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0. Introduction.

0.1. Koecher [KO] introduced Dirichlet series corresponding to Siegel’s modular
forms and presented explicit formulas for the Dirichlet series which express the location
of the poles and the residues in a satisfactory manner, but did not succeed in proving
them. Maass in his lecture notes [MA, § 15] studied those Dirichlet series in full generality
and obtained the analytic continuation and the functional equations for them. His
method is based upon the theory of invariant differential operators acting on real
symmetric matrices, which gives a powerful tool in investigating those Dirichlet series
and their functional equations. However one cannot have precise information on the
residues of the poles by his method. In [AR] we have proved Koecher’s explicit formulas
by using Klingen’s Eisenstein series and the structure theorem for the space of Siegel’s
modular forms due to Klingen [KL1]. Recently Weissauer [WE] studied Koecher-Maass
Dirichlet series corresponding to Siegel’s cusp forms with level N and solved a certain
converse problem concerning the correspondence between those Dirichlet series with
grossen characters and Siegel’s cusp forms.

Our aim of the present paper is to prove Koecher’s explicit formulas for the Dirichlet
series corresponding to Siegel’s modular forms (not necessarily cusp forms) with level
N without using Klingen’s Eisenstein series (Klingen in [KL2, p. 235] suggested the
problem of obtaining Koecher’s formulas without the help of Klingen’s Eisenstein
series). We also obtain an explicit formula for the Epstein-Koecher zeta function.

Another more arithmetic aspect of Koecher-Maass Dirichlet series is discussed in
Bocherer [BO].

0.2. We summarize our results.
Let §, be the Siegel upper half plane of degree n, on which the Siegel modular

group I'™ = Sp(n, Z) of degree n acts in a usual manner. Let I'’(N) be the congruence
subgroup of I'™ with level N given by

(0.1) rg'>(N)={M=(’é i)erw | C=0mod N} :

For a Dirichlet character e mod N and a positive integer k, denote by M (I'"(N), ¢)
the space of all holomorphic functions f on §, satisfying
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(i) AMLZ))=¢(det(D)) det(CZ+ D) Z) forany M= (g ﬁ) el'P(N),

(i) if n=1, fis holomorphic at all cusps of I'{"(N).
Each fe M, (I'’(N), ¢) has a Fourier expansion of the form
0.2) f@)=_ 3 a(Det(TZ)],
T=T™M>0
where T runs over all half-integral semi-positive definite symmetric matrices of size n.
Assume that ¢(— 1) =(— 1)*. Koecher [KO], Maass [MA], and Weissauer [WE] introduced
the Dirichlet series D,(f, s) associated with fe M(I'™)(N), ¢):

0.3) pf9=y 4D

1y>o0 €(T) det(T)*
where the summation indicates that 7' runs over the I',-equivalence classes of half-integral
positive definite symmetric matrices of size n and €(7) denotes the order of the unit
group {Ue GL,,(Z)I T[U]=T} of T. Let Q be a positive definite symmetric matrix of
size m. We define the Epstein-Koecher zeta function D,(Q; s) to be the sum

% det (QIGD)*,

where G=G™" runs through a complete set of non-associated integral m x n matrices
with rank(G) =n, G and G, being said to be associated if G, = GU with some Ue GL,(Z).
The Dirichlet series D,(f,s) (resp. D,(Q;s)) is absolutely convergent for Re(s)>
k+(n+1)/2 (resp. Re(s)>m/2). Set

0.4) &Sy 8)=2N"*2r) "™ T ()D,(f, 5) »
0.5) ElQ; )=21""T (s)D(Q; 5) ,
where

Iys)=[[n* 20 (s—(u—1)/2).
p=1
Let & be the ®-operator of Siegel giving a linear map from M (I'{)(N),¢) to
M (I~ Y(N), ¢). For each f of M(I')(N), €), we set
f1of(Z)=N"7? det(NZ) M (—=(NZ)™")  (Ze$H,),

which is an element of M (I'")(N), &). Set, for any positive integer r,

- “V/2 ...
0.6) o) = Ia=2orem - rz2,

1---r=1



SIEGEL’S MODULAR FORMS 263

We obtain the following theorem.

THEOREM. (i) Suppose k>n—1 and &(—1)=(—1)*. Let fe M(I'""(N), €) and set
g=f I @P. Then the function &,(f, s) can be continued analytically to a meromorphic func-
tion in the whole s-plane. Moreover the following formula holds:

-nk
E(f, $)=L(f, 5)+oln) (’_‘i_(’:’)-f‘@>

N S

n—1 -nk P H , 2 PnH :
LS ”‘"”’(l 5P, 1) _E,@ 7, n/2)> ,
24=1 s—k+u/2 s—u2
where L(f, s) is a certain entire function of s.

(ii) Suppose m>2n—2. Then the function &,(Q; s) can be analytically continued to
a meromorphic function in the whole s-plane and has the expression:

det( @™ _ 1 )
s—m/2 s

M. -1. ___1_. . >
<S—-(m—ﬂ)/2 Q7 %5 n/2) i £(Q;nf2) ),

where 1(Q; s) is a certain entire function of s.

¢u(Q; 5)=1,(Q; 5) +v(n) <

1 n—1
+— Y vln—p)
2u=1

As an immediate corollary to the above theorem we obtain the functional equations
“for £,(f, s) and &,(Q; s) (see, for the explicit forms, Corollary 2.3 in §2).

Bocherer in his private letter suggested a possibility of obtaining some explicit
formula of &£,(Q; s) in the case of m<2n—2. At the end of §2 we shall discuss that case
a little further following his suggestion.

The present paper was written while the author was in Géttingen. He would like
to express his gratitude to Sonderforschungsbereich 170 “Geometrie und Analysis” for
supporting him financially. He also would like to thank Professor Bocherer for his kind
advice.

NotaTION. Let, N, Z, R, and C denote the set of positive integers, the ring of
rational integers, the real number field, and the complex number field, respectively. For
any commutative ring S, M(m, n; S), M,(S), and GL,(S) denote the set of m x n matrices
with entries in S, the ring of matrices of size n with entries in S, and the group of
invertible elements in M,(S), respectively. For any element 4 of M,(S), let ‘4, tr(A4),
det(A) denote the transposed matrix of A, the trace of 4, and the determinant of 4,
respectively. We denote by E, the identity matrix of M,(S). For A of M(m, n; S) and
B of M, (S), B[A] denotes the matrix ‘ABA. For square matrices 4,, - - -, 4,, we write
D(4,, - - -, A,) for the matrix

(Al.. 0)
0 '4,)
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For a real symmetric matrix T, T>0 (resp. 7>0) means that T is positive definite (resp.
semi-positive definite). Let I'(s) and {(s) be the gamma function and the Riemann zeta
function, respectively. The symbol e[w] (w € C) is used as an abbreviation for exp(2ziw).

