Toéhoku Math. J.
44 (1992), 395-423

COHOMOLOGY OF INFINITESIMAL QUANTUM
GROUPS, 1

BRIAN PARSHALL AND JIAN-PAN WANG

(Received September 4, 1991, revised December 27, 1991)

Abstract. In this paper, we investigate the cohomology of infinitesimal quantum
groups (and algebras) associated to classical quantum groups (and algebras) at a root
of unity. A main result expresses the Ext-groups between irreducible modules in terms
of those for the full quantum group. Under the assumption that certain module categories
for the quantum group have a Kazhdan-Lusztig theory (in the sense of Cline, Parshall,
and Scott), this permits explicit calculations of cohomology in terms of Kazhdan-Lusztig
polynomials. This assumption in turn follows from recently announced results of
Kazhdan and Lusztig.

Let % be a highest weight category, as introduced in [6]. In recent work [8], the first
author, together with E. Cline and L. Scott, defined the concept of a Kazhdan-Lusztig
theory for the category ¥. The notion played a key rdle in various significant
simplifications of Lusztig’s famous conjecture [26] concerning the characters of simple
modules for a semisimple algebraic group G over a field of positive characteristic. In
addition, when this conjecture holds, one obtains a combinatorial calculation of the
groups Extg(L(2), L(v)), whenever A,v are regular dominant weights satisfying the
Jantzen condition. In [9], this work was extended to include the representation theory
of G, T, the pull-back through the Frobenius morphism F of a maximal torus 7 of G.

Similar results apply to the category %, of rational modules for quantum groups
and quantum enveloping algebras at a root of unity. In particular, assuming the recently:
announced work of Kazhdan-Lusztig [24], it follows from [8] that the full subcategory
of €, whose objects have composition factors with l-regular highest weights has a
Kazhdan-Lusztig theory. Thus, the groups Extg (L%(4), L(v)) are completely determined
in terms of Kazhdan-Lusztig polynomials when the highest weights 4, v are /-regular.

As is well-known, the finite (or “infinitesimal’’) quantum groups (first introduced
in the setting of quantum enveloping algebras by Lusztig [28]) play a réle somewhat
analogous to that of the restricted enveloping algebras of the Lie algebras of semisimple
algebraic groups in positive characteristic (or, equivalently, that of the group scheme
G,=Ker F). Also, the cohomology theory of these restricted enveloping algebras has
interesting geometric interpretations. In fact, there are analogues of many results from
the study of the spectrum of the cohomology ring of finite groups (although the proofs
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are often considerably different). See [13], [14], for example. This paper represents a
first step in investigating the cohomology of the infinitesimal quantum groups with the
eventual aim of obtaining a geometric interpretation of this cohomology. Using the
characteristic p theory as a guide, we are able to give, often assuming [24], many
calculations in the quantum case, although we do not consider here any precise geometric
meaning. Also, we briefly take up the question of extending some of the results of [9]
to the quantum analogue of G, T (see Theorem 5.3).

This paper is organized as follows. In Section 1, we review some results from
Kazhdan-Lusztig theory for highest weight categories. In §§2, 3, we describe the various
module categories with which we work. We have tried to set things up so that they
apply to the case both of quantum groups and quantum enveloping algebras. In the
former, we rely heavily on results established in our previous paper [31]. In the latter,
we make use of work of Andersen-Polo-Wen [2], [3]. In Section 4, we consider the
cohomology of the “Frobenius kernel” (G,);, while Section 5 treats that of the pull-back
(G,); T of the maximal torus under the Frobenius morphism. The main computational
device, which is very elementary, is given in Theorem 4.2. It expresses certain Ext’
groups for the Frobenius kernel in terms of the corresponding Ext’ groups for the full
quantum group. Assuming that certain module categories for the quantum group have
a Kazhdan-Lusztig thoery (a consequence of [24] and [8]), we readily obtain some
explicit calculations. (For example, see Proposition 4.5, Corollary 4.6, and Remark
4.7¢e.) We obtain similar calculations for (G,); T in §5. Finally, since the cohomology
of a quantum group is essentially the cohomology of comodules over a coalgebra, we
have included an Appendix which collects together some elementary facts concerning
comodule cohomology of a coalgebra.

In a sequel, we treat several questions left open by this paper. For example, although
Theorem 5.3 proves (assuming the results of [24]) an “even-odd vanishing behavior”
for the Ext™ groups between simple (G,),7-modules (having /-regular highest weights),
we leave unanswered here the question as to whether the associated (G T-module
cagegory has a Kazhdan-Lusztig theory. Also, we will consider the geometric
interpretation of the cohomology of infinitesimal quantum groups (i.e., the theory of
support varieties) suggested by this paper.

We take this opportunity to thank Leonard Scott for helpful discussions on some
of the issues of this paper.

LisT OF NOTATION.
& Irreducible root system (finite, crystallographic) in a Euclidean space E
having inner product ( , ). Usually, E is the span of ®. However, if ¢
has type A, _, the following exceptional case is also allowed: E has a
basis e, €,, ..., e, with @={e;—¢;|i#j}.
h  The Coxeter number of @.
®v Root system dual to .
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Fixed set of positive (resp., negative) roots.
Set of simple roots with respect to the above choice of ¢ ™.
Weyl group of &.
The Z-span of &.
Integral weight lattice of @ (in the exceptional case above, X is the
Z-span of ¢;’s).
{AeX|(4, «¥)=0, VaeIT}, the set of dominant integral weights.
(1/2)3,.4+0, the Weyl weight.
An odd integer >1 (in the case of quantum enveloping algebras, / is
assumed to be a power of an odd prime p in [2], and / is assumed to
equal p in [3]).
{2eX|0<(4, a¥) </, Voe IT}, the set of [-restricted dominant weights.
{AeE|0<(A+p, a”)<I,Yaed™}, the bottom l-alcove.
{leX|(A+p,a*)#0 (mod /), Vae®}, the set of /-regular integral
weights. Thus, X™8# < I>h.
X, nXres,
The Kostant partition function defined on X: for A€ X, p(4) is the
number of ways to write 1 as a non-negative integral linear combination
of positive roots.
The “i-part” partition function: for 1€ X, @,(4) is the number of ways
to write 1 as a non-negative integral linear combination of positive
roots with coefficient sum 1.
Group of translations t,,: E—E, xt+— x+IA for A€ Q (resp., A€ X).
W< 9, the affine Weyl group of @ with parameter /.
W< J, the extended affine Weyl group of & with parameter /. For
we W, and xeE, write w*x=w(x+ p)—p.
Uparrow partial ordering on X induced by W, [19; §11.6].
Usual partial ordering on X: A<u< p(u—A1)>0.
The standard length function on ,, given by the formula
)= Y 1Aa)+ X [T+(@ )],

aedt nw 1p* ae@t nw- 1@~
for we W and A€ X (see [18; Prop. 1.23]). Also, we denote by ¢ the
length function on X™: if A=wt,*1 for te C,, we W and pe X, put

(A= —L(w)+ Zw (W, o).

