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Introduction. Let M be a compact oriented manifold and ^~ a
Riemannian and harmonic foliation with respect to a bundle-like metric.
Kamber and Tondeur [3] proved the fundamental formula for a special
variation of ^ and making use of it they showed in [4] that the index
of a Riemannian and harmonic foliation on the sphere Sn (n > 2) for which
the standard metric is bundle-like is not smaller than q + 1, where q is
the codimension of j^~.

The purpose of this paper is to prove that any harmonic foliation on
a compact Riemannian manifold of non-negative constant curvature for
which the normal plane field is minimal (see § 1 for the definition) is totally
geodesic. As a corollary we can state that any Riemannian and harmonic
foliation on the sphere Sn (n > 2) for which the standard metric is bundle-
like is totally geodesic. Moreover, Escobales [1] has classified recently
all totally geodesic foliations on the spheres for which the standard metrics
are bundle-like. This means that harmonic foliations on the spheres for
which the standard metrics are bundle-like have been completely classified.

On the other hand, a theorem of Ferus [2] gives an estimate for the
codimension of a totally geodesic foliation of the sphere Sn. Thus we
can apply these results to the foregoing theory of Kamber and Tondeur
to sharpen their result.

The authors wish to thank the referee for his useful advice.

1. Preliminaries. We shall be in the C°°-category. Let (M, g) be
an ^-dimensional Riemannian manifold, and &~ a foliation of codimension
q on M. Then there arise two tensor fields associated with a foliated
Riemannian manifold (M, g, ^~) as follows. Denote by V(M) the space
of vector fields on M, and by V the Riemannian connection on M. For
any Xe V{M) we decompose it as

X = X' + X" ,

where Xf (resp. X") is tangent (resp. normal) to ^~. Actually, choosing
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a suitable Riemannian metric on the tangent bundle T{M) of M, we may-
decompose T(M) as the direct product ^ ® .J*7"'1, where _ ^ r l is called a
normal "plane field. Then we define two tensors A and h of type (1, 2)
on M by

A(X, Y) = -φγ..X"γ ,

h(X, Y) = (VY,Xy , X,Ye V(M) .

The restriction of h to each leaf of j ^ ~ is what is called the second fun-
damental form of the leaf. From now on we express them with respect
to a locally defined orthonormal frame field, and derive some basic formulas
among them and their derivatives. As for the range of indices we use
the following convention unless otherwise stated:

A, B, C, . . . = 1 , . . . , n;

i, j,k, ••• = 1, .-, p

α, A 7, ••• = V + 1, -••, n ,

where p — n — q denotes the dimension of ^ 7 The summation X is taken
over all repeated indices. Let {elf ««, en} be a local field of orthonormal
frames on M such that eυ -—,ep are always tangent to ^ 7 Denote its
dual forms by ωlf •••, α>n. The connection forms ωAB with respect to ωA

are defined by the equations

+ (OAB = 0 ,

cϊω + Σ (0ΛO) = 0 .

The Riemannian connection V on M is given by

(1.3) VeAeB = Σ ωaB(fiA)e0 .

It follows from (1.1) and (1.3) that

λ(βi, β;) = Σ G)αί(e>α ,

A(eα, eβ) = Σ (Oasififcj .

Thus the only components Λ ^ (resp. AB

CD) of Λ (resp. A) which may not

vanish are

(1.5) ha

i3' = ωMi) (resp. A*^ = ω

Moreover the connection forms ωaί are given by

(1.6) ωai = Σ λβϋ(»y + Σ A\βωβ .

The foliation ^ ^ is said to be harmonic or minimal (resp. totally geodesic)

if Σ λβ« = 0 (resp. h*ti = 0).
After Kitahara [5] and Reinhart [9], we define the second fundamental

form B of the normal plane field ^ L by
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(1.7) B(X, Y) = {A(X, Y) + A{ Y, X)}/2 , X, Y e V(M) .

The normal plane field ^ r l is said to be minimal (resp. totally geodesic)
if Tr B = Σ A ^ y = 0 (resp. B = 0).