1. Siegel’s modular forms and theta series. Let GSp(n, R) be the real symplectic
group of degree n with similitudes:

GSp(n, R)={M € M,,(R)| MJM=vM)J, with wM)>0},

—E,
J= ( 0 ) .
E, O
The group GSp(n, R) acts on the Siegel upper half plane $,={Z='Ze M,(C) | Im(Z)> 0}

in a usual manner. Set

M(Z>=(AZ+B)CZ+D)"! and J(M,z)=det(CZ+D)

where

for
A B
M= eGSp(n, R and Ze9H,.
(C D) p(n, R) L)

Denote by I'™ the Siegel modular group Sp(n, Z) of degree n and for a positive integer
N let I'")(N) be the congruence subgroup of I'given by (0.1) in the introduction. Let
¢ be a Dirichlet character mod N. Then, ¢ gives rise to a character of the group I'l’(N ) by

(M)= (det(D)) for M=<’é g >eI‘8"(N).

Let k be a positive integer. We set, for any function f(Z) on $, and M € GSp(n, R),
([ MNZ)=J(M, Z)™* det(M)*f(MLZ)),

which is often written f | M if there is no fear of confusion. Denote by M (I'’(N), €)
the space of all holomorphic functions f(Z) on $, which satisfy the following conditions:
() fM=eM)  for al MeTP(N),
(i) if n=1, fis holomorphic at all cusps of I'{"(N).
Then, M, (IF'$)(N), €) is a C-vector space of finite dimension. We take a particular element

m;;>=( 0 —E,,)
NE, ©

of GSp(n, R) which normalizes the group I''(N): oPT'P(N) (@)~ =T'P(N). It is easily
verified from the above property (i) that, if f'is an element of M (I'Y(N), ¢), then f| 0
belongs to M(I'(N), &), & being the complex conjugate of &. We denote by M (I'™)
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the space M(I'{’(1), 1), the usual space of Siegel’s modular forms of degree n and weight
k with respect to I'™. Each fe M (I'{’(N), ¢) satisfies the transformation formula
(1.1) floR o =(—1)"f.

Moreover, fe M(I'$(N), €) has a Fourier expansion of the form (0.2) in the introduction.
By virtue of Theorem 2.3.4 of Andrianov [AN], the Fourier coefficients a,(T) have the
estimates

(1.2) la(T)|<C; det(T)*  if T>0

with a certain positive constant C, independent of T. For each integer u with 0<u<n,
we define f,(Z) to be the subseries of (0.2) given by

(1.3) fiZ)= ;a (Te[tr(TZ)],

where T is taken over all #n x n half-integral semi-positive definite symmetric matrices
with rank(7T) = pu. Obviously,

1@)= 42).
We write especially f*(Z) instead of f(Z):
[*@2)= Y af(D)e[te(TZ)] .

T>0

The P-operator of Siegel given by

. Z, 0
¢f(21)=l£1ffwf(0 —ii) (Z1 €91, feM(TG(N), &)

defines a linear map from M(I'$’(N),&) to M(I's~(N),¢). For each interger u
(1<u<n), ®*fe M(I'" ~*(N), ¢) has the Fourier expansion

A ZWC%MWM (Z,e$n_).
T=TW>0 00

Denote by I', the group GL,(Z) of unimodular matrices of size n. For r+1 positive
integers Ay, - -, h,., With by + -+ +h,,  =n, we set

R, eM(h,h;Z)  for 13u,v$r+l}
R,,=0 for 1<v<pu<r+1)’

F’?:l)“',hr‘i- 1= {(RMV) € F"

which is a subgroup of I',. For instance, I'y;,, is a subgroup of I', consisting of
unimodular matrices whose lower left 4, x h; blocks are zero. Denote by I',/T'y; ..., |
a complete set of representatives of the left cosets of I', modulo I'y; ..., .. Let B, be
the symmetric space of positive definite symmetric matrices of size n, on which the
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general linear group GL(n, R) acts via Y— Y[g] (g€ GL(n, R)). We define R, to be the
set of all reduced matrices in B,. Then, R, is a fundamental domain of B, by the above
action of I', (see [MA, §9] for reduced matrices).

For fe M(I'$Y(N), ¢) and an integer u (1 <pu<n—1), f,(iY) in (1.3) has the following
expression

(1.4) =Y (cb"-m*(i(Y[U])[‘f;]) (see [KOY)).

Ueln/Tin-u
The Fourier coefficients of fe M (I'")(N), &) have the property
(1.5) a, (UT'U)=¢(det(U)) det(U)*a(T) forany Uerl,.
Since f satisfies f=e¢(—1)"(— 1)"™f, one necessarily has
g—D"=(—1"™.
In the sequel we assume that
g—1)=(=1F.

Let Q be a positive definite symmetric matrix of size m (i.e., Q€‘B,,). We define
the theta series ©,(Q; Y) (YeB,) by the equality:

0,2 V=Y exp(—mutr(Y-Q[G]).

GeM(m,n;Z)

We set, for each integer u (0<u<n),

0,.Q; Y)= )Y exp(—ntr(Y- Q[G))) .

GeM(m,n;Z),rank(G)=p

We understand 0, o(Q, Y)=1, if u=0. We see easily that

E
it 3, eufe{e(3))

The theta function ©@,(Q; Y) satisfies the well-known theta transformation formula
(1.6) 0,071 Y™ ) =det(Q)"* det(Y)"?0,(Q; Y) .

To prove Koecher’s formulas for &,(f, s) (fe Mi(I'(N), ¢)) and &,(Q; s) in the
introduction we would like to define the functions P,(f, Y) and P,(Q; Y) on the space
B, by induction on n as follows:

(1.7) P,(f, )=f*iY)—c " dey(Y) ¥
X {%(0)+"i 2, P (‘P""‘g, (p0IL% [ }g ])}

u=1Ueln/Tn-pupu

where c=N"2i"%, g=f| of(e MI'§X(N), £)), and a,(0) is the first Fourier coefficient of
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g in (0.2) corresponding to 0. Moreover, we define

(18)  PAQ; ¥)=6,,(0; ¥)—det(Q) " *det(¥) ™"
x{1+3§ y 1z(Q-%(YaUD-‘[°])}.
=1 UelnT3- pon E

un

The proof for the well-definedness of P,(f, Y), P,(Q, Y) (especially the convergence
of them) is complicated and will be postponed until the last section. However we state
here the explicit assertions concerning the well-definedness.

THOREM 1.1. (i) Suppose &(—1)=(—1)* and k>n—1. Let fe Mi(I'(N), ¢) and set
g=f|wW. Then the infinite series on the right hand side of (1.7) is absolutely convergent
and hence the function P,(f, Y) can be defined inductively by the equality (1.7). Moreover,
P,(f, Y) satisfies

1.9 P(g,(NY) D=c"det(Y)P(f, Y) (YeB,)
and
(1.10) P(f, YIUD=P,(f,Y) forany Uerl, YeB,.

(ii) Suppose m>2n—2. Then the function P,(Q; Y) can be defined inductively with
respect to n by the equality (1.8) and the infinite series on the right hand side of (1.8) is
absolutely convergent for any YeB,. Moreover, P,(Q; Y) satisfies

(1.11) P Q71 Y ) =det(Q)"* det(Y)"?P(Q; Y)  (YeB,)
and
(1.12) P(Q; Y[UD=P,0;Y) forany Uel,, YeB,.