If Ae X, then /(1) =¢(wt,,), see [9; 3.12.5].
Yowew (=1 2y (—1)™e" % ZX, the Weyl character.
The R-linear endomorphism of the group algebra RX, for a com-
mutative ring R, induced by the endomorphism A+ /1 of X. (The
notation also serves for “Frobenius twist”, see §3.)
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1. Kazhdan-Lusztig theories. Throughout this paper, let k£ be a fixed field. Let
% be a highest weight category over k, having weight poset A (which is always assumed
inteval-finite) and satisfying the following conditions (1.1)—(1.4):

(1.1) & is finite; i.e., objects in ¥ have finite length. If LeOb(%) is simple,
End, (L) =k.

(1.2) The opposite category €°P is a highest weight category with the same weight
poset A. (For a weight A€ A, let A(4), V(A), and L(1) denote, respectively, the “induced”,
the “Weyl” object, and the simple object corresponding to A.)

(1.3) There is a fixed duality D: €—%°" (in the sense of [7]). Thus, DL(1)= L(4)
and DA(A) = V(4) for all Ae A.

(1.4) There is given a fixed function 7: A—Z, called the “length function” on
the weight poset A which is compatible with A in the sense that A <v=>£(1)<Z(v).

If € is a highest weight category as above and if I is an ideal in the weight poset
A, let €[I'] denote the full subcategory of ¢ consisting of objects having composition
factors L(y) for yeI'. Then ¥[I'] is a highest weight category with weight poset I
(Also, we will often use without further comment the fact that DY%[I]) is a full
subcategory of DY%); see [6; Thm. 3.9] and [9; (1.2)].) For a general discussion of
highest weight categories, see [6]-[9].

Consider the bounded derived category DY%) of . Let T: D%%)—D%%) be the
translation operator, and write X[n]=T7"X for neZ and XeOb(D*%)). For Xe
Ob(D*(#¥)) and veA, the left Poincaré polynomial p,ye Z[t,t~'] is defined by the
expression:

(1.5) Pox =2 dim Homly (X, AW)e" ,

where, for X, Ye D%®),
Hombp (X, Y)=Homp (X, Y[n])=Hompeg(X[~n], Y).
In particular, if X, Ye %, then
(1.6) Hombpug)(X, V)= Exty(X, Y).
The right Poincaré polynomial p¥y is defined by

(1.7) P§X=Pv,px 5

using the fact that the duality D extends naturally to D®(%). Thus, if X is self-dual, we
have pRy=p, x. If X=L(1), we write p, ;;=p,, > S0 that pRLny=py, forall 4, ved.
Thus, thanks to (1.6), we have

(1.8) pRi=p, =2, dim Exti(L(2), A(w)" .

Using the Poincaré polynomial p, ;, we define the corresponding Kazhdan-Lusztig
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polynomial
(1.9) P, ,=t"P7 5, ;.

(Here, and in what follows, f for feZ[t,t~!] denotes the image of f under the
automorphism of Z[t, ¢t~ '] defined by ¢~ ¢~1.) Thus, in case A is finite, we have

(1.10) (L= (= 1YP P, (~ DIAWY)]

in the Grothendieck group of & [8; Prop. 3.2]. (A similar, but more complicated formula
holds when A is not finite [9; Prop. 3.11]. However, we will not use this here.) Observe
that P, ;=0 unless v<A.

Let &* be the full subcategory of D%%) with objects X such that, for any weight
v and integer n, if #" has nonzero coefficient in p, y, then n=£(v) (mod 2). Put £®=D&".
Following [8; Defn. 2.1], € has a Kazhdan- Lusztig theory if and only if L(A)[ —£(A)] e &~
for all AeA. (When the weight poset A is finite, this condition is equivalent to the
assertion that L(A)[ —£(A)] € Ob(D?(%)) has a “filtration” (in a certain sense) by shifted
Weyl modules V(v)[k] with k=/(v) (mod2). See [8; Thm. 2.4] and [10; §3].) The
importance of these concepts is suggested by the fact, established in [8; §3], that if
X, Ye Ob(&"), then

(1.11) Y. dim Hom’u (X, DY)1"= Y p, xP. v -

n TeA
Thus, if ¢ has a Kazhdan-Lusztig theory, the groups Extg(L(1), L(v)) can be calculated
in terms of the Poincaré polynomials. In turn, these polynomials are often recursively
determined. (See Theorem (3.5) below, for example.)

2. Relations between representations of GL,(n) and SL (n). The representations
of quantum linear groups GqEGLq(n) and G,=SL,(n), g a nonzero element of k, are
studied in detail in [31]. This section is devoted to making clear the connections between
the representations of G~q and those of G,. Some results are quoted from [31], and some
results are new (and complete those of [31]). (For further results on GL(n), SL,(n) and
their infinitesimal subgroups and the finite quantum enveloping algebras of [28], see
[331)

We adopt the “naive” point of view of [31], identifying the category QGr, of
quantum groups over k with the dual of the category k-Hopf of k-Hopf algebras. The
Hopf algebra corresponding to a quantum group G, denoted by k[G], is usually called
the coordinate algebra of G. From this point of view, a rational G-module is nothing
but a k[G]-comodule. Recall the construction of the coordinate algebras k[(?q] and
k[G,] for a nonzero parameter gek. We begin with an associative algebra k[ M (n)]
generated by n?® elements X;;, i, j=1,2, ..., n, with relations
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Xrinj:q_lxrjXri s Vl<.]’
2.1 X Xg=q *XuX,;, Vr<s;
Xriij=ijXri’ if r<s and i>j;
X X;—X;X,i=(q '—9XuX,;, if r<sandi<j.

It is known that k[M(n)] is a noncommutative “polynomial” algebra in the above-
mentioned n® generators. It is also known that k[M(n)] is a bialgebra whose co-
multiplication 4 and augmentation map ¢ are given by

(2.2) A(Xij)szik®ij9 &(Xi)=0;; .
k
There is a central group-like element, called the quantum determinant, given by

(2.3) Dy= 3 (=97 "X 1oy X202 Ko »

se G,

where €, is the symmetric group in 7 letters, serving as the Weyl group. The coordinate
algebra of Gq (resp., G,) is the localization of k[ M (n)] at D, (resp., the quotient algebra
of k[ M (n)] by the ideal generated by D,—1). These algebras are Hopf algebras with
the same comultiplication 4 and augmentation map ¢ as given in (2.2).

The closed subgroup Tq (resp., T,) of C~¥q (resp., G,) defined by the ideal generated

by the X;; i#j, is an algebraic torus, in the usual sense, with character group

X(Tq)={Xr111Xr222' : 'X;'rlllriez} (resp., X(Tq)={Xr111Xr222’ : 'X;"Jf,n—llriez})

(the operation in the group is the multiplication in the coordinate algebra). Let
O={X;'X;|i#j}, " ={X;'X;|i>j}

in both cases. Then @ is a root system of type A, _; with @ as its set of positive roots,
and X (Tq) (resp., X(T,)) is identified with the weight lattice X as defined in the *“List of
Notation” (in the case of G~,1, X must be the exceptional case as mentioned there). Recall
that there is a surjective homomorphism X/ (Tq)—>X (T,), A A, which is the identity on
X;; for i<n and sends X,, to X X5, X, 1. Also, 2e X(T,), if and only if
leX( T,).. Asin the classical case, now we can define the weights and formal characters
for rational G~q-modules or rational G,-modules.

