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Let (M, g) be a compact Riemannian manifold. We say that (M, g)
is a Blaschke manifold if, for each point m € M, the tangential cut locus
is a sphere of a constant radius (see Besse [2] for details).

In a previous paper [5], one of the authors has shown that a Blaschke
manifold whose integral cohomology ring is equal to that of the complex
projective space CP" is homeomorphic to CP" for n > 0.

Let HP? denote the quaternion projective plane, and let N be a
closed simply connected smooth manifold with the same integral cohomology
ring as that of HP?. We say that N is a fake quaternion projective plane
if N is not homeomorphic to HP®. It was proved by Eells-Kuiper [3]
and Tamura [9] that there are infinitely many non-homeomorphic fake
quaternion projective planes.

In this paper, we prove the following theorem.

THEOREM. Let (M, g) be a Blaschke manifold whose integral
cohomology ring s equal to that of HP*. Then M is PL-homeomorphic
to HP*. Comsequently, there are no Blaschke structures on fake quaternion
projective planes.

For the proof, we show that the first Pontrjagin class of M is equal
to that of HP?:. Then by a result of differential topology (Proposition
17), we know that M is PL-homeomorphic to HP?. For this purpose we
study the homotopy class of a map from the cut locus of a point in M
to a Grassman manifold, which is naturally associated to the sphere
bundle in Proposition 1 (see, §1 below).

After the first draft of this paper was written, the mimeographed
notes of Gluck-Warner-Yang came to the authors’ attention. They treat
the same problem by a somewhat different method.

1. Allamigeon’s results. In this section, we recall results of
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Allamigeon, and state some other related results which we use in later
sections.

Let S"! denote the unit sphere in the Euclidean space R*. By a
great sphere, we mean the intersection of a vector subspace of R" with
St

Let (M, g) be a Blaschke manifold of dimension #n. For a point me M,
we denote by C,, the cut locus of m. By a fibration, we mean a smooth
fiber bundle. The following results are due to Allamigeon [1]. See also
Besse [2].

ProPOSITION 1. The cut locus C,, has a natural structure of a smooth
manifold, and is diffeomorphic to the base space of a fibration of S
such that each fiber is a great sphere with structure group in the
orthogonal group.

Let p: S — B be a fibration by great spheres, with structure group
in the orthogonal group, and let # — 1 be the dimension of the fiber so
that the dimension of B is equal to » — k. Let V(n, k) and G(n, k),
respectively, be the Stiefel and the Grassmann manifolds consisting of
k-frames and k-planes in R", respectively. The natural projection
q: V(n, k)—>G(n, k) defines a principal O(k)-bundle. By taking the k-plane
determined by the fiber, we obtain a continuous map g: B— G(n, k). Let
F(n, k) be the S*'-bundle associated with ¢q. Then F(n, k) is equal to
the set of points (P, x) in G(n, k) X S*~*' such that x is contained in the
k-plane P. Let q,;: F(n, k) — G(n, k) and q,: F(n, k) — S"* be the projec-
tions to the first and the second factor. Then the bundle p: S"*'— B is
naturally isomorphic to the induced bundle g*(F(n, k)). The bundle map
g: S** — F(n, k) covering g is given by §(x) = (gp(x), x) for xe S*'. We
have the following commutative diagram:

G(n, k) x S~
U @
S L, Fim, k) 25§
b e
B -%5 Gn, k)
The following is a direct consequence of the above diagram.

~

LEMMA 2. The composition q,g is equal to the identity map.

Since § is a bundle map and is an embedding, the smooth map g is
of maximal rank. Since S"' is foliated by great spheres, g is injective.
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Consequently we obtain the following.

PrOPOSITION 3. The map g: B— G(n, k) is a smooth embedding
satisfying the following property:

(%) gd) Ng®) ={0} forany b#b in B.
Conversely the following holds.

PROPOSITION 4. Let B be a closed connected smooth manifold of di-
mension n — k, and let g: B— G(n, k) be an embedding satisfying the
condition (x). Then B 1s the quotient space of a foliation of S by
great spheres.

PrOOF. Consider the subset A = ¢;'(9(B)) in F(n, k). Then A is a
compact connected smooth manifold of dimension n — 1. By the condi-
tion (), ¢,| A is a homeomorphism into S*'. By the invariance theorem
of domains, ¢,|A is surjective. Thus we obtain a foliation of S*~* by
great (k — 1)-spheres.