We shall prove Theorem 1.1 in §3.
ReMARK 1.1. If n=1, one immediately has
Pi(f, V)= *Y)—c7 'Y *,0)  (9=f|of),
Py(Q; Y)=0,,(Q; Y)—dey(Q)"'2Y ™2,

and the properties (1.9), (1.11) are verified from the transformation formulas (1.1), (1.6),
respectively. Suppose n=2. Since the real analytic Eisenstein series

S 1 s
D ((Y[U])'I[O])= > ((Y"[U])[ ])
Uely Iy, 1 Uelyre, 0

on B, is absolutely convergent for Re (s)> 1, the functions P,(f, Y) (fe M(I'P(N), ¢))
and P,(Q; Y) are well-defined by (1.7), (1.8), respectively. Further, it is not difficult to
prove the identities (1.9), (1.11) from the transformation formulas (1.1), (1.6).
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REMARK 1.2. Suppose N=1. Then f|w{’=f for each fe M,(I'™). Denote by
S (I'") the space of cusp forms of degree n and weight k with respect to I'™, i.e.,
S I'™)={fe M(I'™)| ®f=0}. For any integer r with 0<r<n—1, let E (Z, ¢) be the
Klingen Eisenstein series associated with ¢ € S,(I'”) (see [KL1]). It is not difficult to
see from [AR, Main Lemma] that if f(z)=E¥ (Z, ¢),

P(f, Y)=P,(iY,0) (YeP,)
(see [AR, p. 159] for the function P¥.(Z, ¢) (Z€$H,)).

2. Explicit formulas for the Koecher-Maass Dirichlet series. We assume that, for
a Dirichlet character ¢ defined mod N and a positive integer k,

g—1)=(=1)*.
Let fe M(I'™(N), €). In view of (1.5) the Dirichlet series D,(f, s) associated with f is
defined by the equality (0.3) in the introduction. By virtue of the estimates (1.2) for
a/(T), D,(f, s) is absolutely convergent for Re(s)>k+(n+1)/2. Suppose that m>n.
Two matrices G,and G, of M(m, n; Z) are said to be associated if G,=GU with some

UeT,. Let Q be a positive definite symmetric matrix of size m. Koecher [KO] studied
the zeta function

D,(Q; 5)= %‘,det(Q[G])"s ;

where G is taken over a complete set of non-associated matrices of M(m, n; Z) with
rank(G)=n. The zeta function D,(Q; s) is absolutely convergent for Re(s)>m/2. We
define the functions &,(f, s) and &,(Q;s) by the equalities (0.4) and (0.5) in the
introduction. Then the functions &,(f, s), £,(Q; s) have the integral expressions:

iy
2.1 (9= det(YyrH{ —— Jav(¥),
(2.1) &S 9) Lﬂe()f(ﬁ)v()
(2.2) &0 S)=f det(Y)’'0, ,(Q; Y)dv,(Y),
9‘n

where dv,(Y)=det(Y)~ "+ V2[], . dy;; for Y=(y;). The integral on the right hand side of
(2.1) (resp. (2.2)) is absolutely convergent for Re(s)>k+(n+1)/2 (resp. Re(s) >m/2).

Assuming Theorem 1.1 in § 1, we shall prove the following theorems including the
explicit formulas for £,(f, s) and &,(Q; s) in the introduction. The constant v(r) for a
positive integer r is given by (0.6) in the introduction.

THEOREM 2.1. Assume k>n—1 and &(—1)=(—1)*. Let fe M(I'{’(N), ¢) and set
g=f|oW. Then the function &,(f,s) can be analytically continued to a meromorphic

function in the whole s-plane and has the integral expression in the vertical strip
(n—1)/2<Re(s)<k—(n—1)/2:
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23) &(fi)= det( Y)‘P,.(f,

R

Y
——)dv,(Y),
\/N>v()

where the integral is absolutely convergent in the same strip of s. Moreover, the residue
Sformula for &,(f, s) holds:

2.4) &S 9)=1(f, 9)+ vln )( W “ff’))
Lrch e (@R n) £ Hng2)
+?,§1”(" u)( s—k+p/2 s—p/2 >

where we put

iy i
L(f, )= det(Y)’r* “th“( )}d,,Y,
() L" {et( ) <\/ﬁ>+l et(Y) NG, v(Y)

det(Y)>1
L(f, s) being an entire function of s.
Similarly, the following theorem for the function &£,(Q; s) holds.

THEOREM 2.2 Suppose m>2n—2 and let Q €B,,. Then the function &,(Q; s) can be
continued analytically to a meromorphic function in the whole s-plane and has the integral
expression in the vertical strip (n—1)/2<Re(s) <m/2—(n—1)/2:

Qs 8)= j det(Y)°'P,(Q; Y)dv,(Y),
9‘"

where the integral is absolutely convergent in the same strip. Moreover,

—n/2
@5 E(0;9)=1,(0; 5)+vin) (%4)

s—m/2 s
121 B det(Q)—n/z B B
+ ?ugl v(n #)(m ¢(07 5 n/2) _—/2‘ £,(Q; n/ 2))

where we set

1,(Q; )= j {det(Y)O,,(Q; Y)+det(Q)~"2det(Y)">7°0, (Q™"; Y)}dv,(Y),
R
det(Y)2>1

I(Q; s) being an entire function of s.

The proofs of Theorems 2.1 and 2.2 are similar to that of Proposition 2 in [AR].
We prove only Theorem 2.1 by induction on n by using Theorem 1.1 in §1, since
Theorem 2.2 is quite similarly verified.
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PrROOF OF THEOREM 2.1. If n=1, the assertion of Theorem 2.1 is immediately
verified. Suppose n>1. We assume that the assertion of Theorem 2.1 is valid for any
modular forms of M (I'$’(N), &) with degree p less than n. We see easily from the
integral expression (2.1) that, if Re(s)>k+(n+1)/2,

{ f*(%_;v—l) — ik det(Y)*g* <%>}det( Y) *dv(Y).