Now let g be an /-th primitive root of 1. (What we will say will be trivial if g is
not a root of 1.) For Ae X (T"q)+ (resp., X(T,)..), we have the following rational modules
for G, (resp., G,): :

L%2) (resp., LY4)) — the irreducible @q-module (resp., G,module) with highest
weight A.

74(2) (resp., V%4)) — the Weyl module (i.e., the universal highest weight module) with
highest weight A for G, (resp., G,).
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A% (resp., A%(%)) — the “induced” module with highest weight A for Gq (resp., for
G,); the module can be described as the universal module with
the property that it has an irreducible socle LI(4) and all other
composition factors have smaller (with respect to the ordering
<) highest weights. Also, this module is denoted by H°(4) in

[31].
T%(2) (resp., I%A)) — the injective hull of £4A) (resp., Li(4)).

Since G, is a closed subgroup of Gq we have a restriction functor from the category of
rational Gq-modules to the category of rational G,-modules. Concerning this functor,
we have the following theorem:

(2.4) TueoreM. For Ae X(T,),, we have
)] L:"(A)lc,,%L"(i_);

) Ij"(A)IG,,z VAaA);

(3) zj“(i)lcq%A"g/l);

@) TA)|e, =14

Proor. This theorem, except for (4), is a special case of the connection between
the representations of a parabolic subgroup of G~q and its “‘semisimple part” developed
in [31]. See [31; (8.4.8) and (8.4.6)] for (1) and (3); (2) then also follows, since the
well-known duality between Weyl modules and “induced” modules. As for (4), [31;
(8.4.4)] claims that fq(/l)IGq is injective. Then (4) follows from Lemma (2.5) below. []

The coordinate algebra k[G,] is Z-graded in the usual manner, and all its
homogeneous components are subcoalgebras. We call a rational Gq—module V with
structure map 1 homogeneous of degree r if 1(V)cV® k[Gq],. A standard argument
shows that any Gq-module is a direct sum of its homogeneous components. In particular,
an indecomposable Gq-module is homogeneous. This is the first conclusion of the
following lemma. (One also obtains the conclusion from the linkage principle [31;
(10.3.5)], noting that the affine Weyl group W, is degree-preserving.)

(2.5) Lemma. (1) An indecomposable G~q-m0dule is homogeneous and it remains
indecomposable when restricted to G;

(2) For a homogeneous Gq—module V, a subspace is a Gq-submodule if and only if
it is a G -submodule.

Proor. To prove (2), suppose our module V" has degree r. Recall that we have a
canonical epimorphism ‘
:G,xG,—G,

defined in [31; (6.2.2)], where G,,, whose coordinate algebra is k[G,]=k[t, t1], is
viewed as the scalar subgroup of Tq. Thus, a subspace of V'is a G~q-submodule if and
only if it is a G, x G,,-submodule. However, it is easy to see that the restriction of ¥ to
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G,, has the map vi—> v ® ¢', for all ve ¥V, as its structure map. Obviously, this implies
(2) of the lemma. The second conclusion of (1) now also follows. O

Now we have the following result in the opposite direction.

(2.6)~THEOREM. Every indecomposable G -module lifts (not uniquely) to a homo-
geneous G,-module.

ProoF. Let V be a indecomposable G,-module. Thanks to the linkage principle
for G, ([31; (10.3.5)]), the injective hull of V is of the form

Iz @ Iw-)®, r,eZ*,
weW;
wAeX(Tg) +

for a fixed A€ X(T,),. Let le )((T‘Q)Jr be an inverse image of A. Then

I~ @ Tw-2)®r~
weW;
w~).eX(7~‘q)+

is a lifting of 7, by Theorem (2.4). Since I is homogeneous, Lemma (2.5) can be used
to obtain a G -submodule of 7 which is a lifting of V. O

It is known that the formal characters of Weyl modules (which are the same as
the formal characters of “induced” modules, and are exactly the Weyl characters) form
a Z-basis for the subring of W-invariants in ZX(T,) (resp., ZX(T,)). Also, any ch L%(2)
or ch Li(J) is W-invariant. Thus, we can express ch L%4) and ch L%J) as Z-linear
combinations of the formal characters of certain Weyl modules. Suppose that Ae X (T’q)
is a weight in the bottom /[-alcove, and that we W with w-Ae X(T' o)+ Using the linkage
principle again, we have

chliw-2)= Y  ¢&,chViy-4),

yeWJ
yaeX(Tg)+
and
chLiw-2)= Y ¢, ,chV¥(y-4)
yeW,
yAeX(Tg)+
for ¢, ., ¢, wEZ.

From the above discussion, we have the following result:
(2.7) THEOREM. With the above notation and assumption, ¢, ,,=c, ., for all y, w.

As defined in [31;, Chapt. 7], there is a Frobenius morphism F: G,—G=GL(n),
whose comorphism sends x;;, the (i, j)-coordinate function of G, to X}, Let (Gq)l, the
Frobenius kernel of G,, be the kernel of F in the categorical sense, and (G,), T be the
pull-back under F of the diagonal torus T of G. Moreover, F induces a morphism, also
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called the Frobenius morphism, F: G,—G = SL(n). We define the Frobenius kernel (G,),
and the pull-back (G,), T of the diagonal torus 7 of G similarly.

In [31; Chapt. 9], a representation theory for (G,), and (G,), T is developed. It is
also possible to develop a similar theory for (G,), and (G,),T. Also, an “infinitesimal
version”, i.e., a similar theory for (G,), T and (G T, of the theory in this section can
also be obtained. We will not go into details here. However, we would like to point
out some key links to the theory. One of them is a “density theorem” for (G,),T. It
may be obtained from the “density theorem” for (G~q)17~’ ([31; (9.1.2)]) together with
the canonical epimorphism 6, : (G,);T x G,,,—»(G‘q)li which is the restriction of the
epimorphism 6 used in the proof of Lemma (2.5). Also, in order that the infinitesimal
“induced” module 44(4) (denoted by Z(4) in [31]) for (G, T have “correct” dimen-
sion, we need a result similar to [31; (9.6.1)]. However, the proof for [31; (9.6.1)]
works also for our case. Finally, for a result similar to Theorem (2.6) above, a linkage
principle for (G,); T-modules is necessary. Here we give the statement and a proof of
the strong version of the principle.

(2.8) THEOREM (infinitesimal strong linkage principle). Let 4, ue X( Tq) (resp.,
A, we X(T,)) be such that the irreducible (G~q)1 T-module (resp., (G,)1 T-module) with highest
weight  is a composition factor of the “induced’ module with highest weight A. Then u1 1.

ProOF. Since we will have a result similar to Theorem (2.4) without using the
linkage principle, we need only to consider the case of (GNq)IT-moduLes. Denote the
irreducible and the “induced” (G,), T-modules with highest weight A by L4(1) and 49(4),
respectively. Note that in the “List of Noation” the uparrow partial ordering is
defined as in [19], instead of that used in [31] (two orderings are the same in the
dominant chamber, see [34]). This ordering is preserved by translations in W,. Thus,
we may assume that all composition factors 49(1) have dominant highest weights. Then
by [31; (10.1.1)], together with the Kempf vanishing theorem for G, we see that if L9(u)
is a composition factor of 49(4), then £%y) is a composition factor of 4%A). Now the
strong linkage principle for Gq gives the needed result. O

The method used in the above proof is also used by [3; §2.9] in the circumstances
of quantum enveloping algebras.

