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Introduction. In the theory of two-dimensional singularities, simple elliptic
singularities and cusp singularities are regarded as the next most reasonable class of

singularities after rational singularities. Cusp singularities appear on the Satake
compactifications of Hubert modular surfaces and have loops of rational curves as the

exceptional sets of the minimal resolution. Simple elliptic singularities were investigated
by Saito [11] in detail. By definition, each of them has a nonsingular elliptic curve as
the exceptional set of the minimal resolution. Here we are interested especially in a
hypersurface simple elliptic singularity (X, x). In this case, the defining equation of (X, x)

is given by one of the following in some coordinates z1? z2, z3 around x,

with the parameter satisfying A j + 27^0, λ2 — 64^0, λ\ — 432 ̂ O and corresponding

to the moduli of the elliptic curve E which appears as the exceptional set.
The purpose of this paper is to study similar properties for simple A3 singularities

which we regard as natural generalizations in three-dimensional case of simple elliptic

singularities.
The notion of a simple A3 singularity was defined by Watanabe [4] as a

three-dimensional Gorenstein purely elliptic singularity of (0, 2)-type, whereas a simple
elliptic singularity is a two-dimensional purely elliptic singularity of (0, l)-type. Ishii
[4] pointed out that a simple A3 singularity is characterized as a quasi-Gorenstein
singularity such that the exceptional set of any minimal resolution is a normal A3
surface. Let /eC[z0, zί9 z29 z3] be a polynomial which is nondegenerate with respect
to its Newton boundary Γ(f) in the sense of [14], and whose zero locus X={f=Q} in

C4 has an isolated singularity at the origin 0 e C4. Then the condition for (X, 0) to be
a simple A3 singularity is given by a property of the Newton boundary Γ(f) of / (cf.

Proposition 1.6). Tomari [12] showed that a minimal resolution π: (X9 E)-*(X, 0) of
a simple A3 singularity is also obtained from Γ(f). In this paper, we classify
nondegenerate hypersurface simple A3 singularities and study the singularities on the
A3 surface E through the minimal resolution π.

In §2, we classify nondegenerate hypersurface simple A3 singularities into ninety
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five classes in terms of the weight of /.
In § 3, we construct the minimal resolution π using the method of torus embeddings,

and study the singularities on the weighted projective space P(p^p2^P^P^-
In §4, we prove that the singularities on the normal K3 surface E are determined

by the weight of /, and show the relation between the rank of singularities on E and
the number of parameters in /.

We denote by R+ (resp. J?0) the set of all positive (resp. nonnegative) real numbers.
We define g0, Q+, Z0, Z+ etc. similarly.

1. Preliminaries. In this section, we recall some definitions and results from [2],
[4], [15] and [16].

First we define the plurigenera δm, meN, for normal isolated singularities and
define purely elliptic singularities. Let (X, x) be a normal isolated singularity in an
^-dimensional analytic space X, and π: (X, E)-*(X, x) a good resolution. In the
following, we assume that X is a sufficiently small Stein neighbourhood of x.

DEFINITION 1.1 (Watanabe [15]). Let (X, x) be a normal isolated singularity. For
any positive integer m,

δm(X9 x): = dimcΓ(X - {x}, (9(mK))/L2im(X - {x}),

where K is the canonical line bundle on X— {x}, and L2/m(X — {x}) is the set of all
L2/m-integrable (at x) holomorphic w-ple w-forms on X—{x}.

Then δm is finite and does not depend on the choice of a Stein neighbourhood X.

DEFINITION 1.2 (Watanabe [15]). A singularity (X, x) is said to be purely elliptic
if δm = 1 for every meN.

When X is a two-dimensional analytic space, purely elliptic singularities are
quasi-Gorenstein singularities, i.e., there exists a non-vanishing holomorphic 2-form
on X— {x} (see [3]). But in higher dimension, purely elliptic singularities are not always
quasi-Gorenstein (see [4], [17]).

In the following, we assume that (X9 x) is quasi-Gorenstein. Let E=\jEt be the
decomposition of the exceptional set E into irreducible components, and write
Kχ=π*Kx + YιίeImiEi—YJJeJmjEjv^ith ra^O, W;>0. Ishii [2] defined the essential part
of the exceptional set E as EJ = ̂ ιjeJmjEp and showed that if (X, x) is purely elliptic,
then nij= 1 for all76 J.

DEFINITION 1.3. (Ishii [2]). A quasi-Gorenstein purely elliptic singularity (X, x)
isof(0, O-typeiftf""1^./, 0£) consists of the (0, z>Hodge component H0 l(Ej)9 where

C^H"-\Ej, (9E) = Gr°FH
n-1(Ej) = n® HOJ(Ej).

i = 0
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DEFINITION-PROPOSITION 1.4 (Watanabe-Ishii [4]). A three-dimensional singular-
ity (X, x) is a simple K3 singularity if the following two equivalent conditions are satisfied:

(1) (X, x) is Gorenstein purely elliptic 0/(0, 2)-type.
(2) (X, x) is quasi-Gorensteίn and the exceptional divisor E is a normal K3 surface

for any minimal resolution π : (X, E)-+(X, x).

REMARK 1.5. A minimal resolution π : (X9 E)-+(X, x) is a proper morphism with
X— E~X— {x}, where Zhas only terminal singularities and Kg is numerically effective
with respect to π.

Next we consider the case where (X, x) is a hypersurface singularity defined by a
nondegenerate polynomial /= Σavz

v e C[z0, zl9 - - ,zj, and x = OeCn+1. Recall that
the Newton boundary Γ(f) of / is the union of the compact faces of Γ+(/), where

Γ+(f) is the convex hull of U« v*o( v + /?S+1) in /r + 1 For any face Δ of Γ+(/)> set

/^=Σvejαv z V We say / to be nondegenerate, if

dz0 dz t dzn

has no solution in (C*)w + 1 for any face Δ. When / is nondegenerate, the condition for
(X, x) to be a purely elliptic singularity is given as follows:

THEOREM 1 .6 (Watanabe [16]). Let f be a nondegenerate polynomial and suppose
X={f = Q} has an isolated singularity at x = OeCn + ί.

(1) (X, x) is purely elliptic if and only if (I, 1, , l)eΓ(/).
(2) Let n = 3 and let ΔQ be the face of Γ(f) containing (1, 1, 1, 1) in the relative

interior of ΔQ. Then (X, x) is a simple K3 singularity if and only //dimRzl0 = 3.

Thus if / is nondegenerate and defines a simple K3 singularity, then fAo is a
quasi-homogeneous polynomial of a uniquely determined weight α called the weight of
/ and denoted α(/). Nemely, α = (α^ α2, α3, α4) e Q + and degα(v) : = Σf= x a;Vf = 1 for any
vez!0. In particular, £f=ι α f= 1, since (1, 1, 1, 1) is always contained in /d0.

2. Weights of hypersurface simple A3 singularities. In this section, we calculate
the weights of hypersurface simple K3 singularities defined by nondegenerate

polynomials.
Let »Γ/: = {α = (α 1,α 2,α3,α4)eβt|α 1+α 2 + α3 + α4=l} and for an element α of

W, set Γ(α): = {veZ3|α v = l } and <Γ(α)>: = {Xver(α)/v ve/? 4 | tveR0}. Then the set
<Γ(α)> is a closed cone in R4 spanned by Γ(α).

Let 0V = {αef lK' | ( l , 1, 1, l)e!nt<Γ(α), α1>α2>α3>α4}. By Theorem 1.6, W4 is
the set of weights of simple K3 singularities.
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PROPOSITION 2.1. The cardinality of W4 is 95.

In Table 2.2 can be found the complete list of weights aeW4 and examples of

/=ΣveΓ(α)αvzV sucn that / is quasi-homogeneous and that {/ = 0}c=C4 has a simple
K3 singularity at the origin 0 e C4. The polynomials / in Table 2.2 are chosen to satisfy

the condition that α v /0 if and only if v is a extremal point of the convex hull of Γ(α)
in R4. In particular, Γ(/) = zl0 is the convex hull of Γ(α).

We express a weight α in W4 as tt = (pι/p,p2/P>P3/P>P4/P)> where p,pt are positive
integers with gcd(pl9p2,p3,p4)=l.

TABLE 2.2.

No.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

weight α /

/ I
(—»
\ 4 '

Λ
\ 3 '

/ I
-,

\ 3

(τ

(T
/ J

I ?

\ 2 '

/ I
[
V 2 '

/ I
1— »
V 2 '

/ I
~

\2
ί\
(~
\2

f\
(
\ 2 '

(T
/ I
—

\ 2 '

/15

1 1 1\ 4 4 4 4
— ,— ,— J X +^ +Z +W

1 1 —} x3 + v4 + z4 + w6

4' 4 ' 6/

jC3_|_y3_|_Z

6_|_M;6

1 1 1 \
3' 4 ' 12/ X +-); +Z +W

T'T'T/ ^
1 1 1 \

T'T'Ίo"; x +y +z +w

1 1 1\ 2 4 8 8
— ,— ,— J y

1 1 1 \ 2 4 6 12

T'7'Ϊ2/ x +y +z +>v

χ2 -^-y4- -+.Z

5 + W20

1 1 1 \I j C 2 ^ _ y 3 _ j _ z 1 2 _ | _ v v 1 2

3' 12' 12/

1 1 1 \ 2 3 10 15

T'To'Tίy x +y +z

1 1 1 \

3' 9' 18/ y

Λ-2_j_- ;3_|_ 2 .8 _j_||;24

1,1 -1̂ 1 X2+ J ;3+ Z7 + M;42

ffΓ(α)

35

15

30

21

39

28

35

27

23

39

18

30

27

24
,2 3 7 42



SIMPLE K3 SINGULARITIES 355

TABLE 2.2. (continued)

No.