The integral 1,(f, s) is absolutely convergent for any s e Cand indicates an entire function
of s. Substituting Y~ !/\/N for Y in (1.7), we have

Q@7 P ( f Y—_1> —f* (i Y_l) — ik det(Y)*
" JN JN

o g B e[

26) &(f,9=1(f, 9+ j

Rn
det(Y)>1

Replacing f by g=f|w{ and Y by Y/\/N in (1.7), we get

n Y iy ‘
2.8 P,lg,—— ) =g*|— —(=D™d -k
@9 (g ﬁ) I (fN) (= det(1)

n—1 1
x {a,{o)+”§1 o ,;,_ P, ((D"“‘f, ﬁ(Y[U])‘I [2 D} :

m
By virtue of Theorem 1.1, the infinite series on the right hand sides of (2.7), (2.8) are
absolutely convergent under the assumption k>n—1. The identity (1.9) in Theorem
1.1 implies that

Yy ! Y
2.9 P [ £ )= imdet Y"P,,( —.—>
@9) (fﬁ> B Gy

With the help of (2.7), (2.8) and (2.9), the function &,(f, s) in (2.6) turns out to be of
the following form if Re(s)>k+(n+1)/2:

&S )=1(f.5) +J det(Y)™*
Rn
det(Y)> 1

fovaron, 5. e ol S]]

n—1
a0+T 3 nfe ﬁ(Y[U])“ [ o DHawen:

By the inductive assumption, the integral
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W
det(Wy P, #"~4f, —— ) dv,
L“ Uw) ( fﬁ) %)

for each integer u (1<u<n—1) is absolutely convergent for (u—1)/2<Re(s)<

k—(u—1)/2 and coincides with £,(®"""f, 5). An easy calculation as in Lemma 5 of [AR]
shows that, if Re(s)>k+(n+1)/2,

(2.10) Sl ) =1/, 9)

N = e I
e k[s~dk a"(OHu; 2As—k+p/2) WA n/2)]

o(n) R il DT
_[T a,(0)+”§1 212 (2 f,n/z)],

which gives the meromorphic continuation of &,(f, s) to the whole s-plane. On the other
hand, again with the use of (2.9), we have

Y
— )dv,
\/N>vm

s Y -n -5 Y
= L‘” {det( Y) Pn < f, :/—N—> +i"det(Y )*~*P, (g, ﬁ)} dv(Y).

det(Y)>1

2.11) j det(Y)*P, (f,
Rn

Thus in a manner similar to that in the proof of Proposition 3 of [AR] (especially (2.6),
(2.7) in [AR]), we see easily that the integral on the left hand side of (2.11) is absolutely
convergent for (n—1)/2<Re(s)<k—(n—1)/2 and coincides with the right hand side of
the identity (2.10). Hence the identity (2.3) holds for (n—1)/2 <Re(s)<k—(n—1)/2. The
proof of Theorem 2.1 is now completed.

As an application of Theorems 2.1 and 2.2 we obtain the functional equations of
the zeta functions D,(f, s) and D,(Q; s).

COROLLARY 2.3. Let the notation and the assumption be the same as in Theorems
2.1 and 2.2. Then we have

() C(f| R, k—9)=i""E,(f, 9),

(i) &(Q71; m/2—s)=det(Q)"?£,(Q; ).

The proof is immediate from (2.4) and (2.5) in Theorems 2.1 and 2.2.

REMARK 2.1. The functional equation for £,(f, s) was obtained by Maass [MA,
§15] in the case of N=1 and by Weissauer in the case of f being a cusp form with level

N> 1. The functional equation for &£,(Q; s) has been known by Maass [MA, §17, p.
284, p. 285].
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Now we consider the zeta function &,(Q; s) for n<m<2n-2 following Bécherer’s
suggestion. He suggested that &,(Q; s) is related to &,,_,(Q; s) in a simple manner and
that one can get some information on the poles of £,(Q; s) from that on &,_,(Q; ).
Suppose n<m. For Q € B,,, we define the Eisenstein series E,(Q; s) by

EQ9= T o ((’UQU) [ﬁ])

which converges absolutely for Re(s)>m/2. Then an easy calculation shows that
D(Q; 5)=E Q;s)- [[l@2s—v+1).
v=1

Set

n(s)=n""2I'(s/2){(s) -
It follows from (0.5) that

2.12) £,(0;5)=2 li[ln(Zs—v F1)EAQ: 5).-

On the other hand, the easily verified identity

det(('UQU)[i":D_s:det(Q)“det<(U‘1Q‘1'U"‘)[EO ]>— (Uerl,)

implies that
(2.13) E(Q; 5)=det(Q) °E,—(Q7'; 5).

Now suppose that n<m<2n—2. Therefore one can derive from (2.12) and (2.13) a
simple relation between &,(Q; s) and &,,_,(Q}; s):

(2.14) &2 9= [l n@2s—v+1)-det(Q)™*n-n(Q7 % 9),

v=m—n+1

where £o(Q71; 5)=1 if m=n. We note here that m>2(m—n)—2 and n>m—n+1.

PROPOSITION 2.4. Suppose n<m<2n—2. The function £,(Q;s) has poles at
s=0,1/2, ---,m/2, of which s=0,1/2,---,(m—n—1)/2 and s=(nm+1)/2, ---,m/2 are
simple poles derived from the poles of &,,_(Q™1; ). The residue of £,(Q; s) at the simple
pole s=(m— p)/2 (resp. s=u/2) for each integer p with 0<u<m—n—1 is given by
(2.15) ReS, = (n— 26 Qs 5) =,0(n —p) det(Q) "¢ (Q5m/2)

(resp. Res,_ 28 (Q; 5)= —e,0(n—p)E,(Q; n/2)),

where ¢, is 1 or 1/2 according as p=0 or pu>0. The poles s=(m—n)/2,
(m—n+1)/2,---,(n—1)/2, n/2 of £(Q;s) are derived from those of the product
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l_[3=,,,_,,+111(2s—v+ 1). Among those poles, s=(m—n+1)/2, - - -, (n—1)/2 yield double
poles of £,(Q; ).

ProoF. We see from (2.14) and Theorem 2.2 that £,(Q; s) has simple poles at
s=0,1/2, -+, (m—n—1)/2; s=(n+1)/2, - - -, m/2, and, moreover, that the residue of
£,(0; s) at s=(m—p)/2 for each p (0<u<m—n—1) is given by

ﬁ nm—p—v+1)-go(m—n—pu&,(Q; (m—n)/2) dey(Q)~"~»/2.

v=m-n+1

Thus the identity (2.15) follows from the functional equation of £,(Q; s) (Corollary 2.3)
and (0.6). The residue of £,(Q; s) at s=pu/2 (0<u<m—n—1) is similarly calculated with
the help of the functional equation n(1 —s)=#(s) of the Riemann zeta function. Since
n(s) has simple poles only at s =0, 1, the other assertions of Proposition 2.4 easily follows.
q.e.d.

3. Proof of Theorem 1.1. Let the notation be the same as in §1 and §2. Before
giving the proof of Theorem 1.1, we describe some preparatory lemmas.

LemMA 3.1. (i) Let fe M(I'™(N), €) and let A be a positive constant. Then there
exists a positive constant C, depending only on fand A such that, if Y € ‘B, and det(Y) > 1",

|f*(@Y)|<C, det(Y) 7.

