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1. For a single-valued meromorphic function f(z) in a domain D of
the z-plane and a boundary point { of D, the range of values R,(f, ()
of f at { is defined by R,(f, {) = N,se S(DN U, 7)), where U(, r) denotes
the open disc |z — (| <»r. We denote by H,(z) and H s(z) the least
harmonic majorants of |f(z)| and |f(2)* in D, respectively.

In the case where D is the unit dise, it is known as Frostman's
theorem [1] that if |f(z)] <1 in |2| <1 and Fatou’s boundary function
f* of f satisfies |f*(n)| = 1 almost everywhere on || =1 and if f is not
analytic at ¢, [{| = 1, then R . (f, {) covers the unit disc |w| < 1 except
possibly for a set of capacity zero, where capacity means logarithmic
capacity. In this case H\;(2) = H;:2) =1 in |2| < 1 and the assumption
that f is not analytic at { is equivalent to the existence of a sequence
{z,} of points in |z| < 1 converging to { with lim,_. f(z,) = 0.

Recently, as a generalization of the above theorem to the case of
general domains, Kobayashi [2] has given the following theorem.

THEOREM. Suppose that [f(z)| <1 in D and that {€oD s a regular
boundary point with respect to the Dirichlet problem. If there exists a
sequence {z,} of points in D converging to { for which H;(z,) —1 and
f(z,)—a with |a] <1 as n — o, then Ry(f, ) covers the unit disc except
possibly for a set of capacity zero.

Our aim of the present note is to show that the standard argument
in the theory of cluster sets gives a much simpler proof of Kobayashi’s
theorem and includes the case where { is an irregular boundary point.
We shall prove:

THEOREM. Suppose that |f(z)| <1 in D and that there exists a se-
quence {z,} of points in D converging to { € 0D for which H(z,)— 1 and

* This research was partially supported by Grant-in-Aid for Co-operative Research and
Scientific Research, the Ministry of Education, Science and Culture, Japan.



410 K. MATSUMOTO

f(z,) — a with la] <1 asn — . Then we have the following alternatives:
(1) The range of values R,(f, ) covers the unit disc except possibly
for a set of capacity zero; this is always the case if { is a regular boundary
point.
(2) H;2) =11in D and there is r, > 0 such that DN U, r,) is of
capacity zero, so that f is analytic throughout in U, r,).

Since H,;(z) = H,;(z), our assumption is a little weaker than that
of Kobayashi.

2. ProOOF. For p > 0, we denote by 4, the open disc |w| < p. Now
suppose that (1) is not the case. Then there is 7, > 0 such that the
capacity of 4, — f(DN U, r,) is positive. Hence for some p,, 0 < 0, < 1,
4o, — f(DNUE, r,)) contains a closed set E of positive capacity. We
consider the function H(w) in the open set 4, — E which coincides with
the least harmonic majorant of |w| in each connected component. Obvi-
ously, H(f(2)) = |f(2)] in DN U, r,). Since E is of positive capacity,
H(w) <1 there and for any p, 0 < p < 1, there exists A, 0 < A\, < 1, such
that H(w) <\, in 4, — E.

Let h(z) be the function in the open set DN U(, r,) which coincides
with the solution of the Dirichlet problem with boundary values 1 — H(f(z))
on oU(, r)ND and 0 otherwise in each connected component. Then the

funection
) = fI(f(z)) +h(z) in DNUE, r)

in D-UGE r)

is continuous and superharmonic in D and satisfies H(z) = |f(z)| there.
Hence H(z) = H,;(z) in D.

(a) Let ¢ be a regular boundary point. Then A(z) -0 (z—{)
Therefore

1 = lim H,;(2,) < lim sup H(z,) = lim sup H(f(z,)) + lim k(z,)
= limsup H(f(z,)) =» <1 (o] <p<1).

n—0o0

This is absurd, and (1) of the theorem is proved.

3. We shall proceed with our proof.
(b) Let { be an irregular boundary point. Then

1 = lim H,,(z,) < lim inf H(z,) < lim sup H(f(z,)) + lim inf A(z,)

= +liminf h(z,) (a|<po<1).
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Threfore lim inf, .. A(z,) =1 — A, > 0.