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

weight α /

/ I 4 1 1\ .χ3+ 3z + Wz 5 w5

\ 3 ' 15' 5' 5/ ^ Z ' W

/ 1 7 1 1\ 3 3 4 8

\3~' ~24 ' T' ¥/ y W

( — — — — } X*+y*+Z5+XW5+yW5+ZW*

\ 3 ' 3' 5' 15/

f l l 2 l \ 3.L. 3 3 3 4 91 — , — , — , — x-*-!-.yi + ;cz;J+.yzJ+z4w + vv9

\ 3 3 9 9/

f — — — — ̂  X2^ + X 2Z + JC 2 W 2 + V 4 + Z4 + W 8

y 8 ' 4 ' 4 ' 8 /

/ 3 _ J_ J_ J_\ ^2z + ̂ 2w 6+ 3 + z4 + w24

\ 8 ' 3 ' 4 ' 2 4 / +^

/ 2 1 1 1\ 2 2 2 5 5 5

(2 1 1 1 \ Λ2Z + J C2W3+ 3+ z5 W15

\ 5 ' 3' 5' 157 y

x2z-\-x2w-\-v4 + z6 + w6

/ 5 1 1 1 \

\ Ϊ 2 ' ~ 3 ' ~ 6 t ~ Ϊ 2 j X Z +y

(— ,— ,— — 1̂ Λ:2z + Λ: 2 w+v 3 + z9-w9

\ 9 ' 3' 9' 9/

/ 9 1 1 1 \

\2o' 4 ' s 'ΊioΓ/ Λ M;+:μ

Λi i i i \ χ2^+ 3 z8 12

\24' 3 ' 8' 12/ X W+y +Z +M;

/10 1 1 1 λ 2 3 7 2 1

\ 2 l ' 3' 7 ' 21 )

/ 1 1 1 2 \ 2 5 6 6 2 5

\ 2 ' 5' 6' 75/ ^ +J;M;

/ I 1 7 1\
/ I 2 i 5 ι 5 ι 8

\T'T 40 Ύ/ ^

f~,— ,— — 1 x2-f V 4 z+v 3 w 3 + z6 + w8

\ 2 ' 24' 6' 8/

/I 3 1 1\ ^2+ ̂  ^ ^Ί\ 2 ' 14' 7' 7/ ^ Z ^ W

( — — — — ̂  Λ:2 + v3z2 + v4w + z6 + w9

\ 2 ' 9 ' 6' 9/

#Γ(α)

12

9

14

23

24

18

34

21

17

24

33

13

15

24

10

8

12

19

16
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TABLE 2.2. (continued)

No.

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

weight α /

\T' 3θ'T'~Ϊ5/ X *y W*Z + W

(- - - — } x2 + 4+z7 + w^+zw*\ 2 ' 4 ' 7' 28 / x y z yw zw

, , , 1 ΛΓ 2+y 4 + yZ5+Z6H>+H>10

2 4 20 107

(-- — — ̂ |\ 2 * 4 * 16' 16/ x y yz z w w

( 1 4 1 1 \ 2 3 3 6 5 30
\T' 15' 5'^/ * y z y w

(TΊΪ'TΊΪ) *2

+,3z+,v+z'+w-
/ I 2 1 1 \ ^4- 3z-f V + z7-w14

\ 2 ' 7' 7 ' 14/ * +y Z+y

/ I 7 1 1 \ X2+ 3Z+ 2V V5+ Z8 + M,12

\ 2 ' 24' 8' 12/ X *y Z+y

(T'4'll'τΰ x*+y*z+y*w + z" + w"

ίl 11 1 1 \ χ2 ιw Z9 Wi2
\29 36'"9~'Ί2"/ X +y W+Z +W

— , , — , 1 JC2 + V 2 Z 3 + V 3 W - f Z 8 - f W 1 6

2 16 8 16/

( 1 0 1 1 \
1 2 i 3 i 7 i 28

T 28 V 28^/ y ^

f l lJ_ M
\ 2 ' 3' 11 ' 66 / y

\ 2 ' 3' 2 l ' 14/

\T'T' 48^' Ί?/ x +>; +z ^^^

\ 2 ' 3 ' 4 2 ' 2 i y ^ ^

/ 1 1 2 1 \ 2 3 5 7 2 30
^— — — ,_ J x +y +yz +Z W -{-W

( 1 1 5 1 \ 2 3 7 3 6

\T'T' 36"' 36/ X +y +Z W + W

(—,—,—, ) JC3+^4 + JCZ 3+ZW 4

tfΓ(α)

13

12

16

24

21

24

27

16

36

12

28

24

9

13

12

15

25

24

5
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TABLE 2.2. (continued)

No.

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

weight α /

/ I 5 2 1\ , . , _ 3 , 2 6
— , — , — , — x3+y3w+y2z2 + xz3 + z3w2 + w6

\3 18 9 6/

( — , — , — , — j x3+y3w+yz3 + z3w2-w7

(wio'i'lo) χ>y+χW+y>w+z'-w»

&1?TT) *+?*+*>+»•

(fτ'^'τ) ^+/ + «3+Z«H-+H-

/3 5 1 1 \
1 — , — , — , — X2z + x2w* + xy2+y3w + zί + wί6

\8 16 4 16/

\2ί' T' 2Γ' 2Ϊ") Λ:2z + ̂ 2u;5+^3 + zV-H;21

(-—,—,—, — 1 X2z + x2w4+y3+yz3 + z4w2 + w18

\ 18 3 9 18/

&τπ τ) *'2+,«+zv+H.'
(— , — , — , — I X2z+xw*+y*+yw5+z5+z2w4

5 4 5 20 /

(—,-—,—,—-) Λ:2z+^2w2 + ̂ 24->'2z2-h>y3H' + z5 + w10

(π'i'Ty) Λ+^+^3

w+r«+w

(Ϊ'T4'TΓ) χ2z+y3 + zW>

(—,—,—, — ) x2z + x2w + xy2+y3z+y3w + zΊ + w7

(—,—,—, — j x2z + xw(>+y3+ywΊ +z7 +zw9

S'T π π) Λ+^+^' + Γ H-^H "

( 7 1 3 1 λ
-—,—,-—,— x2w + xz3+^4+^z4 + z4w2 + w8

16 4 16 8/

I — ,— , — , — 1 Ar 2w + ̂ 2+^3z+.y2vv4 + z6 + w9

\ 9 18 6 9 /

/ 7 4 1 1 \
(—»—»—> — ) *2H> + *y2+>>3z+j;3H>3+z5 + H>15

ίfΓ(α)

10

9

11

6

8

19

18

19

7

10

23

10

9

31

14

10

14

14

22
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TABLE 2.2. (continued)

No.

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

weight α /

(-,- - -} X*W + XZ'+y* + z'+zW v"
\ 15' 3 ' 15' 15/

/ I 1 4 7 \
U'7'2Γlδj *2+>s+^+™«

(v'^Γ'^Γ'V) *2+.y4H>+>>z5+z4H>3 + w>8

\ 2 32 32 8 /

(—>—-, — » — 1 *2+<y4w+ ιy
2z3 + z 5w + M;11

2 22 11 l l / '

(!,_! — ,-M ,,2+ 4w;+ z4+z4w;3 W l 3
\ 2 ' l 3 ' 2 6 ' l 3 / * ^ W ^

f— ,— — — 1 *2 + v3z+ 3w5 + z5w + w26

\ 2 ' 26' 26' 26/

( 1 3 2 1 \
? 9 } ) jc2 + V 3z + v3w4 + vz4 + z5w2-f w2 2

2' iΓ iΓ 22 /

("JL, JL _L, J-^ JC2 + V 3Z+ 2 W 7 + Z 6 W+W 1 6

\ 2 ' 32' 32' 16/

( — il J_ _!Λ ^2 + v3z + z8vi; + H'11

\ 2 ' 44' 44' l i y
/ I 4 3 1 \
VT'Ίs ΐό πJ ^+^^^z^z«w+^3

ί— — — — ̂  x2 + v 3w + vz5+z7H; + w2 2

V 2 ' 2 2 ' 2 2 ' 2 2 /

fl 1 A JL\
\ 2 ' 3' 54' 27 / X +y *yW +Z VV + Z W

(T'2y'l'^) x3 + xz3+^3z+^4 + z2w3

(—-,—, — , — 1 Λ:2

>y + Λ: 2w 24 ^z3H-^3vv+>'2z2 + z4w + vv7

14 7 14 7/

V25"' "25"' T' 25~) ^2^+^w4+^3w + z5 +zw5

( — , — , — — J *2z + x 2w 3 + xy2+ iy
3H>+ iyz3+z4H> + H>13

Λ! J_ J_ _^_\ JC2Z + *H>8+ 3+ W 9 + Z 5 W + ZWU

\ 2 7 ' 3 ' 2 7 ' 2 7 / W ^ ^

/ 5 3 2 1 \

\ 11 ' 11 ' 11 ' 11 J

( 1 2 , 4 . 2 S 5 7— , — , — , — x^+y^z+y^w^+z^w + zw1

2 34 17 17 /

ίfΓ(α)

26

6

9

14

13

91
^1

22

13

9

16

25

10

6

13

7

20

11

24

8
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TABLE 2.2. (continued)

No.