(ii) Suppose m>n. Let Q €B,,. Then there exists a positive constant C; independent
of Y such that, if YeB, and det(Y)>1,

@n,n(Q; Y) < C3det(Y)_M/2 .

ProOF. Since |f*(iY[U])|=|f*GY)| for any UeT,, Y may be assumed to be a

reduced matrix of size n. The estimates (1.2) for the Fourier coefficients a (T) imply that
|F*iY)|<C, Y. det(T)* exp(—2n tr (TY)).
T>0
It is not difficult to see that there exists a positive constant C, independent of Y with
the inequality
det(Y) exp(—n tr(Y))<C, forany Ye'B,.

By the reduction theory of positive quadratic forms (see for instance [MA, §9]), there
exists a positive constant Cs such that, if YeR,,

Y>CsY,,
where Y,=(d,,y,,) for Y=(y,,). As is shown in [MA, p. 191], for YeR,,

n 1/n
tr(TY)>nCs-det(Y)'/ ( I1 zw> ,

v=1
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where T=(t,,). Thus if det(Y)>4" and YeR,, then,

[f*(Y) | < C,Cydet(Y) ™ ¥ exp(—m tr(TY))
T>0

n 1/n
<C,C,det(Y)™* ) exp < — nnlC5< I1 tw> > ,
T>0 v=1
where the last infinite series is convergent (see [MA, p. 192]). The proof of the assertion
(ii) is reduced to the case of Q= AE, (1>0). For a positive definite integral matrix T
of size n, the cardinality of the set {Ge M(m,n; Z)|'GG=T} is at most a constant
multiple of det(T)™?. Therefore the assertion (ii) is similarly verified. g.ed

Let hy, -+, h, ., (r>1) be positive integers with 4, + - -- h,,,=n and set
J
k()= h,.
v=1

Selberg [SE] introduced the following real analytic Eisenstein series for I',\ GL,(R)
associated with complex numbers s,, - - -, s,

E(Ya hl’ BT hr+ 1; sla T, S,)= 2 fldet((Y[U]) I:Ex(j):|>_s'i (YG‘B;-) .
j=1

Uelnli, .., | 0

LeMMA 3.2. The Eisenstein series E(Y;hy, -, h, 1;81, " ,8,) is absolutely
convergent if Re(s;)>(h;+hj,1)/2 (1<j<r).

For the proof see, for instance, [MA, §17].

We use the following notation later. Let 4, - - -, h,,, be the same as above. For
YeB, and Uer,, the positive definite symmetric matrices W}'(U; Y)e®P, (1<j<r+1)
are determined by the relation

E *
(3.1 Y[Ul=D(WYU; Y), - - -, Wk (U Y))[( e >]
0 Ehr+ 1
where h=(h,, - -, h,, ), and det(W}'(U; Y)) for each j (1<j<r+1) depends only on
the coset UI'y ..., . .
Now we start the proof of Theorem 1.1.

PRrROOF OF THEOREM 1.1. Assume that k>n—1, e(—1)=(—1)* and that m>2n—2.
We shall prove the theorem by induction on n. For n=1, the assertions of Theorem
1.1 are valid. Let n> 1. We assume that, for any modular forms f; of M(I'*(N), ¢) of
degree v less than #, the functions P, (f;, W) (We*B,) are defined recurrently by (1.7)
and satisfy the assertion (i) of Theorem 1.1 with 7 replaced by v. Moreover, we assume
that, for each positive integer v less than n, the function P(Q; W) (We,) is defined
recurrently by (1.8) and satisfies the assertion (ii) of Theorem 1.1 with n replaced by v.
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Let fe M, (F'$(N), ¢). Recall that g=f|w{’ and c=N"2i"*. We calculate, at first
in a formal manner, P,(g,(NY)™!) (resp. P,(Q"!; Y 1)) by the equality (1.7) (resp.
(1.8)). Taking (1.1) into account, we have, formally,

Po(g: (NY)™ )= g*((NY) ™)) — " det( )"
x {af«» + Z n X P <4’"“‘f, (YIUD [i])} .

Using (1.4) and the equality (1.7) for P, (®""%f, ), we see that

n—1
P9, (NY)™H)=g*((NY)™!)—c" det(Y)*- goﬂ(i Y)

n—1 -k
+odet(Y) Y, Y, cotdet ((Y{U}) [’f)]) -[<I>“(<1>"“‘f| o)

u=1Ueln/Tpn-un

+IIZIV ) /Zrm— Pv <(pl‘_"(¢”_“f| (D%‘)), ((N(Y[U]) I:l(;)”:|> [V])_ [;) ]):l .

If U runs over I',/I'y,_, and V runs over I',/I'Y_, ,, then, U (V ) runs over

n—p
r,/ry_,,,.-, Thus the above identity becomes

62) Pa, (V1)) =g {NY) )= dex(V- "L 1,6)
e det(VHELS, 1)+ M(f, )
where
E(f, Y>=Zc Y, de ((Y{U}) [};"])_k-d’“@""‘fl off)
and o |

M(Y)= ¥ Y det((Y{U})[E“‘O“Z])_k

hi+hy+h3=n Ueln/TR, hy.h,

x P;.,<d5'"(¢"’f | coffs +h2)), ((NY[U]) [E"‘O“"D‘l [ ; ]) ,
h3

hy, h,, hy running over all positive integers with A, +h, +hy;=n. With the help of the
notation (3.1), we set, for a triple A= (h,, h,, h;) of positive integers with 4, + h, + hy=n,

(3.3)  M,(hy, hy, s f, Y)=(N¥jc) ¥k Y f[det(W;'(U;NY)j-k

Ueln/Ti hyh, i=1

X Py (P"(P"f |y M), WHU; NY)™1).
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Then,
(3.4 M, Y)= Y MJh,hy,hs £ Y).

hy+hy+h3=n

If fis replaced by f| 0, then, g is replaced by (— 1)™f (see (1.1)). We replace f by f| 0§’
and Y by (NY)~! in (3.2). Then,

n—1
(3.5 P(f, Y)=f*(iY)—c " det(Y)"*: gogu(i(NY)—’)

+c7"det(Y) TH{E (9, (NY) ™)+ M, (g, (NY)" 1)} .
The identity (1.1) implies that

n—1 n—1
(3.6) g*i(NY) " H+ Zogu(i(NY) “H=c"det(Y)* {f*(iY) + gof,,(iY)} .
Similarly, we have, in a formal manner,
B7 PO LY HN=0,,07" Y )—det(Q)" det( Y)""z{l +n§ 0,,.(0; Y)}

+det(Q)"? det(Y)"*{E,(Q; )+ M,(Q; Y)} ,

where
n—1 E -m/2
E(Q; V)= ) det(Q)™* Y det((Y[U])[ g ]) ,
p=1 UelnTEn-p 0
(3-8) M, (Q; Y)=h HZH _ M, (hy, hy hy; Q5 Y)
and

(B9)  M,(hy, hy, hy; Q; Y)=det(Q)™™2 3 det(WiU; Y))™™?