3. Quantum groups and quantum enveloping algebras. In the remainder of this
paper, except for the Appendix, we assume that the field k has characteristics zero. Let
g ek be a fixed primitive /-th root of 1. We are interested in the cohomology of quantum
groups and quantum enveloping algebras with parameter ¢. In order to unify the
treatment in both cases, we make the following general set-up.

We are working with four abelian categories: %, %, (é; and %,. The main features
of these categories are as follows:

(1) The category % is semisimple (i.e., any object in this category is a direct sum
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of irreducibles), with X, as the indexing set of its irreducibles. Thus, € can be viewed
as a highest weight category via a partial ordering on X, say “<”. Denote by L(4)
the irreducible object with highest weight 1€ X .. Hence, A(4)= V(1)= L(A).

(2) The category %, (resp., (é,}) is a highest weight category with indexing poset
(X4, 1) (resp., (X, 1)) and duality functor D (resp., D,). We will denote the irreducible,
“induced” and “Weyl” objects in 4, with highest weight A by L(4), 4%4) and V(4),
respectively, and denote those objects in € . by Li(A), A4(%) and P4(A), respectively.

(3) The full subcategory €t (resp., (%1)®) of €, (resp., €}) consisting of all
objects whose composition factors have regular highest weights satisfies the
conditions (1.1)-(1.4) with length function # as defined in the “List of Notation”. (In
order that these subcategories are nonempty, we must assume /> 4.)

(4) The irreducible objects in %, are indexed naturally by X//X. For A€ X, denote
the irreducible object with “highest” weight 4 (mod /X) by Li(4).

(5) There is a “Frobenius twist” functor F*: %, Vi V®, such that L(1)" =
LY([2) for all e X,.

(6) There are restriction functors 4,~%} and €%}, both of them preserve the
irreducibility of any irreducible object with /-restricted highest weight.

(7) There are additive functions (the formal character functions) ch from the
categories 4, €, and ! to the group ring ZX such that

ch(V®)=(ch V)?, for VeOb(®); chV=ch( V]gy), for VeOb(%,),

and ch L(A)=y(4) for Ae X,.

There are many other properties these categories and functors have. It is almost
impossible to list all them. Instead, we will indicate what there categories and functors
are in the case of quantum groups and in the case of quantum enveloping algebras, in
order that we can freely use all known results related to our set-up.

A. The case of quantum groups: This case is fully discussed in §2. Let G, be
GL,(n) or SL/(n), G the corresponding reductive algebraic group over k, (G,); the
Frobenius kernel, and (G,), T is the pull-back of the diagonal subgroup 7" of G. Then
we have the following four categories.

% — the category of finite dimensional, rational G-modules;
%,— the category of finite dimensional, rational G,-modules;

(é,} — the category of finite dimensional, rational (G,); T-modules;
%, — the category of finite dimensional, rational (G,);-modules.

Let the “Frobenius twist” functor F* be the pull-back via the Frobenius morphism
F: G,~»G as defined in §2, and the restriction functors %,—»%. and €1 —>%_ be the
ordinary restrictions. By the theory developed in [31] and §2, all conditions above are
satisfied.

B. The case of quantum enveloping algebras: We adhere generally to the notation
of [27], [2], [3]. We remind the reader that in using the results of [2] (resp., [3]) we
are often required to assume that / is a power of an odd prime p (resp., equals an odd
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prime p). For the simple Lie algebra g with root system @, denote by U(g) its universal
enveloping algebra. We can consider the “arithmetic”” quantum deformation U,(g) as
defined by Lusztig [27], see also [2], [3]. As an algebra, U,(g) is generated by elements
E,EV, F, FPand KF! (i=1,2, ..., rank g) satisfying a set of now well-known relations.
Also, U,(g) decomposes as UTU°U~, where U™ (resp., U™) is the subalgebra generated
by the E;, E® (resp., F;, F"), and U° is a subalgebra generated by the k! and certain

other elements, denoted [K':C] for ce Z and te Z" in [27], [2], [3]. It is known that

X can be identified with a subgroup of the group Hom,,,(U°, k).

As in [27; Prop. 7.5], there is a “Frobenius homomorphism” F: U,(g)— U(g),
which sends E;, F; and KF'—1 to 0, and sends E{ (resp., F") to the root vector of the
i-th simple root (resp., negative simple root). The image of U° is U(h), the universal
enveloping algebra of a Cartan subalgebra of g. On the other hand, the subalgebra
u of Uyg) generated by E;, F; and K;*', which is finite dimensional, serves as the
“Frobenius kernel”. We also consider the subalgebra of 4 generated by # and U°.

An U, (g)-module V is called integral if it is a direct sum of I-dimensional
U°-submodules and if the E;, F;, EP and F® act locally finitely. If, in addition, the
algebra homomorphisms U°—k (weights) determining the 1-dimensional U°-
submodules of V are all in X, V is said to have type 1. Similar definitions are applied
to #-modules, as well as to u-modules if we use #°=U°nu instead of U°. Then by
weights of an integral U,(g)-module or a d-module ¥ we mean the U°-weights of V,
and the formal character ch Vis its U°-formal character. The weights and formal character
of a U(g)-module are defined in the usual way.

As in the quantum group case, we have a list of categories:

% — the category of finite dimensional U(g)-modules;

%, — the category of finite dimensional, integral U,(g)-modules of type 1;
(g; — the category of finite dimensional, integral #-modules of type 1;
%, — the category of finite dimensional, integral #-modules of type 1.

The “Frobenius twist” functor is the pull-back via F, and the restriction functors ,~% ;
and @;—»%’,} are the ordinary restrictions.

We now summarize some general facts concerning these various categories which
will be used in this paper.

The following result for quantum linear groups is proved in [31; (7.4.1)] (together
with the theory in §2). From the viewpoint of quantum enveloping algebras, see
Andersen-Polo-Wen [3; Thm. 4.6].

(3.1) PROPOSITION.  The restriction to €} and €} of an injective object in 6, remains
injective.

A proof of the following elementary result for quantum group GL,(n) is given by
Chen [5]. It holds for SL,(n). For the representations of quantum enveloping algebras,
the result is due to Andersen-Polo-Wen [3; Thm. 3.4]. (In fact, the proof given in [3]
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applies equally well in the case of quantum groups.)

(3.2) PROPOSITION.  For any object in €, the € ,-socle of V equals the Q?;-socle and
@1-socle of V.

For A€ X, we denote by %,(4) the full subcategory of €, consisting of objects whose
composition factors have highest weights in W,-AnX,, and denote by (é,}(/{) the full
subcategory of €, 5 consisting of objects whose composition factors have highest weights
in W+ 4. Then %, (resp., €}) is the “direct sum” of €,(1)’s (resp., €1(4)’s), 4 running
over C;nX. Moreover, we have the following result.

(3.3) PROPOSITION.  Assume that [>h, and fix A€ X, nC,. Then

(1) %,(2) is a highest weight category with weight poset (W;*AnX ., 1). It satisfies
conditions (1.1)—~(1.4) and has irreducible (resp., induced, Weyl) objects L(t) (resp., A%(7),
Via(t)) for te Wy*AnX,.