91

92

93

94

95

weight α /

,,
I

\ 2 '

/ I

\ 2 '

/ I

( Ί

( Ί

\Ϊ7

4 3 5 \ 2 4 6 3 4

19' 19' 38 /

11 5 3 \ ^2+ ^+ w9 + zιw + zwιι

38 38 38 /

5 2 3 \
— , — , — j x2+y3z+yz6+yw8+zΊw2+zw10

5 4 3 \ 2 , 3 4 3 2 3 4 5

' 19' 19' 19 J

5 3 2 \ 2 2 5 3 4 6 5 7

' 17' 17' 17/

tfΓ(α)

7

10

11

9

13

Here we have the following proposition, essentially used in §3 and §4.

PROPOSITION 2.3. (1) For any i= 1, 2, 3, 4, one of the following is satisfied:

(a) Pi I A
O) Λ I O -/>/) for some j φ ί.

(2) 0c</Oi, pp pk} = 1 /or all distinct ί, j, k.
(3) Let atj : = gcd(p^ PJ) (i Φj\ then atj \ p.
(4) If pi\p and Pi\(p—Pj), then a^—pi and aik = a{l=\, where we set

{U, *,/} = {!, 2, 3, 4}.

PROOF. (1) The proof will be found in the proof of Proposition 2.1.

(2) Since ^crf(/71,/?2,/?3,/?4)=l, if gcd(pί,pj,pk) = d>\, then gcd(pbd)=l and
gcd(p,d)=\. Thus v,^l for every veΓ(α), a contradiction to the condition

(3) If there exists atj such that atj )(p, then vk Φ 0 or vz ̂  0 for every v e Γ(α). Since
the point (1, 1, 1, 1) is contained the hyperplane {xk + xt = 2} in R4, we have
{xfc + xl < 2} n Γ(α) ̂  0. Assume that vk = 1 and vz = 0, i.e., v^ + VJPJ =p —pk. Then βf j | ph

hence we have atj= 1 by (2), a contradiction.

(4) From the condition pt \ (p —PJ), we have pi \ (pk +Pι), hence aίk — an = 1 by (2).
The other assertion a^ — pi follows from the fact p{\pj. Q.E.D.

REMARK 2.4. One can check the assertion (1) directly by Table 2.2.

PROOF OF PROPOSITION 2.1. Let α = (α1? α2, α3, α4) be a weight in W4, and let H0

be the hyperplane in J?4 containing Γ(α). Denote by δ the point (1, 1, 1, 1) in Γ(α).
First, we explain the outline of the proof. By definition, there exist v, μe Γ(α) with.

vί >2, μ2>2. Let H be the plane in H0 through δ, v, and μ. Then by definition again,
there exists a point λ e Γ(α) not contained in H. Conversely, for fixed v, μ, and A, we
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can calculate the weight α. Thus we may classify all the possible triples of points {v, μ, λ}
as above and check the condition <5eInt<Γ(α)>. We proceed in four steps.

Step 1. We classify points v in Γ(α) with vί > 2. Since o^ > 1/4, we have 2 < vx < 4.
Case 1. v x = 3 or 4.

Since 3ocί +α/> 1 (/'= U 2, 3, 4), only possible cases are

v = (4, 0, 0, 0), (3, 1, 0, 0), (3, 0, 1, 0), α = (l/4, 1/4, 1/4, 1/4) or

v = (3,0, 0, 1), αι = α2 = α3 or

v = (3,0,0,0),αι = l/3.
Case 2. v t = 2 and v2^0.

Since 2αx -hα2 + α7> 1 (/=2, 3, ,4), we have

v = (2, 2, 0, 0), (2, 1, 1, 0), α = (l/4, 1/4, 1/4, 1/4) or

v = (2, 1,0, 1), α 1=α 2 = α3 or

v = (2,l,0,0),2α1 + α2 = l .

Case 3. V i = 2, v2 = 0 and v3 Φ0.

Since 2oί1 + α3 -h α7 > 1 (jr= 3, 4), we have

v = (2, 0, 2, 0), α j = α2, α3 = α4 or

v = (2, 0, 1, 1), α1 = α2 or

v = ( 2 , 0 , l , 0 ) , 2 α ι + α 3 = l .

Case 4. v = (2, 0, 0, «), 2αx + «α4 = 1 (« > 0).
Thus if α e W4, then α satisfies one of the following conditions:

(A) α ι=α 2(i.e.,v(2,0,l,l)6Γ(α)).

(B) αι = l/3(i.e.,v(3,0,0,0)eΓ(α)).

(C) 2αι+α2 = l (i.e., v(2, 1, 0, O)eΓ(α)).

(D) 2αι+α3 = l (i.e., v(2,0, l,0)eΓ(α)).

(E) 2«! + «α4 = 1 for « > 0 (i.e., v(2, 0, 0, «) 6 Γ(α)).

Steps 2 and 3. Next we classify points μ e Γ(α) with μ2 > 2, and determine weights
by searching another point λ.

Step 2 of the case (A) αx = α2 (i.e., v(2, 0, 1, l)e Γ(α)). There exists μe Γ(α) such
that μ!=0 and 2<μ2<4. If μ2 = 2, then v, μ, <5e{;c1+.x2 = 2}, hence we may assume

3<μ2.
(A-l) Assume that μ2 = 4. Then α1 = α2= 1/4 and α = (l/4, 1/4, 1/4, 1/4).

(A-2) Assume that μ2 = 3. Since 3α2 + α7 > 1 (/=3, 4), we have
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μ = (0,3, 1,0) and α = (1/4, 1/4, 1/4, 1/4) or

μ = (0,3, 0,1) or

μ = (0,3, 0,0).

Step 3 of the case (A). If μ = (0, 3, 0, 1), then ΛI =α2 = α3 and v, μ, δe{x4= I}. So
there exists (n, 0, 0, 0) e Γ(α) with n>4. Thus n=4 and α=(l/4, 1/4, 1/4, 1/4). If
μ = (0, 3, 0, 0), then α1 = α2=α3 + α4 and v, μ, δe{x3 = x4}. So there exists (0, 0, m, «)e
Γ(α) with m>«. Since (0, 0, 3, 3)e Γ(α), we have

/ I 1 1 1 \
α3 = α4 and α= —,—,—,— or

\ 3 3 o o /

2α3 = 3α4 and α = (—,y,— ,— J or

o Λ ί l l 2 l

α3 = 2α4 and * = -9--- or

ι , fl 1 1 1
α3 = 3α4 and α= — , — , — , —

\3 3 4 12

Step 2 of the case (B) α t = 1/3 (i.e., v(3, 0, 0, 0) e Γ(α)). Since α2 -h α3 + α4 = 2/3, we
have 2/9<α2< 1/3, so there exists μe Γ(α) such that 2<μ2<4.

(B- 1) Assume μ2 = 4. Since 1 = 3(α2 -f α3 + α4)/2 < 4α2 + α4/2,

(B-i) μ = (0,4, 0,0) and ax = l/3, α 2 = l / 4 .

(B-2) Assume μ2 = 3. Since 1 = 3(α2 + α3 + α4)/2 < 3α2 -f 3α4/2,

(B-ii) μ = (l,3,0,0) and α = (1/3, 2/9, 2/9, 2/9) or

(B-iii) μ = (0, 3, 1 , 0) and 3α2 + α3 = 1 or

(B-iv) μ = (0, 3, 0, 1) and 3α2 -f α4 = 1 or

(B-v) μ = (0,3, 0,0) and α1 = α 2 = l / 3 .

(B-3) Assume μ2 = 2. Since !=3(α2 + α3 + α4)/2<2α2+α3 + 3α4/2 and 7/9 <

μ=(l,2, 1,0) and α = (1/3, 2/9,2/9,2/9) (Case (B-ii)) or

(B-vi) μ = (l,2,0, 1) and α2 = α3 or

μ=(l,2,0,0) and αι = «2 = l/3 (Case (B-v)) or

(B-vii) μ = (0,2,2,0) and α2 + α 3 =l/2 or
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μ = (0, 2, 1, 1) and α t =α2= 1/3 (Case (B-v)) or

(B-viii) μ = (0, 2, 0, n) with n > 2 and 2α2 + «α4 = 1 .

Step 3 of the case (B). We study the above eight cases in more detail.

(B-i). Assume 0^ = 1/3, α2 = l/4, v = (3,0,0,0) and μ = (0,4,0,0). Then α3 =

5/12-α4 and !/6<α4<5/24. If AeΓ(α), then

1 2 / 3 4 1 2 *«•' **

and since v, μ, δ e {— x3 + x4 = 0}, there exists A e Γ(α) with — Λ,3 + Λ4 < 0. For this λ, we

have

i i 5 ; 5 ; 1 ; 1 i 1 ; i 1 ;
T 1+T 2+^4 3 +24 4~ ~Y 1+T 2 + T 3+~6~ 4 '

and thus

λ = (0, 0,4, 0), (0, 1, 3, 0), (0, 2, 2, 0), (1,0, 3,0), (1, 0, 2, 1), (1, 1, 2, 0),

1 1 1 1\ / I 1 2 7 \ / I 1 5 5

3' 4' 4' 6 A3' 4' 9 ' 3 6 / V 3 ' 4 ' 24' 24/ '

Similarly, from the cases (B-iii), , (B-vii), we obtain the following weights:

1 4 1 1\ (\ 1 1 1\ (\ 7 2 5

(B-in) _ * -' 15' 5' 5 / V 3 ' 4 ' 4 ' 6 / V 3 7 2 7 ' 9' . > . 5

(H ) =| JL A llW- — — — \(— — — —}(— — — -( -iv) α-( ,, ι s > 5 > 5 J>^ 3 ' 24> 4 gj'^' 7' 21' 7 / \ 3 ' 18' 9' 6

(BV) α-ι - 1 l l}(1 l lAWll l . 1 ^^ l ! !
(B-v) « _ , _ _ _ , _ . , , 3, ̂  ι ,,, , 3, 9,

/n Λ / I 1 1 1 W1 2 2
(B-vi) α= —,—,—,— , —,—,—,-

\ 3 4 4 6 / V 3 9 9

,D ... / 1 1 1 1 \ /1 1 1 1 \ / 1 5 2
(B-vπ) α = (̂ τ, -, τ, -J, ̂  τ, _, -j, ̂ _, _, _,

(B-viii). Assume 0^ = 1/3, 2α2 + /ια4=l («>2), v = (3, 0,0,0), μ = (0, 2, 0, i). If

« = 2, then α2-f α 4=l/2 and α = (l/3, 1/3, 1/6, 1/6). Let us consider the case rc>2. By
α2 = 1/2 —«α4/2 and α3= l/6 + (« —2)α4/2, we have
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for any λ e Γ(α). Since <5, v, μ e { - nx2/2 -(n- 2)x3/2 + x4 = 0}, there exists λ e Γ(α) with
nλ2>(n — 2)λ3 + 2λ4. By o^ = 1/3, we may assume λί<\. But in this case, λ2 is greater
than 1, and the case (B-viii) is reduced to the cases (B-i), , (B-vii).

