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Introduction. Let (X, Y) be a smooth projective compactification of C3, namely,
Xis a smooth projective 3-fold and Fis a subvariety of X such that X— Fis analytically
isomorphic to C 3. We will write simply as X— Y^ C 3 if there is an algebraic isomorphism
of X— Y onto C3. Assume that Yis normal. Then Â is a Fano 3-fold of index r(\ <r<4)
with the second Betti number b2(X) = 1, and Y is a hyperplane section of X. Then, in
the paper [1], we have the following results:

(i) r = 4=>(*, Y)^(P\P2)
(ii) r = 3=>(X, Y) = {Q3, Ql), where Q3 is a smooth quadric hypersurface in P 4

and Ql is a quadric cone.
(in) r = 2=>(χ9 Y)^(V5, H5\ where V5 is a Fano 3-fold of degree 5 in P 6 and

H5 is a singular del Pezzo surface with exactly one rational double point of

(iv) r=l=>(X, Y) is not completely determined (see also [2], [3], [9]).
These 3-folds P 3 , Q3, V5 are compactifications of C3. In the case of r = 4, it is

clear that P 3 —{a hyperplane P2}^C3. In the case of r = 3, projecting Q3 from the
vertex of Q% to P 3 , one can see that Q3-Ql = C3. In the case of r = 2, projecting V5

from a line C in V5 through the singular point x of 44-type of //5, one can see that
V5 — H5^C3. Moreover, let Hf be the ruled surface swept out by lines which intersect
the line C. Then Hf is a non-normal hyperplane section of V5 such that V5-Hf^C3

(see [1]). In particular, H5, Hf are members of the linear system | H—2x |: = | ΘVs(l)<g)
Jt\\, where //is a member of | ΘVs(\) | and J(x is the maximal ideal of the local ring ΘVs,x

To see how many members of the linear system \H—2x\ can be normal (or
non-normal) boundaries of C3 in V5, we will study in this paper the double projection
from the singular point x of H5. Consequently, we have a new construction of a
compactification of C3 in the case of index r — 2.

Our main result is the following:

THEOREM. (1) The set 91: = {xe V5; there is a unique line in V5 through the point
x} is not empty.

(2) Take a point XESΆ and a line C through x. Let σ: V'5^>V5 be the blowing up
of V5 at the point x, and put E\ = σ'\x)^P2. Then there is a P1-bundle π\P{S)-+P2

over P2 (β is a locally free sheaf of rank 2 over P 2) and a birational map p: F'5
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called a flip, such that the following (i)-(m) hold:
(i) there is a smooth rational curve f in P{$) such that V'5 — Cx is ίsomorphic to

P{S) — f, where Cx is the proper transform of C in V's,
(ii) Σ :=p(E) is a rational section of π: P($)—>P2 with a rational double point q

ofA2~type. In particular, qefc^Σ, and
(iii) there is a point peP2 such that π~1(p)c^Σ and Σ — π~1(p) is isomorphic to

P2~{p}.
(3) The set L^ : = π(f) is a line in P2 through p, and Hf: = σp~\π~X(L J u Σ ) is

the ruled surface swept out by lines which intersect the line C. For any line Lt (tφco)
through the point p, H*5 : = σp~1(π~1(Lt)uΣ) is a normal surface with a rational double
point of A4-type. In particular, V5-Hf^C* and V5-Ht

5^C3.

COROLLARY. For each xe%

{H5eIΘV5{\)®Jί2

xI; V5-H5*C3} = {lP5}tsCu{Hf}.

ACKNOWLEDGEMENT. The authors would like to thank the Max-Planck-Institut
fur Mathematik in Bonn especially Professor Hirzebruch for hospitality and
encouragement.

1. Preliminaries. Let us recall some results in the paper [1]. Let (X, Y) be a
projective compactification of C 3 such that Y is normal. Assume that the index r = 2.
Then (X, Y)^(V5, H5) (see the Introduction). Then the anti-canonical line bundle can
be written as follow:

where Γ is an elliptic curve not through the singularity of Y— H5. Thus deg Y= (Γ2)γ = 5.
In particular, the singular locus of Y consists of exactly one point {x}, which is of
A^-type. Let α: F-> Y be the minimal resolution of singularity of Y and put

where /•, JΊ (1 <i<2) are smooth rational curves with the self-intersction number equal
to — 2 and the dual graph of the exceptional divisor α " 1(x) is a linear tree (see Figure 1).

On the other hand, Ϋ can be obtained from P2 by the blowing up of four points
(infinitely near points allowed) on a smooth cubic curve Γo on P2. Let Γ be the proper
transform of Γo in Ϋ (see Figure 1).