Uernlrfl,hz,hz

x Py (Q; WHU; Y)).
Replacing Q by 0! and Y by Y~ ! in (3.7), we get
(3.10)  P(Q; V)=0,,0; Y)—-det(Q)"‘/zdet(Y)"”/Z{1 +"il@n,u(Q_l; Y_l)}
n=1

+det(Q) "2det(Y) "™HE(Q ™ YT+ M, Q7 YT}

LeMMA 3.3.  The Eisenstein series E,(f, Y) (resp. E,(Q; Y)) is absolutely convergent
and satisfies
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E, (g, (NY)™ 1) =c"det(Y)"E,(f, Y)
(resp. E(Q™"; Y1) =det(Q)"*det(Y)"*E(Q; Y)).

The proof of Lemma 3.3 will be postponed until a little later. Now what we have to
prove is the following.

ProPOSITION 3.4. (1) The infinite series M,(hy, h,, hs; f, Y) and M, (h, h,, hy; Q; Y)
are absolutely convergent.
(IT) The identities

Mn(hla h2’ h3, 9, (NY)— 1)=C"dCt(Y)an(h3, h29 hlvj; Y) ’
M (hy, by, hy; Q715 Y1) =det(Q)"? det(Y)™> M, (hy, by, hy; Q; ¥)
hold.

If we succeed in proving Lemma 3.3 and the assertions (I), (II) of Proposition 3.4
under the inductive assumption, we see immediately from (3.5) (resp. (3.10)) that the
right hand side of (1.7) (resp. (1.8)) is absolutely convergent and, moreover from (3.2),
(3.5), (3.6) (resp. (3.7), (3.10), (1.6)), that the transformation law (1.9) (resp. (1.11))
holds. Theidentities (1.10), (1.12) are easily seen from the definition of P,(f, Y), P,(Q; Y).

First we shall prove the assertion (II) of Proposition 3.4, assuming the validity of
the assertion (I). Next we shall give a proof of Lemma 3.3. Our final goal is to prove
the assertion (I) of Proposition 3.4 under the inductive assumption on ».

Set, for positive integers p, g with p+g=n,

E, 0 0 0

J, .= o

p.q

(e Sp(n,R)) .

0 0 0
0 0 E,
0 E, 0 0

LEMMA 3.5 Let hy, h,, hy be positive integers with h, +hy+hy=n. Then,
(i) P"(P"(f]of)| o TrD)= NIM2(— DRI IS ], ),
(i) @"(D"f| @2t = N'¥2M*0s(f| ], 1, 0) | 0FP

Proor. It follows by definition that, for any Z; €9, 4+4,,

(f| 0P)(Z,) = N2 det(NZ,)~* lim det(ilE,,s)"‘f<—(N Z)™ o ) .
it 0 —(iAE, )"
Hence, |
(P"(f|of) | 0§ " )(Z,) = det(NZ ) ~*N¥ " 12 ghs( flof)(—(NZT 1) .
Replacing Z, by —(NZ,)™! in the above expression for ®*(f| w§’), we get the identity
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(i). Similarly for Z, € 9y, +,

iAE, 0 )

L3t (hy t+h3) = N¥h2+h3)2 det(NZ.) % Lim
(P f)lwzv (Z>) et(NZ;) l_'ﬂof( 0 —(NZ,)"!

Therefore we have, for Z;€9,,,

Ph(PMf| w2 TN (Z3) = N**2*h/2 det(NZ,) ™% lim det(iuE,,) "
A—+ o0

iie
iAE,, 0 0
xfl 0 ~@Wzy)? 0
0 0 —(ipE,,) !

= N*sl2 (M +h3(.f|"h1 +haohs) | wg’,'z))(Z?,) .
q.e.d.

PROOF OF THE ASSERTION (IT) OF PROPOSITION 3.4. Substituting f | @ for f and
(NY)™! for Y in (3.3), we have

(B.11)  My(hy, by, by g, (NY) "D =(N¥e)*h ) lzl,det(W}‘(U; Y )

Ueln/I3, nynd=1
X Py (P" (9" (flof) | 0f ™), WU, Y H)71).
It is not difficult to see from the notation (3.1) that, for Ye B, and Uerl,,
Witshah)(U*; Y)= Wby, y~1) ! (=1213),

where we put

0 0 E,
vx=cuH[ 0 E, o
E, 0 0

We note here that if U runs over I,/ I}, ,, ., then U* runs over I, /I’ ,, .. Thus
the identity (3.11) with the help of (i) of Lemma 3.5 becomes

3.12) M, (hy, hy, hy; g(NY) 1) =(N¥ /)Pt H 2 Nhski2(— )b +ha)dey(Y)*

x X det(WH(U*, Y) 74Py (" (S by +har)s WE(UR,Y)),

U‘e[‘,,/l‘ﬁ:,hz,hl

where we put k' =(h3, h,, h,). On the other hand, by using (3.3) and (ii) of Lemma 3.5,
we get
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2
M (hs, by, hys f, Y)=NHZe=h=he %" Tl det(W} (U, Y)™*

Ueln/Tiynyn =1

X Py (@ (| Ty, s pns) | ORP, (NWE (U, Y)Y
Thus,
(3.13) M, (hs, hy, hys f, Y)=N"52c7hs % det(W¥(U, Y))~*
Uer,./l“;‘.°3,,.2,,,l
X'th(¢h‘+h3(f| by +haihs)s W3 (U, Y)).
The first identity in the assertion (II) follows from (3.12), (3.13). The second one is also

proved in a similar manner. Thus we have completed the proof of the assertion (II) of
Proposition 3.4 assuming the validity of (I).

ProoF oF LEMMA 3.3. Since k>n—1>n/2 (resp. m/2>n—1>n/2), the abolute
convergence of E,(f, Y) (resp. E,(Q; Y)) follows from Lemma 3.2. It is immediate to
see from the definition of E,(f, Y) that

E(fi)= ) ™ Y det(WHU; Y)) 5 o"(d"f|lof?),

hy+h3=n UeI‘,./I‘i'.‘;,;.J

where h=(h,, h;) runs over all pairs of positive integers with h, +h;=n. Since Lemma
3.5 holds also for h,=0, we have, in a manner similar to that for the proof of the
assertion (II) of Proposition 3.4,

E(flof,(NY)™ )=} ™™ 3 Nkdet(WHU; Y~ )
hi+hs=n Uel',./l'i‘.’;,;.a
x NHsk2(— 1)h’k‘p”(f| Iy h3)
=det(Y)* Y, M Y  det (W{M(U* Y))F dM(d"f| oY)
hi+h3=n  U*eln/Ti,,n,
=c"det(Y)E,(f, Y).
Another identity for E,(Q; Y) is similarly verified. q.ed.