Step 2 of the case (C) 2^ + α^l (i.e., v(2, 1, 0, O)eΓ(α)). There exists μeΓ(α)
such that μ2>2. Since α2 + 2α3 + 2α4=l, we have !/5<α2 and 2<μ2<5. As in Step 2
of the case (B), we have the following cases:

(C-i) μ = (0, 5, 0, 0), (0, 4, 1, 0) etc., and α = (2/5, 1/5, 1/5, 1/5).

(C-ii) μ = (0,4, 0,0) and ^ = 3/8, α 2 = l / 4 .

(C-iii) μ = (0, 3, 0,2), (1,2,0, 1), (0,2, 1,2) and α2 = α3 or

(C-iv) μ = (0, 3, 1, 0) and 3α2 + α3 = 1 or

(C-v) μ = (0, 3, 0, 1) and 3α2 + α4 = 1 or

(C-vi) μ = (0, 3, 0,0), (1,2, 0,0), (0,2, 1,1) and α ι=α2 = l / 3 .

(C-vii) μ = (0,2,2,0) and α2 + α 3 =l/2 or

(C-viii) μ = (0, 2, 0, n) and 2α2 + wα4 = 1 .

Step 3 of the case (C). Next, we determine the weights α for the above eight cases.
By the same calculation stated in the case (B-i), we have the following weights α for
the cases (C-ii), , (C-vii):

(C-ii)

(C-iii)

(C-iv)

(C-v)

(C-vi)

(C-vii)

.-(!U

-(ί

* = (^

ί 4

\TΓ
(9

α= —
\25

(—

I

4

1

T
4

3
' ι ι

7

25

3

'TT

1 7 \ /3 1 5 1 \ /3 1 1 1\ /3 1 3

5' 4 0 / V 8 ' 4' 24' 6 / ' \ 8 ' 4' 4' 8 / Λ 8 ' 4' 16'

1 1W3 1 1 1\

5' 5 / V 8 ' 4 ' 4 ' 8;

1 Λ / 7 5 4 3 \ / 3 1 1 1 \

"' y ~β)' \~ϊ9 ' Ί?' Ί9"' T9"/ \y y y y/
2 2 \

"'TΓ'TΓ/'
1 4 W 5 2 3 l W ? 3 1 1 \

' 5' 2 5 / V 1 4 ' 7 ' 14' 7/Λ20' 10' 4' 10/'

2 2 \ / 6 5 4 2 \

"'TΓ'TΓ/vi7"'Ίy'T7'Ίyj

3 '

"Ϊ6.

This case already appeared in the case (B).

/ I,.(-, 1

y
1 l \ / 7 3 1 3 W 5 2 3 Λ / 3 1 1

y 7/ v 20 ' io ' y 2ό/ \i4 ' y IT * y/ UP y 7
1
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(C-viii). Assume 2^ + α2 = 1 , 2α2 + noc4 = 1 (« > 2), v = (2, 1 , 0, 0), and μ =
(0,2,0,/ι). If /ι = 2, then α2 + α4 = l/2 and α = (l/3, 1/3, 1/6, 1/6). Let us consider the
case n>2. Since α1 = l/4-h/ια4/4, α2 = l/2-α4/2, α3 = l/4 + (w-4)α4/4, for any
we have

Since <5, v, μ e {nλJ4 - nλ2/2 + (n- 4)Λ3/4 + Λ4 = 0}, there exists λ e Γ(α) with nλi - 2nλ2 +
(n — 4)λ3 + 4λ4<0. By assumption, we have 2α1=α2 f«α4, so we may assume λ±<\.
But in this case, one can easily check that there exist no λ € Γ(α) with λ2 < 1 , or α = (2/5,
1/5, 1/5, 1/5), (1/3, 1/3, 2/9, 1/9). Thus, the case (C-viii) is reduced to the cases (C-i),
•• ,(C-vii).

Step 2 of the case (D) 2α1+α3 = l (i.e., v(2, 0, l,0)eΓ(α)). There exists μeΓ(α)
such that μ2>2. Since 2α2 -f α3 -f 2α4 = 1 and α x <l/2, we have !/5<α2<l/2 and
2<μ2<5. We may assume μ^O for α1=α2 + α4. Then the only possibilities are the
following ten cases:

(D-i) μ = (0, 5, 0, 0), (0, 4, 1, 0) etc., and α = (2/5, 1/5, 1/5, 1/5) .

(D-ii) μ = (0,4, 0,0) and α2 = l/4.

(D-iii) μ = (0, 3, 0, 2) and α2 = α3 or

(D-iv) μ = (0, 3, 1 , 0) and 3α2 + α3 = 1 or

(D-v) μ = (0, 3, 0, 1) and 3α2 + α4 = 1 or

(D-vi) μ = (0,3, 0,0) and α2 = l/3 .

(D-vii) μ = (0,2, 3,0), (0,2,2, 1), (0,2,0,3) and α3 = α4 or

(D-viii) μ = (0, 2, 1, 2) (necessarily contained in Γ(α)) or

(D-ix) μ = (0,2, 2,0), (0,2, 0,4) and α3 = 2α4 or

(D-x) μ = (0, 2, 0, w) with n > 3 and 2α2 -f «α4 = 1 .

Step 3 of the case (D). Each case is investigated more precisely in the following.
For the cases (D-ii), , (D-vi), we obtain the following weights:

(D-ii) « = - • - ! . •
' 5 1 1 1\ / 2

J2' 4' 6' 6 / V 5 '

'13 1 3 5 \

.32 '7' To"' 32 ) '

11A\

4' 5 '20/

ill I 3 1\

\28' 4' 14' 7/'

/ 3 1 1 1

\ 8 ' 4' 4' 8

(D-iii). Assume 2α1 + α3 = l, α2 = α3, v = (2,0,1,0), and μ = (0, 3,0,2). Then
(2, 1, 0, 0) is contained in Γ(α), and this case was already considered in (C).
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, . ,
(D-iv)
V '

(D-v)

ί 3

α= —
\ 7

( 9

\22

( 9

U

ί3

α = —
V 7

(2

vτ

2
-

7

3

'77

6

'23

2
-

7

3

lo'

1 }V— , — I,
7 7 A

2 3 >

'7Γ 22>

5 3\

' 23' 23;

1 1 W— I I .

7 7 A

1 M
5' 10/

5 5 1

12' 18' 6

| / 2 4

' '\5 ' 15'

I
l

5 7 1

12' 24' 6

/ 5 4

177' 77'"

1

1

- -

3

Ϊ3

5

36

Γ

8",

Γ' "

\ ,,
/ '
2 s

15,

\ /
K/ V
1 N

13,

in 8
^29~' 29~'

) f i l
/ V 8 4

7 5

77' 77' "

\ί--
/ ' \ 8 ' lί

5 4 \
, 1,

29 29 /

1 M
' 4 ' 8 /

3 2 \
I

17' 17/

1 i \

Γ'T'767

'4 1 1
(D-vO α = ( —, —,

1 9 3 9 9 / \ 4 8 7 3' 8' 4 8 / V 3 9 7 3' 39'

13 1 2 1 \ / 3 1 1 2 \ / 5 1 1

30' T U' TO / V7f T 7' 2Γ/ \Ϊ2' T T

14 1 5 1 \ / 2 1 1 1 \ / l l 1 5 2

33"' y ^3"' u/' \τ y T TS"/ \ 2?' T zτ~' 2?
_L JL A _LW_1_ J_ J_ J_WA ! 1 Λ
Ίϊ'TT'Ίs"/' \2ί'T^Γ'^Γ/ \T'TT' 24

The cases (D-vii) and (D-ix) are special cases of the case (D-x) below.

(D-viii). Smceδ,v,μe{x1+3x2-2x3-2x4 = Q} = H,and{(2,0, 1,0), (1, 1, 1, 1),
(0, 2, 1, 2)}cjffn Γ(α), there exists λe Γ(α) such that λ = (2, 1, 0, 0) or λ2>2, λΦμ.