Let E be the disc bundle associated with the sphere bundle p: S** — B
which is obtained from (M, g) by Proposition 1. Then S*~* is the boundary
of the manifold E. We have the following (cf. [2, Theorem 5.43]).

PROPOSITION 5. A Blaschke manifold M is diffeomorphic to the union
of the unit disc D and the disc bundle E glued by a diffeomorphism
along their boundaries.

2. Fibrations of S” by great 3-spheres. Let p: S"— B be a fibra-
tion of S” with structure group in O(4) such that each fiber is a great
3-sphere. Then B is homotopy equivalent to S*. As is stated in §1,
we obtain the map g: B— G(8, 4).

Let BO (4) denote the classifying space of O(4). Note that, since
BO (4) = limy_.. G(N, 4), we have the natural inclusion of G(8, 4) in BO (4).
To know the isomorphism class of the bundle p: S"— B, we study the
homotopy class {g} of g.

Let x, denote the 4-plane in R® defined by the natural embedding
of R, R*=R'x {0JCc R* x R* = R’. We can regard x, as an element
in G(8, 4). Define K to be the closed subset in X = G(8, 4) consisting of
4-planes which fail to be transverse to xz,. Suppose that there exists a
point b, in B such that g(b,) = x,. Since g satisfies the condition (x) of
§1, we have the relation

gB—-b)cX - K.

The 16-dimensional manifold X has the canonical cell decomposition
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by the Schubert cells (see e.g., [4]).
By the definition of Schubert cells, we easily obtain the following.

PROPOSITION 6. The subset K is equal to the union of open Schubert
cells of dimension smaller than 16.

PrROOF. A 4-plane 2 in R® transverse to 2z, if and only if
dim(xNx,) = 0. Thus the Schubert symbol of an open cell containing x
is equal to (5,6, 7, 8) and the dimension of the cell is 16. But we have
only one cell of dimension 16 in X.

We have an obvious corollary.

COROLLARY 7. The open manifold X — K is contractible.

Let D* be a closed 4-disc in B centered at the base point b,.

PROPOSITION 8. Let g, and g, be two embeddings of B in X which
satisfy the following:
(1) gib)) = g(B—b)CX — K for1=0,1.
(2) g,/ D*and g,|D* are homotopic by a homotopy H = {h,(0 <t < 1)}
D* x I - X with h, = g,|D* and h, = g,|D* such that
H({b} x I) = w,
H(D*—{b}) x )cX - K.
Then the homotopy classes {g,} and {g.} in 7 (X) = 7 (X, x,) are equal.
PROOF. Denote by —(B — Int D*) the manifold B — Int D* with the
orientation reversed. Let DB denote the union
—(B —Int DY) U (@D* x I'U (B — Int D),
with boundaries glued by the identity maps. We have the map
h = (g, —(B — Int D) U (H|(6D*) x I) U (9,|(B — Int D)
:DB— X .
Then h(DB)c X — K. Note that DB is homotopy equivalent to S‘. By

Corollary 7, the map h is homotopic to the constant map. Thus we can
construct a homotopy connecting g, and g, keeping b, fixed.

In the following, the condition in Proposition 8 on g,ce¢ and g,c¢ is
simply stated as follows: The embeddings g,oe and g,0e are homotopic
in X — K keeping the center fixed.

3. Transition function. Let M(n, k) denote the set of real (n X k)-
matrices. We write simply M(n) for M(n, n). Let GL () denote the
group of real non-singular (n X n)-matrices. For k& < n, define a sub-
group P(n, k) of GL (n) by
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P(n, k) = {(ﬁ g), AeGL (k), CeGL (n — k), Be M(k, n — Ic)} .

Let gl(n) be the Lie algebra of GL (). The Lie algebra p(n, k) of P(n, k)
is given by

p(n, k) = {(f; g), Ae M(k), Ce M(n — k), Be M(k, n — k)} .