Finally we shall prove the assertion (I) of Proposition 3.4 under the inductive
assumption.

PROOF OF THE ASSERTION (I). Suppose n>3 (if n=2, the infinite series M,(f, Y),
M,(Q; Y) do not occur). For a positive integer r with r>2, we consider the following

equation with indeterminates py, - -, ps 41, ***, 4a, With d also being regarded as
an indeterminate,

d d
(EQ) .lej"' .Zlqj=r ) Pi> " sPa€N, q1, **,94-1€N, and q,€Z, ¢,>0.
i= j=
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The number of the solutions (py, * -, ps; 41, " °» qd) of the equation (EQ) is 2"~ *. Let
hy, -+, h,., ber+1 positive integers with h, + -+ +h, ., =nand (py, "~ ", Pss 41, ">
q,) a solution of the equation (EQ). Set

(3.14) M=pi+ - +pi, pU)=q1+ - +q; (1<j<d).
We write, for simplicity,
(315) h=(h1’ ”'7hr+1)a p=(p1’ “'9pd)’ ‘I=(¢11, '“’qd)'

We set, for YeB, and >0,

(3.16) It (Y; )= Z[]det(W"(U ),

where U runs over a complete set of respresentatives of I',/I'y’ ..., . satisfying the
following condition A(p, q; h; Y):
Condition A(p, q; h; Y)

l_[det(W}'(U; Y))>1 for every v with 2<v<p,,
j=v
(if p, =1, we begin with the next condition)
r+1—pn
[l det(W™U; Y))<1 for every u with 1<pu<gq;,

j=p1+1

foreach i (1<i<d-—1)
r=p(i)
[1 det(W™U; Y)=1 for every v with A(i)+ 1 <v<A(i+1),

ji=v
r+l1-—p
[l det(W™U; Y))<1 for every u with p(i)+1<pu<p(i+1).

Jj=Ai+1)+1

The condition A(p, ¢; h; Y) depends only on the coset UT'}: ..., . . In the case of ¢;=0,
the last condition for i=d—1 does not occur, since p(d— 1)= p(d). Set

H=Y (h+hy),  z=(h+h )H (1<j<r).

j=1
We note that, if t>n—1, then, since H<2n—2,
1z;>(h;+h;. )2 (I<j<r).
The following lemma plays a key role in the proof of the assertion (I) of Proposition 3.4.
LemMMA 3.6. Suppose t>n—1. Then,
Lo (Vs 0<EY;hy, - hyyystzy, o 12,)
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Hence the infinite series I("p; o(Y; D) is convergent.

PROOF OF LEMMA 3.6. By virtue of Lemma 3.2, we have only to verify the following
inequality.

LEMMA 3.7. Let YeB, and let Ue T, satisfy the condition A(p, q; h; Y). Then, for
>0,

@) r E .. N\ "%
[Tdetw™U; )< ] det((Y[U])[ '8”]) :
j=1 i=1

Proor. Let UeTr, satisfy the condition A(p, ¢; k; Y). First we observe that

r—p(i)
(3.17) det(WHU; Y))=1 for 0<i<d—1 and A@)+1<v<A(i+1),
j=v
and that
r=p(i)
(3.18) [T detw*U; Y))<1 for 0O<i<d—1,
j=A+1)+1

where we may assume that p(0)=0 and A(0)=1. If ¢,=0, the inequality (3.18) for
i=d—1 does not occur since A(d)+p(d—1)=r. Dividing (3.17) by (3.18), we get the
inequalities

Ai+1)
[T det(W™(U; Y))=1  for 0<i<d—1 and AG)+1<v<Ai+1),
j=v

which further imply that

Ad)

(3.19) [[det(W;(U; Y)>1 for 2<v<id).

Suppose d> 1. We see from the condition A(p, ¢; k; Y) that
-1 p(it+1) { r+l1-—pn

d —tZps1-p

1<T] [T detw™u; Y))} ,
i=0u=p@i)+1 (J=ai+1)+1

where, if g;=0, the index i in the first product actually ranges from 0 to d—2, since

p(d—1)=p(d). Thus with the help of (3.19),

d-1 p(i+1) {).(i+1)

1< {1 {’ﬁ"det(w,-*(v; Y»}_'z'“'"x 1 [T det(WH: Y»}
u=1

j=1 i=0u=p@i)+1 ( j=1

Ad) -1 A(d) tzy pd) (r+1-p ~tZr+1-p
< [1 det(w}U; Y))} x H{ [1 det(w}(U; n)}

v=1 j=v+1 u=1 ji=1

d—1 p(i+1) {l(d)

xT1 11 {T1det(wu; Y))}'z'“-" .

i=0pu=p@i)+1 (j=1
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Since Y 2@z, +Y 0@,z ., _,=1, we have

lsuﬁl{ﬁdeuwjh(u; Y»}_'z” « 1 {'fﬁ”det(W;(U; Y»}-”'”'"

v=1 j=1

A(d) t—1tz5(a)
X { [1deww™; Y))} )
ji=1

Consequently,

i) zy

[[det(W}U; Y))~'< 11 {ﬁdet(W,'.'(U; Y))}_m= [1de ((Y[U])[ *‘D])
= i=1

ji=1 v=1 (j=1

The above argument is applicable to the case of d=1, ¢, >0. If d=1 and g, =0, then
p.=rand A(1)=r. It is easy to see from (3.19) that

ﬁ)det(W}'(U; Y))_'srl:[l{ ﬁ det(WHU;, Y))}'zvx ]r]det(W}'(U; Y)™*
j=1 v=1 ji=1

j=v+1

11 {H det(WHU; Y))}_m .

q.e.d.

We define certain infinite series to reduce the proof of the assertion (I) to Lemma
3.6. Let hy, -+, h,,, (r=2) be positive integers with A+ --- +h,,,=n and let
(P1s "> Pas 41, * ° *» ) be a solution of the equation (EQ). Let A(j), p(j), &, p, q be the
same as in (3.14) and (3.15). We simply denote the group I'; ... by I'y. We divide
into two cases according as whether ¢;=0 or ¢;>0.

(a) The case of g;,=0: Let F be an element of M (I'#*@)(N), ¢*), ¢* being ¢ or &.
We define the infinite series J3,.,(F, Y) and J&,.,(Q; Y) (YeB,) by

shr+ 1

Ad)—-1 1
Joo(F Y)=), 1‘[ det(W*U; Y))™* P,,m)<F,—W,'{(,,)(U; Y)>‘
v j= ﬁ
and
Ad)—-1

Jioia(Q; V)= Z H det(WHU; Y)) ™™ | Py, ,(Q; Wia(U; Y,

j=1

where in the summations U runs over I',/ 'Y satisfying the condition A(p, ¢; A; Y). In
the case of ¢,=0, putting i=d—1 and v=4(d) in the condition A(p, ¢; h; Y), we get the
inequality

(3.20) det(Wh o (U; Y))=1.