(D-x). Assume2a1 -f α3 = 1,2α24-/ϊα4= 1 (n>3), v = (2, 0, 1, 0), andμ = (0, 2, 0, n).
Then α! = l/2-(/ι-2)α4/2, α2 = l/2-/ια4/2, α3 = («-2)α4 and for any Λe Γ(α),

1 „ 1

Since ί, v, μ6{-(n-2)jc1/2-«x2/2 + (n-2)x3 + λ:4 = 0}=//, there exists AeΓ(α) with

2ίn-2μ3H-2A4<(π-2μ1+ΛA2. Then, ΛΓnΓ(α) = {(2,0,0,w-2), (2,0,1,0), (1,1,0,
Λ- 1), (1, 1, 1, 1), (0, 2, 0, Λ), (0, 2, 1, 2), •} and thus λ = (2, 0, 1, 0) or /12>2. So the
cases (D-vii), (D-ix), (D-x) are reduced to the cases (D-i), , (D-vi).

(E) 2αx + noc4 = 1 (« > 0) (i.e., v(2, 0, 0, /ι) e

(E-0) First we consider the case n = 0 .

Step 2 of the case (E-0). Since α1=α2-f α34-α4= 1/2, there exists μeΓ(α) with
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μi =0, 3<μ2<6. Thus we have the following cases:

(E-0-i) μ = (0, 0, 6, 0), (0, 5, 1, 0) etc., and α = (l/2, 1/6, 1/6, 1/6).

(E-0-ii) μ = (0,5,0,0) and «2 = l/5.

(E-0-iii) μ = (0, 4, 0, 2), (0, 3, 1, 2) and α2 = α3 or

(E-0-iv) μ = (0, 4, 1, 0) and 4α2 + α3 = 1 or

(E-0-v) μ = (0, 4, 0, 1) and 4α2 + α4 = 1 or

(E-0-vi) μ = (0, 4, 0, 0), (0, 3, 1, 1) and α2= 1/4 .

(E-0-vii) μ = (0,3,2,0) and α2 = 2α4 or

(E-0-viii) μ = (0, 3, 1, 0) and 3α2 + α3 = 1 or

(E-0-ix) μ = (0,3,0,0) and α2 = l/3 or

(E-0-x) μ = (0, 3, 0, n) with /i > 1 and 3α2 + wα4 = 1 .

Step 3 of the case (E-0). We study the above ten cases in more detail. For the
cases (E-0-ii), , (E-0-ix), we obtain the following weights:

(E-0-ii)

(E-0-iii)

(E-0-iv)

(E-0-v)\ /

(E-0-vi)

/ I
α = l —

(1
\ 2

/ j
α=(τ

/ I

-(T
(I

U'
/ I

α- 1— -
V 2

/ I

\ 2 '

/ I

"(r

1

5

1

5

1

3

"Ϊ4

1

T
3

14

7

30

1

7'

1 2 \

6' 15/

4 7 \

25 'SO/

1 1 \ /

1 1 \

1 M
5' 10 /

1 1 \

' 7 ' 7 /'

1 1 \

'T'ΊJ/
1 1 \ /

/ I 1

\ 2 ' 5'

( l l

\ 2 5
f 1 1

,T'T'
/ I 5

/ I 4

lTl9

/ 1 2

\ 2 ' 9'

ί--
Λ 2 ' 32

' 1 1

T'7'~

7 1 W 1 1 1 1 \

40 8 / \ 2 ' 5' 5' 10/

3 3 \

20 20 /

1 1 \)
5 ' l θ Λ

1 1 \ / I 7 3 2 \

3 5 \

'T9'"38"J

1 I λ / I 5 2 1\
1 I 1

6' 9 / ' \ 2 ' 22' l l ' l l /

5 1W1 3 5 Γ

!' 32' 8 / ' \ 2 ' 13' 26' 13.

1 3 \ / I 1 3 1 \
I I I

y'28>lT'T 2θΊθ>
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(E-0-vii) α

(E-0-viii) α

(E-0-ix) α

(E-0-x).

α 2 =l/3 — na4

I I I 1 W 1

V 2 ' 4 ' 6' n)\2'

=(1,1,1,4̂ ,-
V 2 4 8 8 A 2 :

/ I 3 2 3 W 1

U' 13' 1 3 ' 2 6 / V 2

/ I 3 5 3 \

\Y 14 ' 28"' 28"; '

-(l 3 l M i 1

V 2 ' 10' 10' 1 0 / V 2

(----} (-
U' 17' 17' 34 A 2

/ I 11 5 3 Wl

\Y' "38"' "38"' 38~/ \Y

/ I 7 5 1 W 1
\ o ' o/; ' 0£ ' OA /' \ o\ 2 26 26 26 / \ 2

-fΛΛΛ-ίVΛ
\ 2 4 12 1 2 / V 2

(I 1 2 1 W 1

\ 2 ' 3 ' 2 1 ' 1 4 / V 2 '

/ I 1 5 1 W 1

\ 2 ' 3 '48' 16/\2 '

(I I 2 1 W 1

V 2 ' 3' 15'30A2'

Assume a.1 = 1/2, 3α2 +
,/3, α3 = l/6 + («-3)α4/3,

1 ί .^ 1 ί.^^.^

1 3 1 Wl 1 1 1 \

T'T6'l6/vY'T'T'20J
5 1 5 W 1 4 5 2 \

21' 7' 42 A 2' 17' 34' 17/

2 1 1 Wl 1 1 1 \

"'7'7'7/VYTTlo/

8 1 4 W l 13 5 1 N

' 27' 9' 54 / ' \ 2 ' 44' 44' 11 ,

7 1 1 W 1 2 1 1 \

" '24' 8' 1 2 / V 2 ' 7' 7' 14/

3 2 1 Wl 5 1 1 N

"'TΓ'TΓ'22AY'T8"'T'T8",

4 1 1 \

' T?' T' 3όy '

1 1 5 Wl 1 5 2 \

3' 11 ' 66/Λ2' 3' 54' 27 /

1 1 1 W l 1 1 1 \

TΊo'TJAY'TΊΓ'ls"/
1 1 1 Wl 1 5 1 \

TΎ'24ΛY'T'42'^Γ/

1 5 1 Wl 1 1 1 \

Y' 36*36 ΛYΎ'T'^4Y/ '

nα4=l, v = (2, 0, 0, 0), and μ = l
and for any A e Γ(α),

.1 — J-J- 3. -i- 5 . lίv. — 1
2 * 3 "' 6 " V 3 2"

First, assume n=l. Then we have
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H!

1!

fι
{2

( I

U'

3

10

5

16'

1

10

1

8'

1 \
loy

1)

fl
\ 2

fl
\ 2

11

36

7

22

1

9

3

22

-L)

-LΛ
22 /

Λ

\ 2

fl
\ 2

4

13

9

28

3 1

' 26' 13

1 1 N

' 7 ' 28,

Next, assume n>2. Let /f={-nx1/3 + (w-3)x2/3 + x4 = 0}. Since δ, v,μeH, and
(0, 3, 0, «), (0, 2, 2, 2) e # n {x^ = 0}, there exists λ e Γ(α) with (« - 3)A3 + 3A4 < nλ2, λ2 > 3,
and thus the case (E-0-x) for n > 2 is reduced to the cases (E-0-i), , (E-0-ix).

(E-l) Next, we assume «= 1.
Step 2 of the case (E-l). Since 2α2 + 2α3-f 2α4=l, there exists μeΓ(α) with

2<μ2<5. The possibilities are the nine cases below.

(E-l-i) μ = (0, 0, 5, 0), (0, 4, 1, 0) etc., and α = (2/5, 1/5, 1/5, 1/5) .

(E-l-ii) μ = (0, 4, 0,1), (0,3, 1,1), (1,2, 0,1) and α2 = α3 or

(E-l-iii) μ = (0,4, 0,0) and α2 = l/4.

(E-l-iv) μ = (0,3, 1,0), (1,2,0,0) and 3α2 + α 3 =l or

(E-l-v) μ = (0, 3, 0, /i) with «>0 and 3α2 + «α4=l or

(E-l-vi) μ = (0,2, 3,0) and α3-α4 or

(E-l-vii) μ = (0, 2, 2, 1) (necessarily contained in Γ(α)) or

(E-l-viii) μ = (0, 2, l,n) with n>2 and 2α2-f-α3 + «α4=l or

(E- 1 -ix) μ = (0, 2, 0, n) with n > 3 and 2α2 + «α4 = 1 .

Step 3 of the case (E-l). We now study the above nine cases in more detail.

(E-l-ii). Assume 2α1+α4=l, α2 = α3, v = (2, 0,0,1), and μ = (0, 4, 0, 1). Then
α1 = l/2-α4/2, α2 = α3 = l/4-α4/4, 0<α4<l/5, and for any AeΓ(α),

Since δ, v,μ<={-λ1/2-λ2/4-λ3μ + λ4 = 0} = H, there exists AeΓ(α) with -λJ2
λ2/4—λ3/4 + λ4<0. But one can easily check that Hr\ T(aΐ)<=:{x4= 1}, and thus

2 1 1 1

(E-l-iii). By the same procedure as in the case (B-i), we have

A J_ 1 1\ (— 1 1 1WJL J_ 2_ 1
12' 7' T 7/ V 20' 7' 7' ϊo/ VT6' 7' Tβ' I
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(E-l-iv). Similarly,

- A A _L _1WA J_ J_ JLWJL A A J_W_L A J_ _L« -1 y, y, y, yJ, {-, —, y, y j, ̂ —, —, —, —), ̂ —, —, y, —

(E-l-v). Assume2αA +α4= 1,3α2 + /ια4= 1, v = (2, 0, 0, 1), andμ = (0, 3, 0, n). Then
αi = l/2-α4/2, α2 = l/3-«α4/3, α3 = l/6 + (2«-3)α4/6, and for any ΛeΓ(α),

1 Λ 1 . 1 Λ

Since δ,v, μe{-λί/2-nλ2/3 + (2n-3)λ3/6 + λ4 = Q}, there exists AeΓ(α) with

(2n-3)A3 + 6A 4<3A 1+2/iA 2.