The quotient space GL (n)/P(n, k) is diffeomorphic to G(n, k).
Define a 16-dimensional vector subspace m of gl(8) by

e (0 %) e

Then we have the vector space direct sum decomposition
gl(8) = p(8,4) + m.
We often identify m with M(4), and m is naturally identified with the
tangent space T, X, X = G(8, 4).
Define the map
Exp: m— G(8, 4) = GL (8)/P(8, 4)

by Exp(A) = {exp (4)}, the class in GL (8, 4)/P(8, 4) represented by
exp (A), where Aem and exp: gl(8) — GL (8) is the exponential mapping

of the Lie group GL (8). We express a 4-frame in R® by an (8 X 4)-
matrice. Then Exp (A4) is represented by the (8 X 4)-matrix

i)

where I, is the identity matrix of GL (4).

Let xi€G(8,4) denote the 4-plane orthogonal to the base point
x,€ G(8,4). Then the map Exp is a diffeomorphism such that the image
Exp (m) is equal to the set of 4-planes transverse to xf, for x¢ is

< >
14

Let us define a subset K’ of m = M(4) by K’ = Exp~* (X).

LEMMA 9. The space K' is equal to the set of matrices Ae M(4) such
that det A = 0. Consequently, K’ is a linear come centered at 0.

PROOF. An element Aem belongs to K’ if and only if Exp(A) is
not transverse to x,. But the 4-plane Exp (A4) is transverse to z, if and
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only if det A = 0.

We have the Stiefel manifold V(8, 4) and the GL (4)-principal bundle
q:V(8,4)—>G@B,4) = X. An element in V(8,4) is represented by an
(8 x 4)-matrix of rank 4. We give a trivialization & of the bundle ¢
restricted over Exp (m),

h: Exp (m) x GL (4) — ¢ '(Exp (m))
by

ha, g) = ( 9 ) , where o =ExpA, Acm.
Ag
Similarly we define the map Exp*: m — G(8, 4) by

Exp* (4) = <(; Io‘) exp(4) in GL (8)/P(@, 4) .

Then Exp* (0) = 2+ and Exp (A) is represented by

A
2
The image Exp* (m) is nothing but the Schubert top cell of G(8, 4). As
before we have a trivialization h* of the bundle ¢ over Exp* (m),
ht: Exp (m) X GL (4) — ¢ (Exp* (m))
defined by

A
h*(a, g9) = < g> , Where a = Exp*(A4), Aem.
g

Note that By Lemma 9, the intersection Exp (m) N Exp* (m) is equal to
the set Exp (GL (4)).

PropPoOSITION 10. On Exp (m) N Exp* (m) = Exp (GL (4)), the transi-
tion function k: Exp (GL (4)) — GL (4) of two trivializations h and h* is
given by

k(Exp (4) = A4, for AeGL®#4),
that s, h(a, g9) = h*(a, Ag), for (a, g)€ Exp (m) x GL (4).
ProorF. If a = Exp(4) for Ac GL (4), then a = Exp* (47"). Solving

the equation
< 4) < | >
A h ’
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we obtain that h = A at «a.

4. Non-singularity of the matrices in ¢.(T, B). Let B be the base
manifold of the fibration of S’ by great 3-spheres and g: B— G(8, 4) be
the smooth embedding of §2. By homogeneity of G(8, 4), we may suppose
that ¢g(b,) = x,, where b, is a base point of B.

Identify Tym with m itself and identify T,G(8, 4) with m = M(4) by
(Exp),, the differential of the map Exp at =z,.

PROPOSITION 11. For any mnon-zero vector X in the tangent space
T, B, g.(X)e M(4) is a non-singular matrix.

Before the proof, we study the tangent spaces at the base points
of the manifolds F(8,4) and S’ treated in §1. We define a subgroup
P*(m, n — 1) in GL (n) by

P, m —1) = {(g g) . 0<acR, be M1, n — 1), CeGL(n—l)} ,
and define H in GL (8) by

0 C

Then F'(8,4) and S’ are diffeomorphic to homogeneous spaces GL (8)/H
and GL (8)/P*(8, 7), respectively.

Let m” and mS be vector subspaces of gl(8) defined by
00

0
mf =<la O ; a€ M(@,1), Be M(4, 4);,
B

H= {(A B) ; Ae P*(4,38), Be M(4), CeGL (4)} .