In Figure 1, there exists an exceptional curve C of the first kind with (CΓ)γ= 1.
We put C=α(C) and Γ = α(Γ). Let H be a general hyperplane section of X: = V5 such
that ΘY(H) = ΘY(Γ). Since

l=(fC)Ϋ=(ΓC)γ=(HC)x,

C is a line on X. By [1, Proposition 15], C is a unique line in P6 contained in Ycz X.
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(-2)

FIGURE 1

Since the multiplicity m(ΘYx) of the local ring ΘΎx is equal to two, any line through

the point x must be contained in Y. Therefore C is a unique line in X through the

singularity x of Y=H5. Thus we have:

LEMMA 1.1. Let (X, Y) = (V5, H5) be a compactification ofC3 such that Y=H5 is

normal. Then Y has exactly one singular point x of A4-type. Moreover, there exists a

unique line C in X 'through the point x, which is contained in Y.

2. Double projection from a point. We will study the double projection of X= V5

from the singularity x of ̂ 4-type of Y=H5. For this purpose, let us consider the linear

system

\H-2x\ = \&x(H)®Jί2

x\,

where H is a hyperplane section of X and Jίx c ΘXx is the maximal ideal of the local

ring ΘXx. Let δx: Xx -+Xbe the blowing up of X at the point x and put Ex: = δ ϊ 1(x) ̂  P2.

Let Yx and Cx be the proper transform Y and C, respectively. Then we have:

LEMMA 2.1. dim|/f-2jc | = 2.

PROOF. Let us consider the exact sequences:

0 > ΘXi{δ ΪH-EJ > ΘXί(δ ffl) • ΘEι ^ 0

0 >ΘXι{δ\H-2Eγ) >(9Xί(δrH-E1) >ΘEi{\) .0

Since dim\H-x\ = dimH— 1, we have

H\XuGxSδtH-E1))*&, and H^X^G
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Let <£ \ = ΊτEl\δχH-E1 | <Ξ0£l(l) | be the trace of the linear system \δχH-E1 | on Ex.

Since \δ\H — Eγ\ has no fixed component and no base point on Xu neither does 5£ on

Eί. Therefore <Sf = \ΘEί(l) |. Thus, we have a surjection

H°(XU Θ^δfH-E^—^H^E^ ΘEί(\))^C3 .

This means that

//°(Z1,ίPXl((5*iί-2£1)) = C 3 , and H\XU Θ^δXH-lE,))^. q.e.d.

By Lemma 2.1, we have rational maps

Φ: = Φ | H _ 2 x l : Z ^P2, and Φw: = ΦWH-2Eι]: X, - P 2

Since (δ \H — 2£ x) C1 = — 1 < 0, Cγ is a base curve of the linear system | δ \H — 2EX |.

Next, we will study the singularities of Yx. Let A be a small neighborhood of x in

Jf with a local coordinate system (z1? z2, z3). Since the singularity x e 7 = //5 is of ^44-type

and C intersects the component / 2 of α- 1(x) in Ϋ (see Figure 1), we may assume that

AnY={zί'z2=zl} ^ A with x = (0, 0, 0),
(2.1)

AnC={z1=zlz2 = zl}c+A.

By an easy calculation, we find that Y± has exactly one singular point xx of A2-type.

Then there exists a birational morphism μ x: Ϋ-+ Yx such that

i"Γ1(^i) = /i u/ 2 , and f-CΛ u/ 2 )d ^ - { x j (isomorphic).

We put / j ^ ^ μ ^ ζ ) ( l</<2) and C 1=μ 1(C). Then we have

(2.2) E^Y ψ

In particular, lγ\ l2

1] are two distinct lines on E^P2 and Cx is the proper transform

of Cin Xx.

Since Yx e\δχH-2Eγ |, by (2.2), we have

where Γ ( 1 ) = ̂ * ( r | H ) = μ1(f). We have

(2.3)

where Z ^ i H - ^ + Γi+Z^ is the fundamental cycle of the singularity x associated with

the resolution (Ϋ, α). From the exact sequence

(2.4) 0 >GXι >ΘXί(Yi) ^ σ i ) >0,

we have

H°(Y19 Θy^Y^
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by Lemma 2.1. Let {̂ 0, ψj be a basis of H°(Ϋ, Θf(Γ-2Z))since H°(XU GχST\)) =
such that

where / 0 is a smooth rational curve in Ϋ such that (/ 0

2 )f=0 and 0ΌmT2)γ= 1 (in fact,
Ϋ can be regarded as a ruled surface over a smooth rational curve, which has / 0 as a
fiber Γ2 as a section). Since

we have the base locus

Bs 1^(^)1 =

By (2.4), since H1(XU &Xί) = 0, we have the base locus

Bs 1 ^ ( ^ ) 1 = ^ 9 ^ .

