results:

(i) If M in the above theorem is compact, then every transverse
Killing field of . has finite global norm. The theorem in this case was
obtained by Kamber and Tondeur [3].

(ii) If the foliation .# on a complete Riemannian manifold M is
the point foliation, then the Ricci operator oy of & is the usual Ricei
curvature operator and a transverse Killing field of & is a usual Killing
vector field on M. The theorem in this case was obtained by Yorozu
(8], [9]

(iii) The case of the point foliation % on a compact Riemannian
manifold is the well-known theorem of Bochner [1].

Our discussions are essentially based on [3].

The author wishes to express his thanks to Mr. G. Oshikiri for
pointing out mistakes. The referee also made several suggestions on
the manuscript. The author wishes to thank the referee.
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2. Preliminaries. This section is devoted to the review of [3]. Let
M be an n-dimensional complete foliated Riemmanian manifold with a
foliation .#, a Riemannian metric g, and the Levi-Civita connection V¥
with respect to g,. We assume that the foliation .&# is of codimension
g (0 <q < n) and the metric g, is a bundle-like metric with respect to
& in the sense of Reinhart [5]. The foliation & is given by an inte-
grable subbundle E of the tangent bundle TM over M. Let Q denote
the normal bundle TM/E. The metric g, defines a splitting ¢ of the
exact sequence

0E->TMSQ—0

with ¢(Q) = E* (the orthogonal complement bundle of FE). Thus g,

induces a metric g, on Q: go(y, &) = gu(o(v), o(r)) for all v, pe 'Q),
where I'(-) denotes the space of all sections of a bundle. For any
connection D in @, the torsion T, of D is given by

TwX,Y) = Dyn(Y) — Dyr(X) — n([X, Y))
for all X, Ye I'(TM) and the curvature R, of D is given by
RD('X, Y)D = Dx.DYv — Dy.DXv - -D[X,Y]”

for all X, YeI'(TM) and all ve I'(Q) (cf. [2], [8]). Now we define a
connection V in @ by

Ve = (X, Y.])

for all Xe I'(E) and all ve I'(Q) with Y, = o(v) e I'(0(Q)),
Vv = n(V¥Y,)

for all Xe I'(0(Q)) and all ve I'(Q) with Y, = o(v) e I'(0(Q)).

PRrROPOSITION 1 (cf. [2]). The conmection V in Q is torsion-free and
metrical with respect to g,, that is,

Ty =0 and Vxgo=0
for all Xe I'(TM).
We remark that V,g, is defined by
(V29Q)®, 12) = X(go(v, 1) — 9e(V¥, ) — go(¥, Vxtt)

for all XeI'(TM) and v, e I'(Q). We have that 4(X)R, =0 for all
XeI'(E), where 1 denotes the interior product (cf. [2]). We also have
the following:

ProprosITION 2 (cf. [2], [3]). For all v, pte I'(Q), the operator Ry(v, t):
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r@) —r@) is a well-defined endomorphism.

We introduce at a point x € M an orthonormal basis e,,,, - -, €,4, = €,
of Q, with p = n — ¢q. Then the Ricei operator p,: I'(Q) — I'(Q) of &
is defined by

(o) = 3 By, eoe,
for all ve I'(@Q).

DEFINITION. The Ricei operator o, of & is non-positive (resp. nega-
tive) at a point xe M if

go(ow, v), = 0 (resp. < 0)
for all ve I'(Q) satisfying v(z) # 0.

Let V(<) denote the space of all vector fields Y on M satisfying
Y, Zle I'(E) for all Ze I'(E), where [ ] denotes the bracket operator.
We define (Y ): I'(Q) — I'(Q) for Ye V(<) by

6Y)w ==Y, ¥.))

for all yve I'(Q) and Y,e I'(TM) with n(Y,) = v. The right hand side of
the above equality is independent of the choice of the representative
Y, of v. For Ye V(5), 6(Y)g, is defined by

0(Y)go)(v, 1) = Y(gov, 1)) — 9o(0(Y )y, ) — go(», 6(Y)10)
for all v, pe I'Q).

DEFINITION (cf. [3]). If Ye V(s ) satisfies 6(Y)g, = 0, then #(Y)
is called a transverse Killing field of #.

Let Q7(M, @) be the space of all Q-valued r-forms on M. We define
the exterior differential d,: 2"(M, Q) — 2"*'(M, Q) (» = 0) by
r+1 ) ~
d\ﬂ?(Xl, ) Xr+1) = 1; (_1)t+lvxi7](X1, Ty Xi, Tty Xr+1)
+ %(_1>I+J77([Xu Xi]’ Xl; Y Xi ) X:i) ) Xr+1) ’

and define d¥: 2"(M, Q) — 2" (M, Q) by

d: o (__1)rﬂ.+n+1 % dv *
where * denotes the Hodge star operator. The Laplacian 4 is defined
by 4 =d.d¥ + d¥d,. Let 27(M, Q) be the subspace of all Q-valued -
forms on M with compact support. For all », e Q"(M, @) with n or 7
in 2;(M, @), we define
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@M =, 9mA* D) (<+)
and

I21* = {0, 7) -

For example, go(nA*7) = go(», D)EA*E if one of P =£6Qy, T=EQ Ve
2YM, Q) has compact support. If npe 2i(M, Q) or e 2;"(M, Q), we have
(den, 7Y = (n, dX7) .