(2) Similarly, (3;(/1) is a highest weight category weight poset (W,*1,1). It also
satisfies all the conditions (1.1)—(1.4) and has irreducible (resp., induced, Weyl) objects
L%(7) (resp., A(1), Vi(z)) for e W;-A.

ProOF. For GL,(n), (1) (resp., (2)) follows easily from [31; (10.4.8)] (resp., [31;
(9.8.3)]) together with the linkage principle for €, (resp., (5,}) proved in [31; (10.3.5)]
(resp., (2.8)). For SL,(n), we can then use the discussion of §2. Note that the argument
used in the proof of [31; (10.4.8)] works also for quantum enveloping algebras (see
also [11; Thm. 3.2]). This, together with [2; Thm. 8.1], gives (1) for quantum enveloping
algebras. Finally, by [3; Lemma 4.10 and Prop. 2.9], we also have (2) for quantum
enveloping algebras. O

Let 2, , be the classical Kazhdan-Lusztig polynomial associated to x, ye W, (as
defined in [23]) or, more generally, associated to x, y€ W, (as defined in [21]). In this
paper, it is convenient to regard the Kazhdan-Lusztig polynomials as polynomials in
t=q'?, where g is the variable in [23]. (Thus, in (3.4) below, we evaluate our poly-
nomials at = —1.) Recall that Lusztig [27] has conjectured, in the context of quantum
enveloping algebras, that for Ae%,n X, we have, for any we W, with w-1e X,

(3.4 chLiw-)= Y (=1 7MP  wl—1Dech Vi(y-2).
yeW;

In (3.4), the summation is over all ye W, such that yw,<ww, and y-Ae X,. (Here
wo € W is the long word in the Weyl group W.) It follows easily from [20] (together
with the theory of g-Schur algebras developed in [31; Chapt. 11]) that the validity of
(3.4) in type A,_, is equivalent to the analogous statement for the quantum group
SL,(n). (See also results of Lin [25] for the relationship between the representation
theory of the quantum enveloping algebra in type A,_; and that of SL,(n).) Also, by
Theorem (2.7), the character formula (3.4) is equivalent to the analogous statement for
GL,(n).
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The following result is due to Cline-Parshall-Scott, see [8; (5.8)], [10; §5]. (These
results generally assume that the highest weight category has a finite weight poset.
However, since X*¢® is bounded below, the results clearly generalize to the present
situation.)

(3.5) THEOREM. Assume that [>h, and fix A€ G ,nX,. Let A be an ideal in the
poset (WAnX,, 1), and denote by € (A)[ A] the full subcategory of €,(4) consisting of
objects whose composition factors have highest weights in A. Then the following statements
are equivalent.

(1) The category € ,(A)[A] has a Kazhdan-Lusztig theory (as defined in §1).

(2) For any w-Ae A, the character formula (3.4) is valid.

Furthermore, when either of these conditions hold, the Kazhdan-Lusztig polynomials P, , ,,.,
(in the sense of (1.9)) are given in terms of the classical Kazhdan-Lusztig polynomials by
the rule

Py%,W'/l:@
Also, for y-A, w-Ae A, we have (by (1.11))

Wwoy,wow *

Y. dim Extly (L%(y+ ), LYw- )" = 1IN =2DP oy Prvoz.wow -

A straightforward argument, given in [10; Prop. 5.7], shows that in formula (3.4)
one can replace the terms 2, ,..(—1) by 2, . ...(—1). Thus, the description of the
P, ;s given in (3.5) and the formula (1.9) are consistent with the character formula
(3.4) above. Also, we adopt the convention that 2, , =0 if y£w.

We observe that in [24], Kazhdan-Lusztig announce a proof of the formula (3.4).
Thus, for any 1€ %,n X, the category % ,(4) has a Kazhdan-Lusztig theory by Theorem
(3.5). Because the full details of the proof of [24] are not yet available, we often prefer
in certain results in the next two sections to regard the condition that #,(4) has a
Kazhdan-Lusztig theory as a hypothesis. Observe that under the hypothesis that (3.4)
holds for all regular weights, Theorem (4.2), Corollary (4.3), and Theorem (5.2) below

all give, in view of Theorem 3.5 above, explicit cohomology calculations in %} and €.

(3.6) NOTATIONAL CONVENTION. Let & be one of the categories €, %, fé; or ;.
There is a trivial object k€ Ob(2). (That is, there is a 1-dimensional vector space on
which a module structure over a Hopf algebra is given by the augmentation map, or
a comodule structure over a Hopf algebra is given by the unit map. In our case this
trivial object is exactly the irreducible object with 0 highest weight.) We will denote by
H(2, V) the group Exti(k, V) for any object V of 2.

4. Cohomology of #;. We begin with the following lemma which follows im-
mediately from Propositions (3.1) and (3.2).
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(4.1) LeMMA. 4 minimal injective resolution for an object V in €, remains a minimal
injective resolution for V viewed as an object in € s or €.

Recall that for objects 4 and B in 4, Exty:i(4, B)= H'(%,, B® A4*) is canonically
an object in ¥. (Clearly, we only need to consider the case i=0. For quantum linear

groups, see [31; (2.8.2) and (2.11.1)]; for quantum enveloping algebras, this is almost
trivial.) The following theorem gives the #-object structure for certain Ext groups.

(4.2) THEOREM. For any object V in €, and any A€ X,, we have the following
isomorphism in €-

Exti,;;(L‘{(l), V) @ Extfgq(L"(A+lr), Vy® L(t),

teX 4
where EXtqu(Lq(/1+lT), V) is regarded as a trivial object in €.

ProOF. Let 0—FV—1I" be the minimal % -injective resolution of ¥, which is also
the minimal &;-injective resolution of ¥, by Lemma (4.1). Clearly, the minimality of
the resolution and the irreducibility of L%(1) and L}(4) imply that both the complexes
0—~Homg (L%(4), I") and 0—Homgy(L%(4), I") have zero maps as their differentials.
Thus,

Exti1(L(4), V)=Homgy(Li(4), I')
= @ Homy (LYA+ ), I') ® L(z)

=@ Exty (LA+h), V) ® L(7),

as required. O

In many problems, we are mainly interested in the special case in which V= L%(u)
for a dominant pe X, and both A, u are in the W,-orbit (under the dot action) of 0.
In this situation, we can strengthen the above result to the following corollary.