First, we consider the case « = 0. Then we have

Λ / W 7 2
α ' - ' 3' 9' 9 / \ 2 4 7 3 7 8 7 \2f\l5* 3' 157 1 5 / V 2 Γ

Next, assume n— 1. Then //n r(a)c:{x4= 1}, and thus

3 2 1 1

If «>2, then one can find λε Γ(α) such that A 2 >2 and A^(0, 3, 0, «), (0, 2, 0, m)
(m>3), (0, 2, 2, 1). This case is thus reduced to the cases (E-l-i), , (E-l-iv).

(E-l-vi). In this case, the point (2, 0, 1,0) is in Γ(α), so we already considered

this case in (D).
(E-l-vii). In this case, one can easily check that there exists another μe Γ(α) with

μ2>2.
(E-l-viii). Assume 2α 1-hα 4=l, 2a2H-a34-wa4= 1 (n>2). Then α3 = («— I)α4 and

(0, 2, 0, 2n — l)e Γ(α), so this case is reduced to the following case.
(E-l-ix). Assume 2α1-hα4=l, 2α24-ttα4= 1 («>3). Then α^l/2 — α4/2, α2 =

l/2-/ια4/2, and α3 = («-l)α4/2. Let //={-x1/2-«x2/2 + (n-l)jc3/2 + ̂ 4 = 0}. Then
δ,v, μeH and

n {%! = 0} c= {χ2 = 2} , // n Γ(α) n (jq = 1 } c {jc2 = 1 } .

Thus, if J, e { - jq/2 - nx2/2 + (n - l)x3/2 + x4 < 0} n Γ(α), then λ2 > 2, and hence this case
is reduced to the cases (E-l-i), , (E-l-v).

(E-2) Let«>2.
Step 2 of the case (E-2). There exists μe Γ(α) such that μί >μ4. (This condition

for μ is different from those in the above cases.) Because of the cases (A), , (D)
already dealt with, we may assume that μx = 1 and μ4 = 0.

= (l,3,0,0), (1,2, 1,0) and α2 = α3 = α 4 .
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(E-2-ii) μ = (l, 1,2,0) and α3 = α 4.

(E-2-iii) μ = (1 , 2, 0, 0) and α t + 2α2 = 1 .

(E-2-iv) μ = (l,0,ra,0) with m>3 and α1+mα3 = l .

Step 3 of the case (E-2). We determine weights for the above four cases.
(E-2-i) and (E-2-ii). In these cases, (2, 0, n,9 0) e Γ(α). Then n = 2, and α t = α2. This

is the case (A).
(E-2-iii). Assume 2α 1+wα 4=l (w>2), α1+2α2 = l, v = (2, 0, 0, w), and μ =

(1,2,0,0). Then α1 = l/2-«α4/2, α2 = l/4 + «α4/4, α3 = l/4 + («-4)α4/4, and for any

AeΓ(α),

Since c), v, μe{ — nxί/2 + nx2/4 + (n — 4)x3/4 + .x4 = 0} = //, there exists AeΓ(α) with

wA 2 + (n-4)A3 + 4A4<2πA1. If n = 2, then {(0,2,2,0), (0,1,3,1), (0, 0,4, 2)} = if n

T(<*)n{Xl=0} and {(1,2,0,0), (1,1,1,1), (1, 0, 2, 2)} = //n Γ(α)n{x1 = l}. If A^l,
then α3 = α4 or α3 = 2α4, and thus

_ _ _
α ~VT' 3 ' T' / o'

If w>3, then Hπ Γ(α)n{x1=0} = {(l, 0, 4, 1)} or 0, and {(1,2,0,0), (1,1,1,1),

(1,0, 2, 2)} = /in Γ(α)n {*! = !}. So 1^2, and this case is reduced to the cases
(A), •• ,(D).

(E-2-iv). Assume 2α1+«α4=l («>2), α1+wα3 = l (m>3), v = (2, 0, 0, «), and
μ = (l,0, m, 0). Then αx = l/2-/ια4/2, α2 = (m-l)/2m-f (mn - n - 2m)α4/2m, α3 = l/2m-h

nα4/2m, and for any A e 77(α)

1 „ m— 1 „ 1 Λ ί n ^ mn — n — 2m n Λ \
^— A 3 + -— A!+ - - - A2 + — - A 3 + A 4 α 4 = l .

2m 2m \ 2 2m 2m

Since ,̂ v, μe{-«x1/2 + (mn — n-2m)x2/2 + nx3/2m + ;c4 = 0} = //, there exists AeΓ(α)
with (mn -n — 2m)A2 4- «A3 + 2m A4 < mnAj . We may assume that {v} = Γ(α) n {x2 > 2}, for
otherwise, this case is reduced to the cases (A), , (D). In particular, we obtain α3 >α4.
But then, one can easily check that Aj, = 1, A3 = 0, and A2>2. Hence A = (l, 2, 0, 0) and
this case is reduced to the case (E-2-iii).

Step 4. In conclusion, we check the condition (1, 1, 1, l)eInt<!Γ(α)> for α's
obtained by the calculation in (A), , (E), and we obtain ninety five weights listed
in Table 2.2. Q.E.D.

REMARK 2.5. The set of weights W4 coinsides with the set A'4 in Reid [10]. The
inclusion A'4c W4 is obvious. For the list of A'4, see also [1].
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3. Minimal resolution. Here we study the minimal resolution of a hypersurface
simple K3 singularity (X, x) which is defined by a nondegenerate polynomial /. Tomari
[12], [13] proved the following theorem in terms of filtered rings without assuming /

to be nondegenerate.

THEOREM 3.1. (Tomari [12], [13]). Let (X, x) be as above with f nondegenerate

and α(/) = (pι//?, p2/P, Pι/P> pjp) I f π ' (%9 E)->(X9 x) is the filtered blow-up with weight

(P\>P2>P*>P4)τ then π ^ a minimal resolution of(X, x).
Moreover, if f is semiquasi-homogeneous, i.e., {/j0 = 0} has an isolated singularity

(which is also a simple K3 singularity) at the origin 0 e C4, then π is a unique minimal

resolution for (X, x).

To investigate the above filtered blow-up π, we begin with the filtered blow-up of

C4 at the origin OeC4. Let p = (pι,p2^P^P^ be the 4-ple of positive integers with
gcd(ph pj, pk) = 1 for all distinct ij, k. Then the filtered blow-up Π : (F, F)->(C4, 0) with

weight p is constructed as follows by using the method of torus embeddings.
First we introduce the notation (cf. [6], [8]). Let N : = Z4 and let M : = Homz(7V, Z)

be the dual Z-module of N. A subset σ of NR = N®ZR is called a cone if there exists

nί9 , nseN such that σ is written as σ" = {Σi=ι ̂ | ̂  el?0}, which we simply denote
σ = <«1? , nsy. We call nl9 , ns the generators of σ. For a cone σ in NR, we define
the dual cone of σ by σ = {m e MR | m(u) > 0 for any ueσ}, and associate a normal variety
Ar

σ = SpecC[Mnσ] with the cone σ, where C[Mnσ] is a C-algebra generated by zm

for m E M n σ.

REMARK 3.2. In this paper, we assume that the generators nί9 - , ns of a cone

σ consist of primitive elements of N, i.e., each nt satisfies nίRnN=niZ. We define the

determinant det σ of a cone σ as the greatest common divisor of all (s, s) minors of the
matrix (ntj)9 where nt = (nil9 - - , /ιi4) (cf. [9]).

Let σdNR = R4 be the first quadrant of R4, i.e., σ = (eί9e2,e39e4y where
e1=(l9 0, 0, 0), , ̂ 4 = (0, 0, 0, 1). We divide the cone σ into four cones by adding the
point p = (pl9p29p39pj in σ.

4

i = l

From the inclusions σ^σ, we obtain natural morphisms

77. y. = Spec C[σt n M] > Spec C\_σ n M] = C4 .

Let F be the union of Ff (/= 1, 2, 3, 4) which is glued along the images of Πt. Then we
have a morphism

77: F-»C4

and one can easily check that F— 77~1(0)^C4 — {0} and 77 "^(O) is the weighted



372 T. YONEMURA

projective space P(pl,p2,P*,pά We set F'' = Π-ί(Q)

REMARK 3.3. The normal variety V is a torus embedding associated to the fan

Γ*(f) which is called the dual Newton boundary of / in [9], and denoted by

F=ΓNemb(Γ*(/))(see[6], [8]).

We obtain the filtered blow-up of (X, x) by means of the above morphism Π as

follows: Write oc(f) = (pi/p,p2/p9p3/p,pjp) as in §1 and construct Π for the weight

P = (Pι> P2> P^ P^ Let Xbe the proper transform of Xby 77, and set π = Π \ %, E=π~1(0).

Then π : (X, E)-+(X, x) is the filtered blow-up with weight p.

Next we study the structure of V for a general weight p = (pιP2>P$>P*) with

gcd(pi,pppk)=l for all distinct i,j,k. Let aij = gcd(pi,pj) and set zy = zf(J''/β<')zy'</β<>).

We can take zi9 zij9 zίk, zn to be a system of parameters on Ff.