(=

0 0
ms = (a 0 0 ; a€ M@3,1), be M(4,1)
b 0 0
Then the exponential mapping exp of GL (8) defines the smooth maps
Exp: mF — F(8, 4)
ExpS:mS — 8§,
We denote the base point of F(8, 4) and S” by the same letter 0. Then
(ExpF)y: m" — T F (8, 4)
(Exp®),: m® —-T,S"
are isomorphisms. We identify T, G(8, 4), T.F(8, 4) and T,S" with m, m”
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and m* by (Exp),, (Exp”)., and (Exp®),, respectively. Note that the
differential (g,).: T,F(8, 4) — T,S” is equal to the natural projection of m~”
onto mS.
PROOF OF PROPOSITION 11. Put V = g,(X)e M(4). There exist P,
and P, in O(4) such that P,VP;! is the diagonal matrix
v,
Ve
Vs
Uy
with 0 < |v,| £ |v,| £ |vs] £ |v,|. Let Qe GL (8) be the matrix defined
by
P, 0
= [y »)-
Denote by QFf, Q° and QF the left multiplication of @ on S’, G(8, 4) and
F'(8, 4), respectively. Then QF fixes z, in G(8, 4). The differential (Q%),:
m—m is given by (Q%.(4) = P,AP . Consequently, we have
(2
v
@)(V) = ’
Vs
Vy
Let 4: m = m” be the natural inclusion. Let y be the point in S” defined
by y=g"(Q")'0). Take YeT,(S") such that X = p,(Y). Then
(@M):9.(Y)e T,F(8,4). Since q,°Q" = Q%-q,
(20)+(@7)F:(Y) = (@9)(0):F(Y)
= (@9)(V) = (¢)«1((Q@)(V)) .
Consequently, the difference (Q7),9.(Y) — 1((Q%).(V)) is a vector tangent
to the fiber ¢i'(x,). Since ¢;'(x,) = §(»~ (b)), there exists Ze T,(S") with
9«0«(Z) = V such that (Q7),§.(Z) = i(Q%),(V)). We can naturally
identify mS with the set of column 7-vectors. We express an element
in m® by the transpose of a row 7-vector. We have

(22)4(@7)494(Z) = (g2)51((Q%)(V)) = (0, 0, 0, v, 0, 0, 0) .
Note that ¢, Q" = QSoq, and ¢,-§ = identity. Thus
0,0,0,v,0,0,0) = (Q,(2.):9(2) = (@)(2Z) .
Since g, is injective, V # 0 and Z = 0. Consequently, it follows that
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v, 0. Then v, #0 for 1 <47 < 4and det V # 0. The proof is complete.

5. Linear map. We have identified M(4) with T7,G(8,4). By a
linear isomorphism, we also identify R* with T, B. By Proposition 11,
we have the linear map g,: R* — M(4) such that ¢,.(V)e GL (4) for V == 0.
Let S® be the unit sphere in R*. If ¢.(S% is contained in the connected
component of the identity of GL (4), which we denote by GL* (4), then
we define ¢ to be the homotopy class of g,[S%: S*— GL*(4). For all
base points © of GL*(4), w;(GL* (4), ) are canonically isomorphic, and we
simply denote it by z,(GL* (4)). Thus ¢ is an element of m,(GL™ (4)).

Consider the case where ¢,(S®) is contained in the different connected
component of GL* (4). Let R denote the element in GL (8) defined by

R_(I, 0)
“\0 -1/’

where I, denote the identity matrix of GL (k). We define an automor-
phism J of the Stiefel manifold V(8, 4) by J(a) = {RA}, where A< GL (8)
represents a € V(8, 4). The automorphism J induces an automorphism J’
of G(8,4). Thus J is a bundle isomorphism and J’ fixes the base point
2, The differential (J'), is equal to the multiplication of

o -1

on M(4). In particular J’ maps the subset K onto itself. The composi-
tion (J),g9, maps S® into GL* (4). We define oe m,(GL* (4)) to be the
homotopy class of (J').g.|S% S® — GL* (4).

Remark that the composition

(J)xgx: Rt — M(4)

is a linear map of vector spaces. The class ¢ will be shown to coincide

with the homotopy class of the characteristic map of the bundle
»:S"— B.

6. Homotopy class of linear map. In this section, we study the
homotopy class of f|S° where f: R*— M(4) is a linear map such that
S(R* — {0}) c GL* (4).

The Lie group S® = Sp(1) is naturally considered as the subgroup of
GL* (4). Let GL* (4)/S® be the coset space and let 8: GL* (4) — GL* (4)/S®
be the projection. Since GL* (4)/S® is diffeomorphic to SO (3) x R®, we
have 7,(GL* (4)/S®) = Z. The homotopy class of the composition g0 f|S®
defines an element in m,(GL* (4)/S?), the isomorphism class of which is
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independent of the choice of the base point. Let A\ be a generator of
my(GL* (4)/5°).
The aim of this section is to prove the following.