The curvature form Ω = ( £ ^ ) of ikf is defined by

(1.8) ΩAB = cZω^s + Σ <OAOAO>CB

We put

(1.9) i ^ 5 = - Σ (RAB0D/2)ω0AωD , Λ^™ + i ? ^ ^ = 0 .

Then the components RABCD oΐ Ω satisfy

(1.10) -KABCD = KΈACD — -KcDAB

Since the distribution ωa = 0 is integrable by definition, we have

(1.11) h't, = h*it .

The distribution α>< = 0 is integrable if and only if

(1.12) A\β = A^α .

On the contrary, the Riemannian metric g is bundle-like (see Molino [6]
or Reinhart [8]) if and only if

(1.13) A\β = -A 4,β .

Thus, the Riemannian metric is bundle-like if and only if B — 0, and then
the normal plane field J?~L is minimal.

Now, for a tensor filed T— (TAi'"Ar

Bl...Ba) on M, we define the covariant
derivative {TA^"A^Bl...BaC) by

(1.14) Σ TAi-A

W.

Then the exterior derivative of (1.6) gives

(1.15) h«m - h'M = Rαijk,

(1.16) Λ tf, - A**, - Σ ΛααΛ\i - Σ A\rAin = Rαtjβ ,

(1.17) ΛU - A'rfί + Σ h'aA'fi - A'r,) = -Rαin -

Moreover, from the definition of (hΛ

B0D) and (1.6) it follows that we have

(1.18) h\}k= - Σ A ' i Λ Ί * .

(1.19) hι

tia=-Σih'tJA
ι

ta,

(1.20) h«m= -^h"ikh"ki,
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(1.21) AV=-ΣA"«AV,

(1.22) A'w=-ΣΛ'Λ.

(1.23) A V = - Σ λ β α A V ' .

The Ricci formulas on the second covariant derivatives of h are given by
the exterior derivative of the definition of the components hA

BCD. For
later use we write down these equations:

(1.24) h\m - h\jlk = Σ WHRam + Σ ha

m3Rimkl + Σ h\mRSmU ,

(1.25) h\jkβ - h\m = Σ VHRam + Σ h"uRM, + Σ ΛΆw ,

(1.26) h\m - h'nr, = Σ h'tjR^r + Σ h«kίRikβr + Σ h\kRίm ,

(1.27) Aι

aβjk — Aι

aβkj = 2-J A aβRujk + Σ A.τ

rβRaTjk + 2^ A aΐRβrjk ,

(1.28) A\βjΐ - A\m = Σ A\βRίk5γ + Σ A\βRaδ5γ + Σ A'^Λ^ ,

(1.29) A\m - A\βδγ = Σ A*e^<4ra + Σ A\βRaεn + Σ A' β i Λ w .

2. Proof of Theorem. Let (M, ̂ r, _̂ ~) be a foliated Riemannian mani-
fold. We keep the notation in § 1. The global vector field v — Σ VA^A
on Λί is defined by

vk = Σ,ha

i§h
a

i5kJ va = 0 .

The divergence δv of v is first calculated.

LEMMA 2.1.

δv = Σ M'βα + Σ Λβ

<Λfc
β*i* + Σ h\άRaiάkk + Σ Λβ*iΛβW*i

+ Σ h\ά¥kkh%jβ + Σ λβ^λ%w + Σ (hβ

ίkRaβJk + ^αίΛϊifc + ΛV2WΛ)Λβ*

+ Σ h^h^h^h^ + 2 Σ ΛβtfΛ'αΛβiM*

PROOF. From the definition of (^β), we have

Σ «̂̂ ω^ = d^α - Σ v ^ β = ~ Σ vtω<β ,

which implies

(2.1) Σ*«« = Σ M \ r « .