PROPOSITION 3.4. (1) K,n VjcaC* x SpecC[τvnZ3], where τv=<(0, 1,0),

(0,0,l),(βy,A,A)>

(2) {zy = 0} in F -SpecCT^nZ3], wA^ pv = <(0, 1, 0), (0, 0, 1),

PROOF. (1) Let m^ m2, /n3, m4 be generators of M such that m ;(£,-) = <5U. Then

the cone σf is expressed as

f, -- MI -\- - — f j'» -- " î ~l -- "^fc? -- î "̂  --

Since gcd(pl9pj) = aij9 there exist integers α, j? such that — /?7 α+Jpi^==βo If we take

another base {mj, m}, m^, raj} defined by

Jiff = OC"!fl |- | -- '^j'5 llfj = p ' l l f j H -- '^j'5 '^fc=='^k 5 JII j : = ! f f j ,
fly βϋ

then the cone σt is expressed as

' - - ' - -

- — '^m'i --pl'aik'm
t

jΛ-aij'aik'
<*u

Since F f n F}= Kί-{zy = 0} and Zy = zmi, we get

K, n K^C* x SρecC[fy n M'] ,

where ΛΓ is a free Z-module generated by m }, m^, m\ and

If we use the base {e'j9 e'k, e\] of JV' = Hom(Af ', Z) such that <(m;) = (5s>i, .then τu is

written in this new coordinate system as
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τ0 =<(0, 1, 0), (0, 0, 1), (αy,Λ,

(2) We have

aik aik an an

Q.E.D.

COROLLARY 3.5. If ( pjp, p2/p, p3/p, pjp) e W4, then

(1) SpecC[τ^ n Z3] Aαs 0 terminal singularity at worst;

(2) ifpi\(p—pj), then Spec C[pfj n Z3] Aαs1 α terminal singularity at worst.

The above corollary follows directly from Lemma 3.6 below. First we recall the
notion of cyclic quotient singularities for the case of dimension three. Let ξ be a primitive
«-th root of unity, and let /?, q be integers with ycd(n, p,q)—\. We define an equivalent

relation on C3 by (jtl5 x29 Xz)~(ξxl9 ζpX2> ζ9**)- Then X=C3/~ is expressed in terms
of torus embeddings as

JT=SpecC[σnZ3] with σ = <(n, -p, - )̂, (0, 1, 0), (0, 0, 1)> .

In particular, X has an isolated singularity if and only if ycd(n, p) — gcd(n, q)=l.

LEMMA 3.6 (Terminal lemma [5], [7]). In the above situation, X has a terminal
singularity if and only if X has an isolated singularity and one of the following conditions
are satisfied:

(1) _p=

(2) -?=
(3) p + q = Q (modw).

We need later the following result on the weighted protective space P(pι,p2, Ps,
Let αf be an integer defined by Pi^a

PROPOSITION 3.7. (1) There exists a cone σ{j in R2 with det(σίV) = α0 such that

Fn Vtn K^C*xSpecC[ίy nZ2], where F=Π-\ϋ) = P(p,,p2,p^p4) -

Moreover, Spec C[σί7. n Z2] has an Aaij_ί singularity if and only ifaij\(pk-\-pι).
(2) Let D—F— Vt. Then the following are equivalent to each other:

(a) Di — Dj has a singularity of type A,
(b) Dί-Dj has an Aa.aij_1 singularity,

(c) Pj\(ajkPι + <*jιPk)
In particular, if( pjp, p2/p, p3/p, p4/p) e W4 andpj \(p- pt), then Dt - Dj has an Ap..v

singularity.

The following lemma is well-known:

LEMMA 3.8. Letτ = (ml9 m2y be a two-dimensional cone in MR. Then the singularity
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of Spec C[τ n M] is of type A if and only if (m± + w2)/det τ is an element of M.

Proof of PROPOSITION 3.7. (1) The affine torus embedding .Fn Ff is written as

Fr\ V{ = Spec C[_σ'i n M] where

σ'.= /-^ ιιι. + — jw. - — ifi. + — ιιι -—-m. + — 'n
\ ^ij ' flU J' βίfc ' βifc ' βiί ' βi/

By the change of base for M defined in the proof of Proposition 3.4,

Pk , , Pi

Since Fn K £ n Vj = (Fn Vi)-{ziJ = 0}9 and zy = z*;, we have

Fn Kf n F; = C* x Spec C[σ;,. n M] ,

where <j'ij = (—pk'm'j + aij'm
/

k, —p^m'^a^-m^. Thus the assertion follows from
Lemma 3.8.

(2) Similarly, we have D{ — Dj — Spec C[τ y n M] , where

Since gcd( pj9 pk9 pt) — 1 , we have det τ ̂  = βjβy. This shows the equivalence between (a)
and (b). By Lemma 3.8, the conditions (a) and (c) are also equivalent to each other.

Q.E.D.

4. Singularities on E. Let /eC[zl9 z2, z3, z4] be a nondegenerate polynomial

which defines a simple K3 singularity at the origin OeC4. We set Ar={/ = 0}c:C4,
x = 0 6 C4 and let π : (jf, £)->(*, x) be the minimal resolution of (X, x) constructed in § 3.

In this section, we investigate the singularities on the normal A3 surface E.

In this section, we assume that / satisfies the following condition:
( * ) For any /, /0 contains a term of the form z" or z"z7 with a nonzero coefficient,

where / is said to contain zv if f = ̂ vavz
v and av^0.

By Proposition 2.3, (1), there exists / which satisfies (*) for any weight α of W4. If/

is semiquasi-homogeneous, then the condition (*) is satisfied. In particular, the

polynomials in Table 2.2 satisfy ( * ).

LEMMA 4.1. (1) E has γtj singular points of type Aa.._^ where

(2) If /o contains z™Zj but not z", then E has a singular point of type Ap._^.

(3) Any singular point on E belongs to (1) or (2).

PROOF. Here we use the notation introduced in § 3. Let Ltj = DknDl( = {zk = zl = 0}
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in F). Then Ltj is a projective line P1(C) on F and any singular point on E is in Ltj

for some ij. We divide Lυ into two points P^L^nDp Pj=LijnDi and a
one-dimensional complex torus Tij = Lij— {Ph Pj} ~ C*. Since / is nondegenerate, there
is an embedded resolution p: (F, M)-+(X, x) such that Γis a torus embedding associated
with a simplicial subdivision Γ* of Γ*(/), i.e., Γ* is a fan of cones generated by a part
of a basis of TV, and for any cone σel1* there exists a cone τeΓ*(/) with σcτ. The
resolution p dominates the minimal resolution π. Hence there exists a resolution
φ: (Y,M)-*(X,

Choose a sufficiently small neighbourhood Ey of Γy in E, and let φy: (φ~1(Eij), Cy)
-»(Ey, Sing^ )) be the resolution of JEy obtained by restriction of φ to φ~i(Eij). Then,
by Oka [9, Lemma 4.8 and its proof], φtj is locally ytj copies of the resolution of
SpecC[σynZ3], where σ f j is a cone in Proposition 3.7, (1). By Proposition 2.3, (3), we
have aij\(pk+Pι)9

 and hence the assertion (1) is proved. If /0 contains z™Zj but not z",
then PiEE. Let ^ be a sufficiently small neighbourhood of Pt in E, and let
<P/ : (<P~l(Ei)> Ci)-*(Ei9 PI) be the resolution as above. Then φ{ is locally isomorphic to
the resolution of Dj— Dt. Thus the assertion (2) follows from Propostion 3.7, (2).

Q.E.D.

THEOREM 4.2. Let f be a nondegenerate polynomial which defines a simple K3
singularity, and assume that f satisfies the condition (*). Let π: (X, E)-+(X, x) be the
minimal resolution. Then the type and the number of singularities on E are determined
by the weight α(/) independently of any particular choice of f. In particular, E has ttj

singular points of type Aa..^l and σf singular points of type Ap._ί9 where

Pi*P= V| = 0 - l and σt =
1 otherwise .

PROOF. By Lemma 4.1, the singularities on E are determined by the Newton
boundary of /0. Let α be a weight in l¥4 and let / be a polynomial such that α(/) = α
and that Γ(/0) is the convex hull of Γ(α). Then the singularities on E coincide with
those stated in the theorem. Thus it suffices to show that if g is a polynomial with
α(0) = α and if E' is the exceptional set of the resolution of {0 = 0}, then the singularities
on E and E' are the same. By the condition ( * ), one of the following cases occurs for
each i= 1,2, 3, 4. Let [iJ9 fe, /} be the set of indices {1, 2, 3, 4}.

(1) Pi\(P~Pj) and pt\(p-p^ .
(2) P i \ ( p - P j ) , PiX(p-Pk) and



376 T. YONEMURA

(3) P t \ p , P i X ( p - p j ) , PiX(p-Pk) and
For each case, we study singularities on En V{ and E' n Vt using Proposition 2.3

and Proposition 3.6. Recall that the singularities on En Vt are contained in
{Pi} u TijU Tikv TU in the same notation as in the proof of Lemma 4.1.

In the case (1), Both En Vt and E'nVi are nonsingular, or they have an
^P f_ι -singularity at the point Pt.

In the case (2), E (resp. E') has no singular points on V{— T{j (resp. K f— Ly), and
the type of singularities on Ttj and of a singularity Pt are the same. Now we consider
the singularities on En Vj and E1 n Vj. By the condition ( * ) again, we have the following
three cases:

(2-1) Assume P j \ ( p - p k ) or Pj\(p-Pι). Then E and E' have no singular points
on Tij9 and hence En Vt and E' n Vi are nonsingular.

(2-2) Assume Pj\(p—Pi), Pjjf(p-Pk) and Pjjf(p—Pι). Then E and E' have no
singular points on Tjk and Tβ. Since the type of the singularities on {Pj u Tij^{PJ} are
the same, both Er\(Vi\j Vj) and E'n(Vi\j Vj) have ttj singular points of type Aai.,^.