Since Pic X^ ZΘX(H), \H—2x\ has no fixed component, hence neither does
\δfH—2E11. Thus we have the following:

LEMMA 2.2. The linear system \δ*H — 2EX | on Xx has no fixed component, but

has the base locus

3. Resolution of indeterminancy. The indeterminancy of the rational map
Φ ( 1 ) : Xx • P2 can be resolved as follows: First, let us consider the blowing up δ2 :
X2^>X1 of X1 along C^P1. Then C'1 = δ2

1(C1)^F2. Next, let us consider the
blowing up <53: X3-*X2 of X2 along the negative section C2 of C\^F2. Then C 2 : =
δ3

1(C2) = F2. Finally, let us consider the blowing up <54: X^-^X3 of X3 along the
negative-section C3 of C2 = F2. Then, we have a morphism Φ: X^-^P2 and the fol-
lowing diagram:

P2 ,

where δ: = δ2 ° δ3 o <54. This is a desired resolution of the indeterminancy of the rational
Z 1 P2.
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NOTATION.

the proper transform of C) in Z 4 (1 <j<2).

a fiber of the ruled surface C}.

a section of C}.

a canonical divisor on Xjm

the normal bundle of Cj in Xj.

the proper transform of Yj in A^+1.

the proper transform of Ej in A^^.

the proper transform of lψ in Xj+ί.

the singular point of 7,(1 ^y'^2).

a neighborhood of x, in Xy with a local coordinate system

For the proof, we need the following:

LEMMA 3.1 (Morrison [7]). Let Sbe a surface with only one singularity x of An-type

in a smooth protective ^-fold X. Let E<^S<^X be a smooth rational curve in X. Let

μ: S-+S be the minimal resolution of the singularity of S and put

where C/s (1 <j<n+1) are smooth rational curve with

(C, C,.+ 1)s=l I

0 if \i-j\>2.

Let E be the proper transform of E in S. Assume that

(i) NE\S=@E{— 1)> where NE\§ is the normal bundle of E in S, and

(ii) deg NE\X= — 2, where NE\X is the normal bundle of E in X.

Then we have

(1) NE]x^ΘE®ΘE(-2) if xeE and (Cj-E)s=\ for j=\ orn+l, or

(2) NElx^ΘE(-l)φΘE(~l)ifxφE.

PROOF. In the proof of Theorem 3.2 in Morrison [7], we have only to replace the

conormal bundle N*E\S = ®E{2) by J V | | £ = 0 £ ( 1 ) . q.e.d.

(Step I). Since ( J ^ X i C 1 ) = 0, we have άtgNc]Xl= - 2 . Since x1eC1 and the

normal bundle #e |?=0£(—1) (see §2), by Lemma 3.1, we have

(3.1) NCί\Xι = ΘClκ&ιyCι

Since the singularity xx of Yx is of ^42-type and ( C / 2 ) ? = 1, we may assume that
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Δi n d = {z1 = z3, z2 = z^} ĉ  Δx .

(Step II). Let (52 : X2-*X1 be the blowing up of Xx along Cx ̂ P1. By (3.1), we

have δ2

1(Cί) = : C\^F2. By (3.2), we find that Y2 has exactly one singularity x2 of

^i-type. Then there exists a birational morphism μ 2 : ?->Γ 2

 S U C n that μ 2

and f — / 2 ^ F 2 — {x2}. Furthermore, we have

(i) C2 = μ2(C) is the negative section of C\ ^ F 2 ,

(ϋ) r 2

(iii) fψ
(iv) (/(

i

2)/P%2 = 0(l</<2) and <Jφ fψ)Eτ= - 1 .
Since ^χ 2 = (52AΓXl-fCΊ, we have ( J ^ 2 C2) = 0. Hence deg JVC 2 J X 2= —2. Since ;c 2 eC 2 ,

by Lemma 3.1, we have

(3-3)

Furthermore, we may assume that

A2n
(3.4)

Δ 2 nC 2 = {z1 = z2 = z3} c;Δ 2 .