(4.3) COROLLARY. Suppose [>h. Let w, w'e W and pe X withw'+-0+Ilue X ... Then
we have the following €-isomorphism

Extigs (LY(w-0), Li(w'-0+lu)>~ @  Extf (LYw-0+IA+1), Li(w'-0+u) ® L(1),
teX 4
A—p+teQ

where A€ X is uniquely determined by the condition that w0+ I € X,. In particular,

Hi(%), k)= @ Exty (Lk), k)® L().

teQnX 4

Proor. Since Li(w-0)=~L%w-0+I/4), we need only to show, by Theorem (4.2),
that Ext%q(L"(w-O+l/l+lr), LYw’-0+Iu)#0 for some i implies A —u+ 1€ Q. The link-
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age principle ([31; (10.3.5)] and [2;§8]) shows that, if Extigq(L”(W'O+l/1+lr),
LYw'+0+Iw)#0, then w+0+ A+t =z+(w'-0+ lu)+ I for some ze Wand { e Q. Thatis,

Iw A4+ w lt—wlzu—w 1)=w"1zw’-0.
This in turn implies that w™lzw’=1 and w™'A+w ™t —w lzu—w~ (=0, since from
the condition /> /4 we obtain that | (-0, «¥)| </ for any ye W and ae Il. Thus,
A—p+r=A—w ) —(p—w lzug)+(r-v ) +w e,
as required. O

It is interesting that, assuming the character formula (3.4), well-known identities
involving Kazhdan-Lusztig polynomials readily yield closed formulas for certain
cohomology groups. We illustrate this with the following result, which uses the
Kato-Lusztig interpretation of the g-analogue of Kostant’s weight multiplicity formula.

(4.4) THEOREM. Assume that [>h and assume that the character formula (3.4) is
valid for all regular dominant weights. Fix ze W and A€ X so that z-0+ A€ X . Then for
any integer i the ¢-object H(%}, A(z-0+1A)) has character given by

ch(H"((g;, AUz 0+14)= Z Z (— I)K(W)Jo(i—c’(z))/z(w'l‘_l))((.u) .

neX weW
Proor. For a dominant weight z-0+/4, we have
4.4.1) Extigy(k, A%z-0+1)= @ Extly (LY(p), A%z-0+1A) ® L(n)
pneX 4+

as an object in €, by Theorem (4.2). Also, since />h, z-0+ /1€ X, implies that Ae X .
Using the formula for the length function on X given in “List of Notation”, together
with (1.6) and (1.9), we conclude that

(44.2)  Y.dim EXtEg’q(Lq(l.“), ANz O+ I =pog i1 =1 "2 OP o

Since £(wot,)=£(wo) +£(t,,), the recursive relations [23; (2.3.g)] for Kazhdan-Lusztig
polynomials, together with Theorem (3.5), give

(443) Pz~0+ll,lu='@woztlz‘1;_, wot1u='@n,‘1;,,wot1u='@t1;_z,wonu .

If §— &* = —wy(&) is the opposition involution on X, wyt,, =1 _,,.w,. An easy application
of the length formula in the “List of Notation” gives, since p* is dominant, that
(- =£(1,,). Hence

L(t_1pwo) =Lt 1)+ (o) ,
so that

L(woty,s) <Il(woly,)
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for all simple reflections se W,. Therefore, by [23; (2.3.g)] again, we have that
(4.4.4) P P P

tiaz,wotipy — < tia,wotin — < wolia, Woliy *

By [21; Thm. 1.8] (together with the length formula in the “List of Notation”, which
establishes that, for {e X, the longest word w, in W1,:W is wot,,),

(4.4.5) P, =20 40T T (= 1) (e p— )

i weW
for A<u. Observe that if 1 £ p, then wyt;; £woty, (see [29; p. 210]), so, by our conven-
tions, the left hand side of (4.4.5) vanishes. But the right hand side of (4.4.5) vanishes
trivially when A £y, so it follows that (4.4.5) holds for all A, ue X, . If M is a finite
dimensional rational G-module, let [M : L(z)] denote the multiplicity of L(z) as a com-
position factor of M. By (4.4.1)—(4.4.5), we have

Y [Extis(k, A%z-0+12)): L)]ii= 202004 0@F,

ZZ Z (— l)f(W)g‘)(i—{(z))/Z(w'#_A)ti .

i weW

a

Let 9=%,%, or ‘é,}, and denote by 2¢™ the category in which objects are graded
vector spaces 4= @, _,.A4; with 4,€ Ob(2) for all i and morphisms are homogeneous
homomorphisms ¢ =Y ,_,.; of degree 0 such that each ¢, is a morphisms in 2. Define
the graded formal character of A=@®@,_,.A;€Ob(2*) to be the element in the group
algebra Z[[f]][X] of X over the ring of formal power series over Z in a variable ¢ given

by
CH(A)= Y, ch(4):'.

ieZ*

Let g be the semisimple (split) Lie algebra over k£ having root system @, and G the
corresponding algebraic group. Let A" =.7(g) be the G-variety of nilpotent elements
in g. It is well-known that k[ .4"], as a G-algebra, is isomorphic to S°(g*)/I, where [ is
the ideal in the symmetric algebra k[g]=S"(g*) generated by the G-invariants S*(g*)®
(i.e., G-invariants having 0 constant terms). Since the ideal I is homogeneous, k[ A"] is
graded as a rational G-module. That is, it is an object in €*. It is also known that
CH(K[.#"]) can be expressed in terms of the ““i-part” partition function as follows ([16]):

(4.5) CH(k[A])= ZX (=1 w-wx(pr' .
e

As an immediate application of (4.4), (4.5) and (A.3.5) we make the following ob-
servation.

(4.6) COROLLARY. The graded character of H' (%}, k)€ Ob(€*") is given by
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CH(H " (%, k))=CH(K[/1(¢?).
Thus, H' (%}, k) is a commutative, graded algebra concentrated in even degrees.

(4.7) REMARks. (a) In view of (4.4), it is natural to define the cohomology variety
of €, to be the scheme Spec(H" (¥}, k). By (4.4), H*(%,, k)~ g=g* as an object in %.
Grade the symmetric algebra S°(g*) by giving g* homogeneous degree 2. Therefore,
any %-isomorphism ¥?: g—H?*%,, k) extends to a ¥**-morphism

S (g H (6} F)
of commutative #*-algebras. Since Extj (k, k)=0 for n>0 (see [31; (10.4.6)], where
the argument works also for the case of quantum enveloping algebras; see also [2;

(9.9)]), Corollary (4.3) implies that H"(%,, k)®=0 for all such n. Thus, ¥" factors
through the surjective map S*(g)—k[.#"] to induce a ¥**-homomorphism

P k[N ]-H (€L, k).

It seems likely that ¥" is an isomorphism of ##"-algebras.
(b) Let M be an object in %,. As discussed in §A.4, the natural algebra
homomorphism k—End(M) >~ M* ® M defines an algebra homomorphism

¥y S°(g*)—~H (€;, End(M)),

obtained by composing ¥° above with the natural algebra homomorphism
H' (%}, k)>H' (%}, End(M)), see (A.4.2) in the Appendix. Then, mimicking [13], define,
for an object M in %, its support variety |gly to be the algebraic subscheme of
g=Spec S°(g*) defined by the ideal Ker(¥,,). (To keep in strict analogy with [13], one
should replace Ker(¥,,) by its radical.)

(c) The conclusion of (4.4) is inspired by an analogous result for the cohomology
of the Frobenius kernel of a reductive group in characteristic p proved in [1; 3.8] (under
a sometimes restrictive condition on 4). Relative to (4.6), see [1] as well as in [12].

(d) Assuming that (3.4) holds, (4.2) yields explicit determinations of the Ext’
groups between irreducible objects in %, in view of (3.5). In particular, we have the
following explicit description of Ext' groups for . Suppose w, ye W and &, ne X are
such that w-0+/£e X, and y-0+Ipe X,. Then, as an object in €, we have

Bxtyy(Li0n0), LIp-0)= @  L(f—oHt-uwmomt-nwon,
0

6—¢eX
6—neQ

where p: W, x W,—Z is (the natural generalization of) the “u”-function of [23].