ProposITION 12. Let f: R*— M(4) be a linear map such that
f(R* — {0}) cGL* (4). Write

{B° f|8%} = mhe my(GL* (4)/8°) ,
where me Z. Then we have
Im| < 2.

For the proof, we need several lemmas. Firstly, we define a map
7: GL (4) > GL (8) as follows. Denote by H the field of quaternions and
put H* = H — {0}. We naturally identify H with R*. To each element
x€ H, we associate a matrix m(x)e M(4) defined by m(x)y = xy for
y€ H= R*, where zy denotes the product of # and y in H. Thus
m(x) € GLT (4) if x#0. Represent an element Xe GL (4) by (X, X,, X;, X)),
where X, are column vectors and considered as elements in H*. For
any xz€ H, we denote by Ima the imaginary part of z. We regard
Im 2z as a 3-dimensional column vector. Define »(X) by

»(X) = (Im X;'X,, Im X7'X;, Im X{'X,),
= (Im m(X7)X,, Im m(X7")X,, Im m(X7")X,) .

LEMMA 13. For any Xe GL 4), the (8 X 3)-matrix r(X) is mon-
singular.

ProoF. We have det (1, Xi'X,, Xi'X,, X;'X,) = det (m(X))"'X). If
XeGL(4), then X,#0 and det m(X,)#0. Thus det»(X)=det(Im X;'X,,
Im XX, Im X;'X,) = det (m(X;?)) det X = 0.

Note that if Xe GL* (4), then »(X)e GL* (3).

Secondly, we want to write down the composition 7o f: R* — GL* (3).
Define vectors e', ¢?, ¢, ¢ in R* — {0} by

1 0 0 0

0 1 0 0
1 2= 3: L J—
“=1,l e NE e nE e 0

0 0 0 1

For © =1, 2, 3,4, put F* = f(¢). Then F‘e GL* (4). Write
Fi = (ai’ bi’ ci’ di) ’

where o, V%, ¢!, d*c R* — {0} = H* are column vectors. Define a (4 X 4)-
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matrix A by A = (a', a% ¢* a*). Similarly we define (4 X 4)-matrices B,
C and D. Then for a vector

y

Ly

s

Ty
in R*, we have

f@) =3« F*
= Xl xal, X ab, D wiet, 3 xd)
= (Az, Bx, Cx, Dzx) .

Since f(x)e GL* (4) for « # 0, A, B, C and D are non-singular (4 X 4)-
matrices.

If Ae GL* (4), the homotopy class of f|S® S* — GL* (4) coincides with
the homotopy class of A7f|S% S* — GL* (4). If Ae GL~ (4), Image (A=f|S?
is contained in GL~(4). But GL~ (4) is diffeomorphic to GL* (4) and all
arguments work as in the case where Ae GL*(4). Thus in any case,
we assume that A is the identity matrix I, and f(x) = (x, Bz, Cx, Dx).

Define skew-symmetric (4 x 4)-matrices P,, P, and P, by
1 1 1

1 -1 -1
LEMMA 14. Assuming that A = I,, for xe€ R* — {0} = H*, we have
(’x(PlB)x, te(P,C)x, tx(P.D)x

7o flx) = ty(P,B)x, *x(P,C)x, *x(P,D)x
tx(PyB)x, 'u(P,C)x, ‘w(PyD)x

ProOF. By our definition, »of(x) = Im 2Bz, Im ¢~'Cx, Im 27 Dx).
Then the proof is a direct calculation using

X, Xy X3 A
1 — Xy X, Ly — Uy

-1\ 1 ) —
) = @ = lxlﬁ\

Ed§

—%3 —% X X
—% Ty —% Xy

By this lemma, we know that each entry of the matrix »of(x) is a
homogeneous polynomial of degree 2 in four variables z,, x,, %, «,.
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Thirdly, let N be the subgroup of GL*(8) defined by N ={g =
(9:5) € GL*(3); 9:; = 0(% > j), 9, > 0}. Then N is diffeomorphic to R® and
GL™* (8) is diffeomorphie to SO (8) x N, by the orthonormalization of Gramm-
Schmidt. Let w: GL* (8) — SO (3) denote the canonical projection.