(Step III). Let <53 : X3->X2 be the blowing up of X2 along C 2 . By (3.3), we have

^31(C2)
 = - C'2 = F2. By (3.4), we find that Y3 is a smooth surface. Then there exists an

isomorphism μ3 : Ϋ-**-* Y3. Furthermore, we have:

(i) C3 = μ3(C) is the negative section of C'2^F2,

(ϋ) r3 c 2 = / < 2

3 ) + c 3 , _
(iii) fψ = μ3(Λ) s r 3 n C; n 2* 3, / 2

3 ) = μ3(/2) s 7 3 n C 2 n £ 3 , and

/!3)

(iv) (/(

1

3

Since (KX3 C3) = 0, we have deg7VC 3 |X 3= —2. Since F 3 is smooth, by Lemma 3.1,

we have

(3.5) iVc3|X3 = «c,(

(Step IV). Let £ 4 : ̂ 4-^X3 be the blowing up of X3 along C3^P1. By (3.5), we

have (5 4 1 (C 3 ) = : C ^ P 1 xP1. Since 7 3 is smooth, we also have an isomorphism

μ 4 : Ϋ-^-* Γ4. We identify Ϋ and Γ 4 via the isomorphism μ4, and put, for simplicity,

?i' = μ*Φ, ζ : = μ 4 t t ) ( l < ί < 2 ) , f: = μA(Γ) and C: = μ4(C). Then we have

(i) feYtnEt, ζ c r 4 n £ 4

(ii) C: = C4 is a section of C ^ P 1 x? 1 with (CC)σ =0 ,
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(iϋ) r4 c 3 = c ,
(iv) (/l /i)£ 4=-l,(Γ2 ω £ 4 = 0, (/i /i)£4 = (Λ72)*4

Thus we have Figure 2 (see also Pagoda (5.8) in Reid [10]).

( - 1 )

( - 1 )

FIGURE 2

(-2)

(0)

Λ

(-2)

£4

FIGURE 3

= - 1

Now, since Yj+i=δf+ίYj—C'J{l<j<3)9 we have

Therefore we have

0 y 4 ( ^ ) = Φy4(f - 2 Z - / x - 2/2 - 3C) = 0 y 4 (/ o )( = ® K/o)) ,

where Z = Γ 1 + Γ 2 + / 1 + / 2 (see (2.3)). Since / 0 is a general fiber of the rational ruled

surface Ϋ= 7 4 , | ΘY4(f0) \ has no fixed component and no base point. Thus, it defines

a morphism <P' = <P\oY tfo)\> Y4^P1. Then Y4-^-+P1 is a ruled surface over P1 with

exactly one singular fiber 2C + 2/2 + 2/x + Γx. In particular, /̂  is a section. Let us consider

the following exact sequence:

0 — > o X 4 — • eX4 — > ®YA{Yt) — > 0.
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Since H\X4, ®χ4) = 0 and the linear system | ΘYA{Y4) | has no fixed component and no

base point, neigher does \Y4\\ = \ΘXA{Y4)\. Therefore, it defines a morphism

Φ: = ΦIYA1: X^P2 of X4 onto P2 such that Φ*<Ml) = 0jr4(y4). Thus, we have the

following:

PROPOSITION 3.2. There exists a morphism Φ: X4-+P2 of X4 onto P2 with

Φ*Θp2(\) = Θχ4(Y4), which is a resolution of the indeterminancy of the rational map

Φ ( 1 ) : J ^ — P 2 .

4. Structure of V5. Let X4, F 4 , and C'^P1 x P1 be as in §3. Since

by Corollary 5.6 in [10], there exists a birational morphism φ: X4-^V of X4 onto a

smooth 3-fold Kwith the second Betti number b2(V) = 2, and a morphism π: V^P2

of V onto P2, and a birational map p: Xt • V which is called a flip such that

p = φoδ~1 and Φ = π°φ. Thus we have the diagram (*):

(*)

In particular, / : = φ(C\ u C"2 u C 3 ) is a smooth rational curve in V, and

p
(4.1)

We put A : =

(4.2)

(4.3)

-(C\ u C'2 u C"3

4 ) and Γ: = φ(E4). Then,

Indeed, since - ^ = 25XH-2E γ = 2Y1+2E1 and ^χ 4 (F 4 ) = Φ * ^ p 2 ( l ) , by (4.1), we

have (4.2), (4.3). We put lt: = 0(/~)(l < i<2) and L o : = π(/2) ĉ  P2. Then /t 's are smooth

rational curves in V and Lo is a line in P2. In particular, π | ^ : yl-*L0 has a struc-

ture of the P^boundle Fί with lγ a fiber and l2 the negative section. Moreover, Σ has

only one singularity q of Λ2-type. The rational curves lu /2, / , which are also contain-

ed in Σ, intersect only at the point q (see Figure 4).