(2-3) Assume pjX(p-pi), PjX(p-Pk) and Pjjf(p-Pι). Then the point Pj is
contained in neither E nor £". Thus both Er\ Vi and £"n Kf have ti} singular points of

In the case (3), the point Pf is on neither E nor £". So we have
Smg(En(ViΌVk\J Vt)) and Sing^O^Sing^'n^u κku Fz)). If the case (3)

occurs for / and 7, then both jE" and E' have /ί7 singular points of type Aa.j_1 on 7"̂ .
Q.E.D.

REMARK 4.3. The condition (*) is essential to Theorem 4.2. For example,
consider the polynomials

Then we have α(/) = α(0) = α = (l/4, 1/4, 1/4, 1/4), but the A3 surface E for / (resp. g)
has At -singularity (resp. ^-singularity) at the point P4, while E for a polynomial h
which satisfies (*) and α(/ι) = α is nonsingular.

By Theorem 4.2, the singularities on the normal K3 surface E are determined by
the weight α = α(/). Let us define the rank of Sing(£) to be

i<j i=ί

Let £(α) = #7χα). Then the polynomial / with α(/) = α has ί(α) terms in general. In
other words, / is of the form

/= Σ avzV wiώ βv^0 for all v .
veΓ(α)
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For a general /, we can choose a new variable w defined by

ι= Σ **X with
veJVί(α)

4

Σ W=Pι
j=l

which preserves the weight α in such a way that/(w) has f(α)-«(α) + 4 terms, four terms
among which have coefficients 1, where

Then we obtain the following relation.

COROLLARY 4.4. For any weight α 6 W4, we have

In Table 4.6 can be found the list of ί(α), «(α), r(α) and singularities on the K3
surface E for every weight α e JF4.

REMARK 4.5. We may regard the number ί(α) — n(α) as the number of parameters
in a polynomial / with α(/) = α. Then Corollary 4.4 suggests ί(α) — n(α) to be the number
of parameters associate to the moduli of the K3 surface E with a fixed singularity of
rank r(α).

TABLE 4.6.

No. (pι,p2,P3>P4'P) >(<*) «(«) Sing(£ ) r(«)

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19

20
21

(1, 1, 1, 1:4)
(4,3,3,2:12)
(2,2, 1, 1:6)
(4, 4, 3, 1 : 12)
(3, 1, 1, 1:6)
(5, 2, 2, 1 : 10)
(4,2,1,1:8)
(6, 3, 2, 1 : 12)
(10,5,4, 1:20)
(6, 4, 1, 1 : 12)
(15, 10,3,2:30)
(9, 6, 2, 1 : 18)
(12,8,3, 1:24)
(21, 14,6, 1:42)
(5,4,3,3:15)
(8,7,6,3:24)
(5,5,3,2:15)
(3,3,2, 1:9)
(3, 2, 2, 1 : 8)

(9,8,6, 1:24)
(2,1,1, 1:5)

35
15
30
21
39
28
35
27
23
39
18
30
27
24
12
9

14
23
24

18
34

16 non-singular
7 3Aί+4A2

14 3Λj
11 3A3

20 non-singular
14 5At

18 2Λ t

14 2Aί-\-2A2

13 Ai+2Λ 4

21 A!
10 3Aί+2A2 + A4.
16 3Al-{-A2

15 2A2 + A3

14 Aι+A2 + A6

6 5A2 + A3

5 Aί-\-4A2-{-A6

8 Λ j + 3 Λ 4

11 Λ j + 3Λ2

11 4Aί+A2

10 A!+A2 + AS

16 A,

0
11
3
9
0
5
2
6
9
1

11
5
7
9

13
15
13
7
6

11
1
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No. ι

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69

T. YONEMURA

TABLE 4.6. (continued)

(Λ,Λ,Λ,Λ:/O

(6,5,3, 1:15)
(5,3,2,2:12)
(5, 4, 2, 1 : 12)
(4,3, 1, 1:9)
(9, 5,4,2:20)
(11,8,3,2:24)
(10,7,3, 1:21)
(15,6,5,4:30)
(20, 8, 7, 5:40)
(12,5,4,3:24)
(7,3,2,2:14)
(9,4, 3, 2:18)
(15,7,6,2:30)
(14,7,4,3:28)
(10, 5,3,2:20)
(8, 4, 3, 1 : 16)
(15, 8,6, 1:30)
(9, 5, 3, 1 : 18)
(7, 4, 2, 1 : 14)
(12, 7, 3,2:24)
(5,3, 1, 1:10)
(18, 11,4, 3:36)
(8, 5, 2, 1 : 16)
(14,9,4, 1:28)
(33,22,6,5:66)
(21, 14,4, 3:42)
(24, 16,5,3:48)
(21, 14,5,2:42)
(15, 10,4, 1:30)
(18, 12,5, 1:36)
(12,9,8,7:36)
(6, 5,4, 3:18)
(7, 6, 5, 3 : 21)
(7,6,5,2:20)
(11, 8,6, 5:30)
(9,6,5,4:24)
(6, 5, 4, 1 : 16)
(8,7,5, 1:21)
(7, 6, 4, 1 : 18)
(11,7,6,4:28)
(8,5,4,3:20)
(4, 3, 2, 1 : 10)
(10,7,4,3:24)
(14, 11,5,3:33)
(3,2, 1, 1:7)
(9, 7, 3,2:21)
(13, 10,4,3:30)
(7,4,3,2:16)

««)

21
17
24
33
13
15
24
10
8

12
19
16
13
12
16
24
21
24
27
16
36
12
28
24
9

13
12
15
25
24

5
10
9

11
6
8

19
18
19
7

10
23
10
9

31
14
10
14

«(α) Sing(£)

11 2A2 + A5

8 6Aί-{-A4

12 3^!+y44

17 A3

1 5A1 + AS

9 IA^+AIQ
14 A9

6 2Ai+A2 + A3-+-2A4

6 A3 + 2A4+A6

1 2A2 + 2A3 + A4

9 lAi+A2

8 4A! + 2A2 + A3

1 5A1+A2-\-A6

8 Aί+A2 + 2A6

9 2At+A2 + 2A4

13 A2 + 2A3

12 Aι+A2 + AΊ

13 2A2 + A4

14 3>Aί+A3

9 2A,+2A2 + A6

19 A2

8 Aί+2A2 + Aί0

15 2Al+A4

14 A1-\-A8

1 Aί+A2 + A4 + Aί0

8 Aί+2A2 + A3 + A6

8 2A2 + A4 + AΊ

9 3Aί+A4 + A6

14 Aί+A3 + A4

14 A4 + A5

4 A2 + A3 + A6 + AΊ

5 Aί+3A2 + A3 + A4

5 3A2 + A4 + A5

6 lAί+As+At
5 AI+AΊ+AIQ

5 2Ai+A2 + A4+A8

10 Aί+A4 + A5

10 A4 + AΊ

10 A±+A3 + A6

5 2A1+A5 + A10

6 A2 + 2A3+AΊ

11 2Ai+A2+A3

1 A^+Afi + Ag
7 A4+A13

15 Aί+A2

8 Aί+2A2 + A8

1 A1+A3+A12

1 4Aί+A2 + A6

r(α)

9
10
7
3

13
13
9

15
17
14
9

11
13
15
12
8

10
8
6

12
2

15
6
9

17
14
15
13
8
9

18
14
15
14
18
16
10
11
10
17
15
7

16
17
3

13
16
12
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TABLE 4.6. (continued)

No.

70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89

90
91
92
93
94
95

(/>ι,Λ,/>a,/>4:/»

(8,5,3,2:18)
(7, 4, 3, 1 : 15)
(7,5,2, 1:15)
(25, 10,8,7:50)
(16, 7, 5,4:32)
(11,5,4,2:22)
(13,6,5,2:26)
(13,7,5, 1:26)
(11, 6,4, 1:22)
(16,9,5,2:32)
(22, 13,5,4:44)
(13, 8, 3,2:26)
(11,7,3, 1:22)
(27, 18, 5,4:54)
(9,7,6,5:27)
(5,4,3,2:14)
(9,7,5,4:25)
(5, 4, 3, 1 : 13)
(11,9,5,2:27)
(5, 3, 2, 1:11)

(17,7,6,4:34)
(19,8,6,5:38)
(19, 11,5,3:38)
(17, 10,4, 3:34)
(7, 5,4, 3:19)
(7,5,3,2:17)

/(α)

14
22
26

6
9

14
13
21
22
13
9

16
25
10
6

13
7

20
11
24

8
7

10
11
9

13

Φ) Sing(£)

8 2Ai+A4 + A7

12 A3 + A6

14 Aι+A6

5 Aι+A4 + A6 + AΊ

6 2A3 + A4 + A6

1 5Aί+A3 + A4

1 4Aι+A4 + A5

12 A4 + A6

12 Aί+A3 + A5

8 2A1+A4 + AS

1 Aί+A4 + Aί2

9 3Aί+A2 + AΊ

14 A2 + A6

1 Al+A3 + A4 + As

4 A2 + A4 + A5+A6

6 3A!+A2 + A3+A4

5 A3 + A6 + AS

10 A2 + A3 + A4

7 A -f A \ A

12 Aί+A2 + A4

5 2 A -\- A -\~ A I A
5 Ai+A4 + A5+AΊ

1 A2+A4 + AW

1 Ai+A2 + A3 + A9

J -^2 ' 3 "*" 4 ~*~ 6

7 Λ \ A 1 A \ A

Kα)

13
9
7

18
16
12
13
10
9

14
17
12
8

16
17
12
17
9

15
7

16
17
16
15
15
13
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