(b) The case of g;>0: Let F be an element of M (I'f*@+1(N), e*), e* being ¢ or
£. We set
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Ad)+1

Jh.oF, =Y ] det(WHU; Y))*x
U j=1

th.(d)+1( \/—(W).(d)+l(U Y)) )'

and

Ad)+1

I (O Y)=%: Ell det(WHU; Y)) ™2 x

Plu.(d)+ 1<Q ( (d)+ l(U Y)) >

where in the summations U runs over I',/ 'y satisfying the condition A(p, q; h; Y).
In this case (g, > 0), by puttingi=d — 1 and u = p(d) in the condition A(p, ¢; k; Y), we get

det( W)'.‘(d)+ W(U; Y)<1.
It is not difficult to see from the identity (3.3) that

(3.21)

Y
Mn<h1’ hy, hy; f, )‘ SJ("I;I)(fh’ H+J{'z;o>(ﬁ.|w%'”, Y),

JN
where h=(hy, h,, h;) and f, = ®"(D"f| w§* ") e M(T'$(N), &). Moreover the infinite
series on the right hand side of (3.21) gives a dominant series for M,(h,, h,, hs; f, Y/ \/N).

To obtain (3.21) from (3.3) we note that |c|=N"2. We see from (3.9) in a similar
manner that

(3.22) | My(hy, ha, by Q5 V)| < Co{JEy;1(Q5 Y)+J,0/(Q; D}

with a certain positive constant C4 independent of YeB,. In view of (3.21), (3.22), the

final task we have to do is to estimate the infinite series J&, ,(F, Y), J{b. (Q; Y) from
the above.

LEmMMA 3.8. Let h, p, q be the same as in (3.15).
(@) The case of q;=0: Let F be an element of M (I't**(N), e*). Set, for simplicity,
h* =h, 4 and G=F|o{". Then there exist positive constants C,, Cg independent of Y B,
such that

K -1

sl Y)<C7< bioV )+ X lplas a1 0@ 716, T)

J("P(:‘ pd—l,Pd+l;q)(¢m_uGIww) Y)})

and that

h-1

p q)(Q9 Y)<C8< (p; q)(Y m/2)+ Z { (’;S“l;l ,qd-l.l)(Q; Y)

J("p(f) pa—n.pa+1;q)(Q; Y)}> ’
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where we put, for each p(1<pu<h*—1),
h(w=(hy, -, h;.(a)—p h*—u, p, hl(d)+19 b))

(b) The case of 4;>0: Let F be an element of M(I's*®+(N), e*). Set h*=h, 4, and
G=F|w{". Then there exist positive constants Co, Ci independent of Y € B, such that

-1

(p q)(F Y)<C < Pq)(Y k)+ Z { (m pa.l;(q,O))(qsh‘_uG’ Y)

, B
+J?P(;‘:l)h'“s11d— 1,da+ 1)(¢ G I (ng‘), Y)}>

and that

B -1

N (0 Y)<C10( wa(Ysm2)+ Z {68, patiaon(@; )

J?P(‘:I)l »4d-1,9at 1)(Q; Y)}> ’

where we put, for each p (1 <u<h*—1),

h,(.u):(hla o -’h),(d)a i, h*—#, hl(d)+2, T, hr+ 1) .
REMARK 3.1. If h*=1 (h;4=1 or h;yu ., =1 according as g,=0 or g,>0), then
the summation Y~ ! does not occur in (a), (b) of Lemma 3.8.

PrOOF OF LEMMA 3.8. Only the assertion (a) will be proved. The proof of (b) is
quite similar to that of (a).
Suppose ¢,=0. Let Fe M(I'"(N), ¢*). We can replace n, f, and Y by h*, F, and
Wia(U; Y)/\/N respectively, in the equality (1.7) under the inductive assumption.
Taking the 1nequallty (3.20) into account, we see easily from Lemma 3.1 and the

definition of J,, ,)(F, Y) that, with a certain positive constant C; independent of Y € B,,,
(323) JAL(F N<C ( b oY k) + 2 ]‘[ det(WXU; Y))~*

P,l(‘P"““G \/_( YU DIVD)™ 1[ ]))

where in the first summation U runs over I',/ I'y’ satisfying the condition A(p, ¢, k; Y).
Similarly, there exists a positive constant Cg independent of Y such that

h*-1

Lok

=1 Verh'/r;. —n
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Ad)

(B24)  J4 o0 V)<Cq (1(';,;4,( Y;m/2)+3, [1det(W}HU; ¥)™""?

-1 0
X Z Z P,.(Q_l;(W;(d)(U; Y)[V])—l[ :D),
u=1VelnThs—pu E,‘

where in the first summation U also runs over I',/I'y satisfying the condition
A(p,q; b, Y). For each UeT', and Vel let U*(V) denote the matrix

U.D(Ehﬂ T Eh;.(d)—l’ V’ Eh/’t(d)+l’ T Ehr+1) .

Let #*>1 and p an integer with 1<u<h*—1. If U runs over I',/I'yY and V over
Iy /Ti_, ,, then, U*=U*(V) runs over a complete set of representatives of I', / 'y,
It follows from the notation (3.1) that

WHU; Y)=WIU% Y)  (1<j<Md)-1),

Es._ 6 *
W;..(d)(U; )[V]=D( Wi'((,i‘))(U*; Y), W;.'((n‘i‘))+ 1(U* Y)) [( ho # E >:| ’

u

and
WHU; )= WH(U* Y)  (Md)+1<j<r+1).
Then
(WhoUs VYIVD™ [ h

"

]=(W:é:;+l(v*; ).
If U satisfies the condition A(p, ¢; k; Y) and V satisfies

det ((W,'{(a)(U; Ny~ [; ])S 1

u

)
Eu
then U* = U*(V) satisfies the condition

A((pls o ')pd—la pd+ 1)’ qa h(.u')’ Y)
(resp. A(p, (91, " "5 qa-1, 1); h(w); Y)) .

Therefore if we observe (3.23) and (3.24) carefully and choose positive constants C,
and Cg suitably large compared with C; and Cg, then we obtain the assertion (a)
(actually we may take C,=C?). q.e.d.

(resp. det (( WhaUs NIV~ |:

Let hy, h,, hy be positive integers with 4; +h, +h;=n. Let h and f,be the same as
in (3.21). By virtue of Lemma 3.6 and recurrent use of Lemma 3.8, the infinite series
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J("l;l)(flu Y)+J(bz;0)(f;alw%'z,) >
J<"1;1)(Q; Y)+J("2;0)(Q; Y)

are convergent. Therefore in view of the inequalities (3.21) and (3.22), the infinite series
M, (hy, hy, hs; f, Y) and M, (h,, hy, hy; Q; Y) are absolutely convergent. Thus we obtain
the assertion (I) of Proposition 3.4.

Now we have completed the proof of Theorem 1.1.
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