552 M. FURUSHIMA AND N. NAKAYAMA

By construction, σ: = φ\E4: E^Σ is the minimal resolution of the singularity of
Σ with σ-1(q) = fίuf2, and /, = σ(ζ)(l<i<2), f = σ(J) (see (i)-(iv) of Step IV and
Figure 4). We put λ: = π | Σ: Σ->/>2. Then

( 4 4 ) (a point),

where L^ : = π(/) is a line in P2.
For a general fiber F of the morphism π: F-»P2, we have, by (4.2),

deg KF = (KVF)= -2(Σ-F)<-2 .

Hence, F^P1 and (Σ-F)v=\, where AF is a canonical divisor on F. Therefore I" is a
meromorphic section of π: F->P2.

PROPOSITION 4.1. π : K->P2 w α P1-bundle over P2 and Σ is a holomorphic

section on P2 — {p}.

PROOF. By construction,

C3 ~ F Yt ~ Y —(Y w F Λ ^—• V— (Λ u Σϊ

In particular, π: K—(^4uΣ)^P2 —Lo is an affine morphism. Assume that there exists
an irreducible divisor D on Fsuch that π(Z>) = {one point}. Then the one-dimensional
scheme D n Σ is contracted to one point, hence, Supp(Z) n l ) = /1. Since /x ^ 4̂ = π ~ 1(L0)
and π | Λ : ^4^L0 is a /^-bundle, this is a contradiction. Thus π is equi-dimensional,
hence, π is a proper flat morphism. Let G be an arbitrary scheme-theoric fiber. Then
{Σ G)V=\. Since V— (AuΣ)^C3 contains no compact analytic curve, G must be
irreducible. Since (KV G)= —2(Σ G)= —2, we see that G is a smooth rational curve.
Therefore π: F->P2 is a smooth proper morphism. By the upper semicontinuity theorem,
we have that R 1π+Θv(Σ) = 0 and π^Θv(Σ) is a vector bundle of rank 2 over P2. Moreover,
for every point xeP2,

Thus the natural homomorphism π*π^Θv(Σ)++ΘV(Σ) is surjective and induces an
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isomorphism V^P(π^Θv(Σ)) over P2. The rest is clear. q.e.d.

REMARK, π is the contraction of an extremal ray of the smooth projective 3-fold V.

Finally, we will study the vector bundle π^Θv(Σ) of rank 2 over P2.

LEMMA 4.2. ΘΣ(Σ) = ΘΣ(-311)®ΘV(A).

PROOF. Since the singularity of Σ is a rational double point, we have σ*KΣ =

^ £ 4 = - 2 / 1 - / 2 - 3 Γ 2 , hence, ^ = - 3 / 2 . On the other hand, since KΣ = (KV + Σ)\Σ =

-2A\Σ — Σ\Σ, we have Σ\Σ=-2A\Σ + 3l2. Since A\Σ = l1 + l2, we have Σ\Σ=-3l1 +

A\Σ, namely, ΘΣ(Σ) = ΘΣ(-3lί)(g)Θv(A). q.e.d.

Let us consider the exact sequence

0 • Θv > ΘV{Σ) —

Taking π^, we have

(4.5) 0 Θp2 • π*Θv(Σ) -

Taking π* in (4.5), we have a diagram:

• 0 .

0 > Θy • Θy(Σ)

In particular, we have a surjection

We put λ: = π\Σ\Σ-*P2. Taking λ* in (4.5), we have a diagram:

λ*π*ΘΣ(Σ) > 0

l\\ !
0-

where J f : = ker τ is a line bundle, and the image of the global section 1 of ΘΣ via map

(9Σ-+X defines an effective Cartier divisor D with Supp D = lί.

PROPOSITION 4.3. A*πs |c^κ(Σ) is an extension ofΘΣ(Σ) by ΘJ31J.

PROOF. We have only to prove that Z) = 3/1. Since λ*(det(π*Θv(Σ))) = ΘΣ(Σ)®

^ ( 3 / 0 , we have (Σ lί)Σ + (DΊί)Σ = 0. Since ΘΣ(Σ) = ΘΣ(-311)®ΘV(A) by Lemma 4.2,

we must have D = 3lu and also, by (4.3), we have det(π s | c^F(I')) = ̂ p2(l). q.e.d.
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REMARK. We put / : = λ+ΘΣ( — 3lί). Then / is an ideal locally generated by two

polynomials xy and y - x2 over C[x, y]. We put S: = π+Θv(Σ). Since ΘΣ(Σ) = ΘΣ( - 3/x)®

λ*Θp2(l), by (4.5), we have an exact sequence

0 >Θp2 >£ • / Θp2(l) - 0 .