5. Cohomology of ‘5‘}. Let pe X, and write u=puy+ /Iy, with pye X, By the
tensor product theorem for €, ([31; (9.4.1)] and [27; Thm. 7.4]), LY(u)=L(u,) ®
L(u,)P. The module L(u;)®|g: is a direct sum of 1-dimensional objects of the form
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L4(I)=I{ with { e X. The multiplicity of  is the multiplicity of weight { in L(u,), which
in turn equals

m, (()= ZW(— Y™ ow-p, —0).

We obtain the following result. (Recall that if A=1;,+/4; with l,eX,, then
LY(A)= LY 2o)| ¢y ® 14;.) ‘
(5.1) LeMMA. Let A=Aq+ 1A € X and p=po+Ilu, € X, with Ay, o€ X,. Then
dim Homgy(L4(A), LU) =8, (Ar) -

Now we can prove the following theorem.

(5.2) THEOREM. Let A=Ay+IA, u=po+Ilu, € X with Ay, uoeX,, and V be a
% -object. Then

(1) dimExtia(L94), V)= Y. myA,)dim Extly (L2 +10), V).

(eX +
(2)  dimExtigy(L(A), L) = 3 mydy —py) dim Extie (LA(Ao + I0), L4(1o)-
leX+

ProOOF. (1) As in the proof of (4.2), let 0—»FV—I" be the minimal % -injective
resolution of ¥, which is also the minimal ‘é,}-injective resolution of V, by Lemma (4.1).
Then

dim Extiy(L9(2), V) =dim Homg;(L9(2), I')

= ¥ dim Homy (L% + 1), I')dim Homgx(L4(2), L%(Ao +10))

leX+
= Y. myA)dimExtl (LY, +1), V),

leX +

as required. Note that in the last two steps Lemma (5.1) is used.
(2) Clearly, Exti(L4(4), LY(w)=Extiy(Li(A+h), Li(u+ k) for any teX. In
particular, we have
Extiz(L(2), £4(w) = Extéa(L4(A—ly), L(ko) -

Then we use (1) to deduce (2). O

Theorem (5.2) has some important consequences. One of them is the following
“even-odd vanishing behavior” of the extension groups between irreducible €.-objects.

(5.3) THEOREM. Assume that [ > h and that the character formula (3.4) is valid for all

regular dominant weights. Let Ae C;n X, and w,w' e W,. If Extfg;(]i‘{(w'l), Li(w'- 1)) #0,
then {(w)—£(w')=i (mod 2).
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PrOOF. By using a translation in .7}, we may assume that w'+4 is dominant. In
this case LI(w’+1) is a ‘é;-direct summand of L4w’-1). Therefore,

Exti(L4(w-2), Li(w'+ 1)) #£0 = Extisy(Li(w- 1), Li(w'- 1) #0 .

By Theorem 5.2, this implies that Extfgq(L‘l(w'i-HC), LYw'-2))#0 and my, , (u;)#0 for
some {, where w+ A= g+ Iy, with uye X,. This, in particular, implies that { e Q. Since,
by our assumption and Theorem 3.5, %, has a Kazhdan-Lusztig thoery, it follows that
£(tyw)—£(w')=i (mod 2). Tt is well-known that in W, a translation has even length.
Thus, Z(w)—/(w')=i (mod 2). |

(5.4) REMARK. The same argument shows that, under the same hypothesis as in
(5.3), for any w,w'e W, with w'-leX,, Exti'g;(ﬁ’{(w'i), AYw'-1))#0 implies that
{(W)—£(w')=i (mod 2).

(5.5) THEOREM. Assume that I>h and that the character formula (3.4) is valid for
all regular dominant weights. Let C and C' be a pair of adjacent l-alcoves, and let
AeC, ue C" be Wy-conjugate. Then

Ext{(L4(2), L(w) #0 .

PROOF. As in the proof of (5.3), after applying a translation in J,;, one of these
alcoves, say C’, can be assumed to be [-restricted, and the other one to be dominant.
Thus, Li(p)= L"(,u)]g‘xl, and A=1y+ /A, with A, € X;and 4, € X . Then, by Theorem (5.3),

dim Extgy(L4(A), L) = ¥ my(4,)dim Extg (L(Zo +10), L(w) .
;

eX 4

Because of the assumption that ¥, has a Kazhdan-Lusztig theory, the right hand side
of the equality has at least a non-zero term—the term with { =24, by [8; (5.3) and (5.8)].
This proves the theorem. ]

We conclude this section with the following easy result.

(5.6) PROPOSITION.  Suppose that [>h. For W-conjugate weights A, 1 in adjacent
l-alcoves,

dim Ext §i(L9(2), Li(w)<1.
In particular, if the character formula (3.4) is valid for all regular dominant weights, then
dim Exti(L4(2), Li(w)=1.
Proor. We can assume that u 1 4. Since
Homgy(L(2), A4(w)/L§(1) =0,
the long exact sequence of cohomology yields an injection

Extgi(L1(4), Li(w) 5 Extg(LI(2), 41(w) -
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On the other hand, the standard arguments involving Jantzen translation operators (see
[19; pp. 334-335]) apply to the category ‘é;, so that the right hand side of the above
expression is 1-dimensional. This proves the first assertion of the proposition. The
second assertion follows from Theorem (5.5). ]

Appendix. Cohomology of comodules

In this appendix, 4 is a coalgebra over a field k£ with comultiplication 4: A -4 ® A
and counit ¢: A—k. It is also assumed that 4 is unitary in the sense that there is a
coalgebra homomorphism k: k— A, viewing k as the trivial k-coalgebra. By abuse of
notation, denote k(1) also by 1. We will give a brief discussion of the cohomology of
A-comodules.

A.1. Cofixed points and cohomology. Since A is unitary, we can define the cofixed
point functor F4, which is left exact, from the category of A-comodules to the category
of k-vector spaces: For a (right) A-comodule V with structure map t: V-V ® 4, put

FAV)={veV|tw)=v®1},

the cofixed points of V. Clearly, the restriction of a comodule homomorphism V-V’
gives a k-linear map & 4(V)— % “4(V"), which completes the definiton of the functor #4.

(A.1.1) LemMA. (1) The A-comodule A with comodule structure map A (and any
direct summand of a direct sum of copies of A) is injective in the category of A-comodules;

(2) For an A-comodule V, its structure mapt: V—V ® A is an injective A-comodule
homomorphism, viewing V® A as an A-comodule via structure map id , @ 4.

ProOF. It is easy to verify that the functor V>V ® A from the category of
k-vector spaces to the category of 4-comodules (the comodule structure map of V® 4
is id, ® A) is a right adjoint to the forgetful functor from the category of 4-comodules
to the category of k-vector spaces. Thus, a standard categorical argument proves (1).
For (2), one of the axioms for defining A-comodules shows that 7 is a comodule
homomorphism, and the other axiom, (idy ® ¢) o t=id,, ensures the injectivity of 7.

O
Now the following corollary is immediate.
(A.1.2) CorOLLARY. The category of A-comodules has enough injectives.