The following is easy to see.

LemMMA 15. The homotopy class {B°f|S’} is equal to the homotopy
class {worof|S®emy(GL* (4)/S%), where we identify w,(SO(3)) with
s (GL* (4)/S% by the inclusion.

Fourthly, in order to know the homotopy class of the composition

worof|S% S* — GL* (4) — GL* (3) — SO (8) ,
we count the degree. For xzc S°, represent the (3 x 3)-matrix (o f|S%)(x)
by (h;(x)). By Lemma 14, h,(x) is a homogeneous polynomial of
degree 2. By the definition of w, it follows that the inverse image
(worof]|S*™(I), I being the identity of SO (3), is contained in the set
of points x in S® such that %,(®&) = hy®) = hy(x) = 0. We consider the
solutions of real homogeneous polynomial equations of degree 2 in CP?.

LEMMA 16. We can choose a map H': S® — GL* (8) with H'(x) = (hi;(x))
which satisfies the following conditioms:

(i) H' is homotopic to rof|S°.

(ii) hi;(x) is a real homogeneous polynmomial of degree 2 for 1 <1,
Jj=3.

(iii) The number of points y in CP?® such that h,(y) = hy(y) =
his(y) = 0 18 finite.

PrOOF. A complex homogeneous polynomial of degree 2 in C* is
written as > << ai®; With a,;€ C. Thus it corresponds to the point
(a;;) in C*. We put hi;(x) = h,(x) for 1 = j and choose h;;(x) sufficiently
near to h,(x) for 7 < j, so that det (h,(x) + t(hi;(x) — hi(x))) = 0 for
0 <t <1andfor any x € S® as follows. In the product space CP?® x (C*),
we have the algebraic manifold V = {(x; 2, % h®); hi(x) = 0 for 7 =1, 2, 8,
hi are complex homogeneous polynomials of degree 2}. The codimension
of Vin CP® x (C")is equal to 3. Let p: V — (C*)* denote the projection
to the second factor. The set W = {ve V;dim p~(p(v)) = 1} is a Zariski
closed set. The closure p(W) of p(W) in the usual topology of (CY)p is
Zariski closed algebraic set. The codimension of p(W) in (C) is greater
than 0. Let U be an open set in (R“)?®. Then the Zariski closure U’ is
equal to (C®?°. Consequently, the intersection p(W)N (R°)* does not
contain any open set in (R")®. Thus, for any point ke (R"), we can
choose &' in (R™) near to k', such that ¥’ is not contained in P(W). The
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point %’ defines real homogeneous polynomials hj,, ks, hy; of degree 2 with
the desired properties.

Now we are in a position to prove Proposition 12.

PrROOF OF PROPOSITION 12. Let P® denote the real projectives 8-
space and let &: S®*— P® be the covering map. Since H'(z) = H'(—x)
for e S% there exists a map f': PP —>GL*(3) such that H' = f'o¢:
S2 — GL* (8). For ye P?, write f'(y) = (fi;(y)). Define a subset Z in P*
by Z = {ye P*, fa(y) = fiw) = fu(y) = 0} and Z° in CP* by Z° = {y CP*,
fo¥) = fu(y) = fisty) = 0}. Then Zc Z° and Z° is a finite set by our
definition of H'. By Bezout’s theorem in CP® (see e.g., [6, Chapter IV]),
the set Z° consists of 2° = 8 points and Z consists of at most 8 points.
Denote by D the dihedral group of order 4 in SO (3). The group D is
isomorphic to Z, 4+ Z, and generated by

1 —1
-1 and -1
-1 1

Then the inverse image (wo f')™(D) is contained in Z. If wof’: P*—
SO (8) is not surjective, then wo ' is homotopic to the trivial map. So
assume that wo f’ is surjective. Then there exists a point » in D such
that (wo f')'(v) consists of at most two points. Since the homotopy
class in Z = 7,(GL™* (4)/S?) is equal to the degree of the map f': P* — SO (3),
the proof is completed.

7. Proof of Theorem. The following is known (see [3], [7], [9]).

PrROPOSITION 17. Let N, and N, be two closed simply connected
smooth mamnifolds with the same integral cohomology ring as that of HP®.
Denote by p,(N,) and p,(N,) their first Pontrjagin classes. Then N, and
N, are PL-homeomorphic if and only if

2.(N,) = £p,(N,) .