By Lemma 1.3.4 [8, p. 186-ρ. 187], $ is a stable vector bundle of rank 2 over P2.

Thus we have finally the following:

PROPOSITION 4.4. Let (Xλ, Yx), EX^P2, Cx be as in §1. Then one can construct a

birational map p\ Xι-^P{S) of Xγ to a Px-bundle π: P{$)-*P2 ($ is a stable vector

bundle of rank two over P2) with the following properties:

(1) There is a smooth rational curve f contained in Σ \ = p(Eι) such that

Xγ-CxkP{£)- f (isomorphic).

(2) There is a point peP2 such that π~ί(p) c; Σ and

(3) Lo : = π(A) is a line in P2 through p, where A :=p(Y1). In particular,

π\A: A^>L0 is a P1-bundle over Lo.

(4) X-Ydx^iY^Ejίpffi-iAuΣ).

5. A construction and the proof of Theorem. Take any fixed line L^ in P2 and

a point peL^. Let Lt(teC, tφco) be a line in P2 through the point p. Let EA be a

rational surface obtained from P2 by succession of three blowing ups at p (infinitely

near points allowed). Let μ: E^-^P2 be the projection with μ~ί(p) = ]Ί u/ 2 uΓ 1 ? where

(fi'fdE4= ~2(l</<2), (7; /i)£4= - 1 , UΊ'f2)E4=h (λ ΐi)E4 = 0, and (Λ Γ ^ ^ l . Let
/ (resp. T2) be the proper transform of L^ (resp. Lt) in E4. Let σ: E4-+Σ be the

contraction of the exceptional set / i u / 2 , and put f: = σ(J), /f: = σ(ζ) (z=l,2) . Then

there is a birational morphism λ: Σ-*P2 such that λ(lί)=p, λ(l2) = Lt, λ(f) = Lo0. Thus

we have the following diagram:

(see Figure 5).
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FIGURE 5

LEMMA 5.1. As Q-divisors, we have

(5.1)

and the linear equivalences

(5.2)

£ 4 iy a canonical divisor on E^, and l\ = λ*ΘP2{\).

PROOF. Since (σ*l1'fi) = (σ*l2'f^ = (σ*f'fi) = O for i'=l,2, we have (5.1). By a
similar calculation, we have (5.2). q.e.d.

Now, we will prove the existence of a vector bundle of rank 2 over P2 which is
an extension of ΘΣ{-VX + /) by ΘΣ{7>lx).

LEMMA 5.2. (1) Exti(0 I(-3/ 1

(2) Ext
(Pζ) w surjective.
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(3) dimExtK0*(-3/1 + /), ΘΣ(3l1)) = 3 and

dimExt1

ri(σ*ΘΣ(-3lί+l)®Θrί,σ*ΘΣ(3l1)®Θrι)=l.

PROOF. (1) E x t ^ i ί ^ + /), G&l^&iΣ, Θ^βl.-l)) and Ext^a*0^-
+ /), σ*ΘΣ(3l1))^H1(E4,σ*ΘΣ(6lί-l)), we have only to prove H^Σ.G^β^-l))
H\E^ σ*Θ ̂ 61^-1% which is clear, since RxσJ9EA = Q.

(2) We have only to prove that the morphism

H\E4, σ*ΘΣ(6l1-l)) — * H\TU σ*Θs(611-l)<g>Θτι)

is surjective. For this purpose, let us consider the exact sequence:

0 •σ*Θ Σ (6l 1 -l)®Θ E 4 (-ϊ ί ) • σ*ΘΣ(βlx-l) • σ*Θ^6l1-l)®Θτί >0 .

By Lemma 5.1, we have

σ*Θs{6l1 -1) s ΘφT, + 2/x + 4/2 - σ /) ̂  iPE4(2A:E4 + 5σ*/)

hence,

Therefore, we have a surjection

J ϊ 1 ^ , σ*ΘE4(6lx-l)) — J ϊ 1 ^ , σ ^ ί ό / !

(3) Since (σ*(-3/t-h/)-Γ1)£4 = 1, ( ^ ( 3 / 0 ^ = - 1 , we have

Finally, we prove that i / 1 ^ , ^£4(2A:£;4 + 5σ*/))^C3. By Lemma 5.1, we have

2*£ 4 + 5σ*/=-σ*/+2/ 1 +4/ 2 + 6f1.

Since Λ u / 2 u Γx can be contracted to a smooth point, we have

By the Riemann-Roch theorem, we have easily

hence, H\EA9 ΘEA{2KEΛ + 5σ*/))sC3. q.e.d.