The space I'(Q) is viewed as the space 2°(M, Q). Let L)(M, Q) be the

completion of 2)(M, @) with respect to the inner product {, ).

DErFINITION. If veI'(Q) belongs to LM, Q) NLXA°(M, Q), then v is
called a field of & with finite golbal morm.
Now, we define A(Y): I'(Q) — I'(Q) for Ye V(<) by
A(Y)w =6(Y)y — Vy
for all ve I'(Q) (cf. [3]). By the torsion-freeness of V, we have
A(Y)w = =V, n(Y)
where Y, e I'(TM) with #n(Y,) = v. Thus we may define
Ay»): I'@Q) — I'(Q)
for all ve I'(Q) by A,(v) = A(Y) with z(Y) = v and A,(»)f =0 for any
function f on M.

PROPOSITION 8. Under the assumption that all leaves of F are
minimal, a transverse Killing field ve I'(Q) of & satisfies Ay = poyw.

Proor. Let X, ---, X,,, be an orthonormal local frame of TM on
a neighborhood of xe€ M such that X, ---, X, e I'(E), X, 4, -+, Xp4e€
I'(0(Q)), and let (X)), =¢, and (X,),=e, (1=1, .-, p;@a=p+1, -+, p+q).
For a transverse Killing field v of &, we have Vyv =0, and V,» =0
with ¥ = 37, (V¥ X)), since the minimality of leaves of & implies that
Y, = 0 where ( ), denotes the ¢(Q)-component of ( ). Thus we have

(4v), = (dydv),

P p+q
= =3 (V2 = Vi) = 3 (V,Vrp = Vo)

P+q

= - Z (Voavxa” -V

a=p+1

with Y, = ViX, and U, = V! X,, and

(Ua)o(Q)y)
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(Vi AsW)(@(Xy)) = Vi, (A, (0)7(Xp)) — Ay(0)(Vy 7(Xp))
= "“quVxﬁ)) + VWG(Q)D
with W = V¥ X;. Hence, in a neighborhood of %, we have
p+q
= 3 (Vr A)®X) .
On the other hand, we have
(Vx AiW)((X5)) = Ro(v, m(X,))w(Xs)

(cf. [3, Proposition 3.17]). In the case of the point foliation, the above
equality is well-known (cf. [4, Proposition 2.2]). Therefore we have
4y = pg.
3. Proof of Theorem. Let us pick and fix a point o of M. For
r >0, we set
B(r) = {xe M|p(x) < r},

where p(x) denotes the geodesic distance from o to x. There exists a
family of Lipschitz continuous functions {w,; » > 0} on M satisfying the
following properties:

0w, =1 for all zeM

supp w, < B(2r)

w,(x) =1 for all xz¢ B(r)
limw, = 1
|dw,| = Clr almost everywhere on M,

where C is a positive constant independent of » (ef. [7], [8], [9]). Then
we have the following:

LEMMA 1. For all ve I'(Q), there exists a positive constant A inde-
pendent of r such that

dw, ® v 5en = (A2 ]5en
where |19 [sen = (2, Waen = | 943, »)"1.
We define d.(w?v) by dy(w?v) = 2w,dw, ® v + wid.v almost everywhere
on M. By the Schwarz inequality and Lemma 1, we have
{4y, wivhpen = (dw, 2w,dw, @ ¥ + WidV)zen

= ” w,.dvl) ||2B(2r) + 2(<wrdv’)9 dwr ® ”»B(zr)
= || w,dep [[Ben — 2|l w.dw | zenlldw, @ Y |lzen
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= [[w,dev||5en — (1/2)[| w.d |5 + 2 dw, @ v |5en)
= (1/2)|w,dep |5 — QAP ][5en -
Thus, by Proposition 3, we have:

LEMMA 2. Suppose that all leaves of F are minimal. For a trans-
verse Killing field v of &, the following holds:

((va, wgv»s(zn g (1/2)”wrdv””%(2r) - (2A/7'2)””“23(2'r) ¢

Since the Ricci operator o, of & is non-positive everywhere, we
have that, for a transverse Killing field v of .~ with finite global norm,

0 = lim sup oy, WiV)5en

lim inf || w,dov |36 = 0
lim (24/r%)|»[[3en = 0 -

From these, we have

0 = lim inf (0o, W) pen = lim inf (1/2)]w,de [3en = 0,

0 = lim sup (o, wi)sen 2 lim sup 1/2)|w,dep [3en = 0 .

Thus d = 0, i.e., Vyu =0 for all Ye I'(TM), and {0, wiY)se., = 0 for
all » > 0. Since the Ricci operator o, of & is negative for at least
one point of M, say z,, we have y(x,) = 0. Since Vyv = 0, we see that
v vanishes identically. Therefore our theorem is proved.
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