Moreover we have

Σ VkA(ύA = dvk-Σ vAωAk = d(Σ ha

iάh
a

ijk) - Σ v^ik

= Σ ha

ijk(ha

ijAωA - hβ

{jωaβ + ha

ιjωli + ha

tιω%i)

+ Σ Kj(haiJkAωA - hι

ijkωal + ha

ιjkωH + ha

ilkωι5

+ fcαiizωZA; - hβ

ijkωaβ + ha

βjkωβί + kVα)w + ha

ijβωβk)

- Σ haHh«άliωik

= Σ ha

ijkh
a

ijAωA + Σ ha

i5(ha

i5kAωA - /zΛifcα>αί + 2ha

iβkωβj + ha

ίjβωβk),,
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which together with (1.18) and (1.22) gives

(2.2) Σ«« = Σ ha

iίkh«ijk + Σ ha

tjh»ιjkh + Σ h^h^h^h^

+ 2 Σ h'Ji'iJiWu + Σ ha

tih*kkh
a

w .

On the other hand, we have

h'au. = Ra<ίklc + h*ikjk (by (1.15))

= R«im + Σ AΌΛ ίΛ + Σ h"ιtBm + Σ Λβ,AM* + h'au (by (1.24))
= -Rαiί** + Σ hβ

(kRaβjk + Σ haιkR(ijk + Σ h"aRkl]k + Rakfkj + fce

M<y.

(by (1.15))

This, (2.1) and (2.2) complete the proof.

LEMMA 2.2. // the foliation is harmonic, then we have

(2.3) Σ^α=0,

(2.4) ΣΛβ«Λ= - 2 Σ ^ Λ

PROOF. From the definition of (hA

BCD) we have

Σ feα

ίί4ω4 = Σ dh"it + Σ Λ^«ωβil + Σ ha

AiωίA + Σ λ ^ u = 0 ,

which proves (2.3). Similarly, we have

Σ h\iUωA = Σ dλβ*ϋ + Σ hA

ujωaA + Σ λβ^^α)u + Σ ha

iAjωiA + Σ ^ α « 4 ω i 4

= Σ hk

ujωak + 2 Σ Λ β

w ω t f . (by (2.3))

Hence we have from (1.18) and (1.20)

ha

iijk = Σ hι

uάh«lk - 2 Σ h*Mh'a = -2 Σ * W « q.e.d.

Now we can prove the following:

THEOREM 2.3. Lei (M, g) be a compact Riemannian manifold of
constant sectional curvature c (2^0). Let J?~ be a harmonic foliation
such that the normal plane field ^ L is minimal. Then the foliation
&~ is totally geodesic.

PROOF. We may assume that M is orientable, because otherwise we
may consider its double covering space instead. Then for the vector field
v defined above we have

( δv * 1 = 0 ,

where *1 denotes the volume element of M. Since M is of constant
curvature c, we have

— C\OADOBC OACODB) *
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and so RABCDE — 0 By assumption we have Σ A'aa = 0. Then Lemma
2.1 and (2.4) imply

(2.5) \ [Σ ha

ijkh«ijk + cp Σ Λ β Λ + Σ h^h^h^h^

+ 2 Σ Tr (HaHaHβHβ - HaHβHaHβ)] * 1 = 0 ,

where iϊα denotes the pxp matrix (ha

ti). Since the matrix H"Hβ — i P i P
is skew-symmetric, we find

0 ^ Σ Tr [(HaHβ - HβHa)(HaHβ - HβHa)]

= 2 Σ Tr (HaHβHaHβ - HaHaHβHβ) .

Therefore each term in (2.5) is non-negative. In particular, we have
Σ ha

i5h
a

kι = 0, and so ha

iS = 0. q.e.d.

COROLLARY 1. Let (M, g) be a compact Riemannian manifold of
constant curvature c (^0). Let j^~ be a harmonic foliation such that
the Riemannian metric is bundle-like. Then the foliation &~ is totally
geodesic.

In the case of c = 0 in Corollary 1, it follows from (1.16) and the
fact that _^~ is totally geodesic that A vanishes identically (cf. Ranjan
[7]). Thus we have:

COROLLARY 2. Let (M, g) be a compact flat Riemannian manifold.
Let ^~ be a harmonic foliation such that ^~L is minimal. Then ^ r ±

is integrable and tatally geodesic.

REMARK. Theorem 2.3 does not hold if we replace the assumption
"of constant curvature c (^0)" by "with positive Ricci curvature" (cf.
Takagi and Yorozu [10], Theorem 3.4).
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