The following is well-known (cf. [8]):

LEMMA 5.3. Let v: S-+T be the blowing up at the point p on a smooth surface
T9 and put v~1(p) = C. Then a vector bundle $ on S is the pull back of a vector bundle
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on T if and only if

where r = rank<f.

Let S\ = Sξ be the vector bundle on E± determined by an element

ζGExt£ 4 (σ*^( — 31 x + /), G*@ΣQI\))I where the image of ξ by the surjection in Lemma

5.2, (2) is not zero. Then $®Θγx induces a non-split exact sequence

0 > βTχ( -1) • S®ΘTχ • βφ) • 0 ,

hence, ^ x ,
On the other hand, we have

for ι = l , 2 . Thus S^Θj.^Θ®2 for /=1,2 .

By Lemma 5.3, there exists a vector bundle & on P2 such that £' = μ*£>, and then

we have an exact sequence

(5.3) 0 >σ*ΘΣ(3lι) • μ*£ •σ

Taking σ^, we have an exact sequence

(5.4) 0 >ΘΣ(3lί) >λ*£ >0

Further, taking λ+, we have an exact sequence

(5.5) 0 >ΘP2 >£ - A s | e ^ ( - 3

since ^λ^Θ^31^ = 0 by the Grauert-Riemenschneider vanishing theorem.

We remark that λ: Σ^P2 is the blowing up of P2 along the ideal / : = λ+ΘΣ( -

By (5.4), we have a P^bundle V: = P(δ)^^P2 and a rational section I ς K

LEMMA 5.4. S®ΘLt^ΘLt{\)®ΘLt.

PROOF. Let us consider the exact sequence

0 β&li)®βι2 • λ*£®Θl2 • ΘΣ{- 31, + l)®Θl2 > 0 .

Since (3lιΊ>2)Σ = (lΊ7)Σ= 1, we have an exact sequence

0 • ΘPι(l) > λ*S>®ΘPi • ΘPι • 0 .

Therefore, λ*£®βh^βpί(l)®βpί. q.e.d.

COROLLARY 5.5. π~ι(Lt) = :A is the Pί-bundle F1 over L^P1.

LEMMA 5.6. Nf , κ ̂  Θ P i ( - 2 ) φ β, where Nflv is the normal bundle ojf(^Σ) in V.

PROOF. Let Kv be a canonical divisor on V. Then we have
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Since ΘΣ(Σ) = ΘΣ(-3lί+l)9 we have (Kv-f) = (-4l+6l1'f)Σ = - 4 + 4 = 0. Thus, by
Lemma 3.1, we have the claim. q.e.d.

LEMMA 5.7. V—(ΣuA) is algebraically isomorphic to C3.

PROOF. Since Σ-π~\p)—>P2-{p) and peLt9 the morphism π | W ) _ ( I U i l ) :
P(£')-(ΣuA)->P2-Lt gives an algebraic C-bundle structure on P2-Lt^C2.
Therefore, by Quillen [10], we have P{S) -(Σ u A) ̂  C3. q.e.d.

Let φ±: V1^V: = P(^) be the blowing up along / and put C1 = φϊ1{f). Then
C'1^F2 by Lemma 5.6. Let I\ be the proper transform of Σ in Vί. Then Σx has the
singularity q1 of Λrtype, and there exists a birational morphism v1: £ r

4->£1 such that

vi\qi) = f2 and £4-/2 3 ^ i - { ί i } We put /Y>: = ̂ (70 and f»: = Vl(J). Then
Σx CΊ ̂ ^ 4-/(1). In particular, / ^ is a fiber and / ( 1 ) is the negative section of C\ ̂  F2.
Since ^ e / ( 1 ) and (KVl'f

(1)) = (Kv'f) = 0, by Lemma 3.1, we have

Let φ2:V2^> Vγ be the blowing up along the curve / ( 1 ) and put C2 = Φϊ 1(/ ( 1 )) = *2
Let Σ2 be the proper transform of Σt in F 2. Then Σ2 is a smooth surface and there is
an isomorphism v2 : E4-^> Σ2. We put f\2) : = v2φ (i= 1, 2) and fi2) = v2(f). Then we
have Σ2'C'2=f{

2

2) + f{2\ In particular, /(

2

2) is a fiber and / ( 2 ) is the negative section of
C"2 = F 2 . Since (^ K 2 / ( 2 ) ) = (A :Kr/ i l )) = 0 and Σ 2 is smooth, by Lemma 3.1, we have

Let φ3: V3^V2 be the blowing up along / ( 2 ) and put C'^φ^if^^P1 xP1.
Let C be a fiber of the ruled surface φ3 \c>3: C'3->/(2), and Σ3 be the proper transform
of Σ2 in V3. Then Σ 3 is a smooth surface and there exists an isomorphism v3 : 2s4^-> Σ3.
We put 71 = ̂ (7) (/= 1, 2)J=v3(j), ζ: = i;3(ζ) (1= 1, 2). Then, Γ3 C 3 = / In particular,
(/ ./) c , =0 and (/ C)C, = 1 (see Step IV and Figure 2 in §4).