Let {J,} be unions of a finite number of closed arcs on aU(¢, r,) such
that J,cJ,,, and U, J, = oU(, r)ND. Let {h,(2)} be the solutions of the
Dirichlet problem with boundary values 1 — H(f(z)) = h(z) on J, and 0
otherwise in DN U, r,) and let {w,(2)} be the harmonic measures of
oUK, r)ND — J, with respect to the disc U(Z, r,). Then {w,(2)} converges
to zero uniformly on any compact set in U({, r,) and

hi(z) = M2) £ hy(z) + wi(2)

in DN UG, r), so that there exists some k, for which lim inf,... h,(2,) =
©>0.
(b.1) Suppose that H ,(z) =1 and set min,e,ko(l — H\x(2)) =m > 0.
Choosing a >0 to satisfy ah,(2) =m on J,, we have ah,(2) =
1 — Hx(2), that is, H;(2) =1 — ah,(2) in DN U, r,). Hence we have

1 =1lim H|f|(zn) = 1 — aliminf h,,o(zn) =1- ap <1 ,

which is absurd. Thus we have H,;(z) =1 in D.

(b.2) We have just seen that H,;(2) =1 in D. We note that the
totality I of irregular boundary points of D is of capacity zero.

For neaD, the cluster set Cn(f, n) of f at 7 is defined by C,(f, 1) =
Neso SF(DN U, 1)), that is, aeCy(f, ) if and only if there exists a se-
quence {y,} of points in D converging to » with lim,.. f(¥.) = a. We
see from (a) that C,(f,7) is a closed subset of the unit circle o4, for
neoDN U, r,) — I, because H\;(z) = 1 and the condition lim, ... H;(y,) = 1
is satisfied always.

For o with max{o, |a]} < p <1, we consider the inverse image D,
of 4,. The component containing z, is denoted by D, (which may coincide
with other D,.).

Since the capacity of I is zero, we can take 7,, 0 < r, < r, such that
the circle oU((, r,) passes through the gap of I. Then we see from the
fact just mentioned above that the intersection Z, of D, with DN U, r,)
is a closed subset of I so that its capacity is zero. Suppose that D,cC U, 7).
Since the boundary 0D, of D, consists of the level curves |f(z)| = o and
Z. of capacity zero, f(D,) covers 4, with possible exception of capacity
zero, which contradicts our assumption that Z,,o — f(DNUE, r,) contains
E of positive capacity. Therefore D, has a boundary point {, on the
circle oU(L, r,). Now suppose that there is an infinite number of distinct
components {D,,}. Let {. be an accumulation point of the sequence {{,.}.
If {.eD, we are led to a contradiction that infinitely many level curves
|f(2)] = o meet a small neighbourhood of ... If {.€aD, Cpx(f, {.)N04,# @



412 K. MATSUMOTO

so that {,.eI. On the other hand, {. is a point of dU({, r,) which does
not pass over I. Thus {,.€dD is also impossible and we can conclude
that there is only a finite number of distinet components. In this case,
there is at least one component, say D,, containing a subsequence {z,}
of {z.}.

The following is a well-known theorem on cluster sets (ef. Noshiro [3]).

THEOREM. Let Z be a closed subset of capacity zero of oD. If { is
a point of Z such that (0D — Z)N UK, r) # @ for any r>0, then the set

2 = CD(fr C) - CﬁD—Z(fy C)

is empty or open, and when 2 + @, Ry(f, L) covers 2 except possibly
for a set of capacity zero. Here the boundary cluster set C,,_(f, L) 1s
defined by

Cap_o(f, O) = N( U )Cp(f, ),

r>0 Ne(3D—Z)NU (3,7

that is, a € Cyy_z(f, L) tf and only if there is a sequence {n,} of points
of 0D — Z converging to { such that we can take w,€Cy(f,n,) with
lim, ., w, = a.

Now suppose that (0D — I)N U, ») # @ for any r > 0. Then obvi-
ously 0D, — Z)N UK, r) # @ for any »r > 0. We apply the above theorem
taking D, and Z, as D and Z there, respectively. Since C;p 5 (f, {) T4,
and a = lim,_..(2,,) €4, is a cluster value of f at { so that a € C,(f, Q)
we see that 2 = 4, and R, (f, {), consequently R,(f, (), covers 4, with
possible exception of capacity zero, which contradicts our assumption
Ry(f,O)NE = @. Thus there exists r, 0 < r, £ r,, such that 0D — I)N
U, r) = @. This means that oD N U(, r,) is a closed set of capacity zero
and f(z) is analytic throughout in U(, r,). Our proof is now complete.
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