The proof is given as follows. Embed S* smoothly in N, (i =1, 2),
so that S* is a generator of H,(N,; Z). Let T, be a tubular neighbor-
hood of S*. Then N, is PL-homeomorphic to the union 7,U D% If
n(N) = £p,(N,), then T, and T, are diffeomorphic and N, and N, are
PL-homeomorphic. Conversely, if N, and N, are PL-homeomorphic, then
T, and T, are bundle isomorphic and p,(N,) = *+p,(N,).

Suppose that N is a Blaschke manifold with the same cohomology
ring as that of HP?. A Blaschke manifold is known to be simply
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connected unless the cohomology ring is equal to that of a real projective
space ([2, 7.23]).

By Proposition 5, N is diffeomorphic to the union E U D® where E
is the 4-disc bundle over B associated with the sphere bundle p: S"— B.
To know the isomorphism class of the bundle E, it is sufficient to know
the homotopy class of g: B— X = G(8, 4) with g(b,) = x,. The differential
g4 is the map from R*= T, B to T, X = m.

Let D%r) be a closed 4-disc of radius » > 0 in T, B and e: T, B— B
be the exponential map for some Riemannian metric of B. Since K’ =
Exp™(K) is a linear cone in m = T, X by Lemma 9, for small » >0,
we can choose a map ¢": B— X such that

(i) g'oe=Expog, on D¥r/2),

(ii) ¢'=g¢ outside e(D*r)),

(iii) g¢'oe|D*r) and goe|D*r) are homotopic in X — K keeping the
center fixed (see the remark after Proposition 8). By Proposition 8, the
homotopy classes of g and ¢’ are equal in #,(X). Note that ¢’ satisfies
the following relations:

g'(B — e(D*(r))) c Exp* (m) ,
g'(e(D¥(r))) c Exp (m) .

LEMMA 18. The homotopy class of the characteristic map of the
bundle E is equal to o€ nw,(GL* (4)) defined in §5.

PRrROOF. Since g has the above property, p~e(D*(r)) and p~'(B—e(D*(r)))
have trivializations induced from those of ¢~'(Exp (m)) and ¢ *(Exp* (m)).
Write S® for 0D*/2). Then by the definition of ¢’ and Proposition 10,
we have

kog'oe|S® = koExpog,|S® = g,[S.
Thus the characteristic map of E is given by the map
94|S% S*— GL(4) .

If the image of g,|S® is not contained in GL* (4), changing the triviali-
zation of ¢'(Exp(m)) by J (see §5), we can assume that ¢,(S° is in
GL* (4). The proof is completed.

Let f and g be maps from S*® to SO (4) defined by f)y = ayx™,
g(x)y = vy where x and y are quaternions with norm 1. Denote their
homotopy classes by M and z#. Then A and g generate m,(SO (4)) =
ny(GL*(4)) = Z + Z. Thus we can write ¢ = m\ + ng, where m, ne Z.

Let a be a generator of H%B;Z) and let p,(E) denote the first
Pontrjagin class of the bundle E. Then the following holds.
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LEMMA 19. If 0 = m\ + npy, then
»(H) = £2(2m + n)a .

Proor. In the case where B is diffeomorphic to S* this lemma is
proved, e.g., in Tamura [8]. Since the proof uses only the obstruction

theory, this holds for any closed base manifold B homotopy equivalent
to St

By Proposition 12, we have |m| < 2. Since the boundary E is
homeomorphic to S’, we have » = +=1. Choosing an orientation of E,
we may assume that n = 1.

The following holds.

LeEmMMA 20. Suppose that 0 = mh + p. Then E is diffeomorphic to
S” if and only if m(m + 1) = 0 mod 56.

PrROOF. This is proved in [9], [10] when B is diffeomorphic to S:.
Since the proof uses only the Pontrjagin classes, the result is true for
any closed smooth base manifold homotopy equivalent to S

Proor or THEOREM. The first Pontrjagin class p,(N) of the manifold
N is equal to p,(F). The integer m with |m| < 2 which satisfies the
relation m(m + 1) = 0 mod 56 is equal to either 0 or —1. In these cases,
p(N) = *+2a by Lemma 19. Since p,(HP? = 2, it follows from
Proposition 17 that N is PL-homeomorphic to HP?:. The proof of
Theorem is completed.
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