Since C3^P{Θ-\)®Θ{-\)\ by Corollary 5.6 in [10], C 3 can be blown down
along the fiber / . After step by step blowing down, we finally have a smooth 3-fold Xγ

with έ2(Ar

1) = 2 and the contraction morphism δ: V3^XX. We put Q : = (5(C'3 u C 2 u C^),
iϊΊ : = δ(Σ3), and 7X : = (5(̂ 43), where C} (7= 1» 2), ^43 are the proper transforms of C)
(J= 1, 2), ̂ 4 = π"1(L ί) in V3, respectively. Then, by construction, one can easily see that
Cγ is a smooth rational curve in Xγ with C1aY1, E1

f^P2, and Yγ is a singular del
Pezzo surface with a singularity of v42-type. We put p': = (0! ° </>2 ° 0 3 )~ ι ° δ. Then p r

is a birational map of V onto A^ such that p'': V—f^Xγ — C (isomorphic). Since
Kv= -2A-2Σ, we have KXί =-2Y1-2E1. Since Eγ Fx =l[V + l<2

1\ by the adjunction
formula, ΘEί(E1) = ΘEί(-lγ)) foτj=\92, where /5υ: = 5(ζ) is a line in ̂ ^ / > 2 . Thus
E1 can be blown down to a point x of a smooth projective 3-fold X.
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Let δί: XX^X be the contraction morphism. Then Y: = δ1(Yί) has a singularity
of ;44-type at x = δt(Eί). Since all the transformations above are performed on the
divisor Σ ς V, we have X- Γ~ V- (Σ u A) ̂  C 3 (by Lemma 5.7). Thus, (X, Y) is a
smooth projective compactification of C 3 such that Y is a singular del Pezzo surface
with a singularity of ^44-type. This implies that A" is a Fano 3-fold of index 2 with
YicX^ZΘX(Y). Since Fhas a singularity of Λ4-type, we have deg 7Vy = deg( — Kγ) = 5,
where Nγ: = [ Y] | γ (resp. /Γy) is the normal bundle of Y in X (resp. a canonical divisor
on Y). Thus, A" is a Fano 3-fold V5 of degree 5 in P6 by the anti-canonical embedding.
In particular, C: = δί(Cί) is a unique line in ̂ through the point x = δ1(E1) on X. Thus
we have the following:

PROPOSITION 5.8. (1) δ1(E1) = : xeSΆφ0.
(2) There is a biratίonal map p': P{£) • V's =: Xx such that

p
f -J^-* x i - Cx {isomorphic) ,

where V5 is the blowing up of V5 at the point δ1(E1) = xe V5.

(3) Ht

5: = δ1(pf(Σ\jπ~1(Lt)) is a singular del Pezzo surface with singularity of

A4-type. In particular, V5-Hι

5^C3.

By Propositions 4.4 and 5.8, we have the proof of the assertions (1), (2) and a half
part of (3) in our main theorem. The rest can be proved as follows:

For any fiber π~ 1(pf) (p Φp' e L J , let lp, be the proper transform of π~ 1(p') ̂  P{$)
in V'5 = XV By construction, lp>nC1φ0, (/^•F1) = l, and (/p, ^ 1 ) = 0. Thus
Hf : = δ\(p'{Σ u π~ H^oo))) is a Γ ul ed variety swept out by lines which intersect the line C.

We also have V5-H™^C3. By Lemma l.l,Hf cannot be normal. This completes
the proof of the theorem.

Finally, we will prove the corollary. Let L be any line in P2 which does not pass
through the point peP2. We put H5: = δ1(pf(Σuπ~ί(L))). Then, H5 is a member of
the linear system | (9v^X)®Jί2

x |. Thus, H5 contains a unique line C through the point
x. We can see that

V5-H5 d Vf

5-δ^(H5) L P{£)-{Σuπ-\L)).

Since P{β)~(Σuπ~ \L)) is a C-bundle over C2 - {0}, V5 -H5 ^ C3. Therefore we have
the corollary.
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