Because of Corollary (A.1.2), one can form the .i-th right derived functor
H(?, A)=R'F4(?) for i>0. For an A-comodule V, we call H'(V, A) the i-th comodule
cohomology of A with coefficients in V.

A.2. Hochschild complex. It is desirable to construct a standard complex to
compute H(V, A) for an A-comodule V with structure map t. For n>0, let
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=VAiRA4,Q - QAi® ALy, with AY=A4 for i=1,2,...,n+1,
viewed as an A-comodule via the structure map
7,=idy ®idp® - ®id»®4 .
By (A.1.1), I, is an injective A-comodule for n>0. Define a map d": I —1%*! by

n+1

d"= Y, (—1ydy,
i=0
where
dv={r®id"?®'“®id”:“’ i=0;
" lidy®idg® - ®idy  ®4AQidy,, ® - ®idy,,,,  i>0.

(A.2.1) THEOREM. The above-defined (I}, d") with augmentation map t: V—Iy =
V® A is an injective resolution for V as an A-comodules.

Proor. It is trivial that d} for i<n is an A-comodule homomorphism. Thanks to
(A.1.1(2)), d};, , is also an A-comodule homomorphism, and then so is d". Also, it is
straightforward to check that d"od" " !=0 for n>0. Thus, (I}, d") is an A-comodule
complex consisting of injective 4-comodules.

To prove (Iy,d") is exact in positive degree, we define for n>0 a linear map
o": I—I)" ! by

o"=(—1)id, ®idg®  ®id ¢ .

Clearly, forn>0andi<n, ¢""'odj=—d! 'o0". Also,c"* ' od}, | =idy, by the axioms
for coalgebras. Therefore,

" tod"+d" tog"=idp  for n>0,
which proves the required exactness. Finally, it is easy to verify the exactness of
T 0
00— V519 2.
The theorem thus has been proved. O
Now we let C*(V, A)=F“4(I%}). Obviously, #4(4)=k. Hence,
C'(V,A)=VRALQALQ - ®A" with A"=A for i=1,2,...,n.
It is easy to see that the differential 0": C"(V, A)—»C"*(V, A) is defined by

n+1

="y (—1yor,
i=0

where
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or={id, ®idg® - ®idy ,@A@idy,,® - ®idg, 0<i<n;
idy®id;® - ®idn®x, i=n+1.

The complex (C*(V, A), 3°) is called the Hochschild complex of A with coefficients
in V. By the construction, H*(V, A4) is the n-th cohomology of the complex.

A.3. Cupproduct. The comodule cohomology of 4 with coefficients in the trivial
A-comodule k plays an important rdle in the cohomology theory of 4. One reason for
this is that we can define a product on the vector space #(4)= @, H"(k, A), making
it into a graded k-algebra. To do this, we form the tensor product of the Hochschild
complex with itself. By definition, the tensor product of a complex (X~, ) with itself
it the complex (X°, 5 *) with

=@ x@x

s+t=n
and
55 gy =0"®idye+(— 1)fidy. ® 5° .

Note that one can identify C*® C* with C*** canonically (where, and in the sequel, we
denote C"(k, A) simply by C"). Thus, we obtain a linear map 0": C"—C".

(A.3.1) LEMMA. The above 0™s give a cochain map 0" : (C", 5')»(C', a%).

Thanks to the Kiinneth theorem, there is a canonical isomorphism

HYC 8> @ Hk, AQ H'(k, 4).
stt=n
Therefore, the cochain map 0" induces a product 0: H(k, A)® H'(k, A)—H**'(k, A),
which is clearly associative. This product is called the cup product of #(A), and the
cup product of xe H%(k, A) and ye H'(k, A) is usually denoted by xu y.

Next, we will give a second interpretation of the cup product.

Consider two unitary coalgebras 4 and B and a unit-preserving coalgebra
homomorphism ¢ : A— B. Then an 4-comodule ¥ can be given a B-comodule structure
via ¢, and F4(V)c F5V). Moreover, a standard homological algebra argument shows
that there is a natural homomorphism ¢: H"(V, A)—H"(V, B) induced by ¢. Now
.suppose that we have a unit-preserving coalgebra homomorphism ¢: 4 ® A—A4. Then
we obtain a linear map H"(k, A ® A)— H"(k, A). On the other hand, a standard homo-
logical argument using Kiinneth theorem shows that

H'k, AQ A)= @ Hk, A)® H'(k, A).

s+t=n

Therefore, ¢ induces a “product” ¢ : H(k, A)® H'(k, A)—H**'(k, A). Generally speak-
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ing, ¢ will vary when ¢ varies. However, if we strengthen the condition “¢ preserves
the unit” to the condition
(A3.2) P(1®y)=y=0(y®1) forall yed,
then we have the following surprising result.

(A.3.3) THEOREM. Suppose that ¢: A® A—A is a coalgebra homomorphism
satisfying (A.3.2). Then the map ¢: H(k, A)® H'(k, A)—H**'(k, A) induced by ¢ is the
cup product.

PrOOF. We use the standard resolution I° =1, given in Theorem (A.2.1). De-
fine a linear map ¥*': F 'Y by sending (x;® xR X)XV ® * ®
Y@ YNX, x;, y, ;€ A) to

X ® - ®xs®2x(1)y1® R X ® Xy -

Here we use Sweedler’s notation [32], i.e. let
(A®idec-n)eo o (A®idye4) o (4®1d,)o A(x)=2x(1,®x(2)® @ X

for xe A and r> 1. Also, we denote @(x ® y) by xy for simplicity.

Clearly, in order to verify that y** is an 4-comodule homomorphism, it is enough
to do this for the case s=0. Let t be the 4-comodule structure map on /°® /" induced
by ¢, and ¢ the 4-comodule structure map on I'. Then

(W ®id))x®y® * ®y,®Y)

=(¢°"®id,4)<2 X ®y1® - - ®yt®J’(1)®x(2))’(2)>
X,y
= Z XyV1®  ® XV ® X4 1y V1) ® X+ 2) V(2

x,y

=6<mey1 ® @ Xy ) ® X4 1)y>

=@ YN x @y ® - ®y®Y).

Thus, ¥** is an A-comodule homomorphism.
Define a map y": I"—I" by y"|co e =¥*". We claim that y " is a cochain map from
(I",d")to (I',d"). As above, we need only to consider elements in 1°® I'. We have

(d0®id1t+id1°®dt)(x®J’1 ® " ®Y®yi)=X—X,+Y,+7Y,

with
Xi=10x®y,;®  * ®V+1>
Xz=2x(1>®x(z)®y1® @ Vis1s
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which are elements in /' ® I', and

Vi=xQ@1®y,® " ®Yr+1 >

t+1

Y,= Z Z(—l)ix®y1 ® ®yi-1®Y,1y®Vi,2)®Vi+ 1 ® @Y1

i=1 y;

which are elements in 7°® I'*!. Note that
‘Pl"(Xz):WO'tH(YJ:Z X1y ® Xy V1 ® " @ X1y Vi+1 -

Thus we obtain that

(Yo (@ ®id+idp® dNX® Y, @ @Y, ®Yys 1)
t+1

=Z I®Xx V1 ®  * Xyt 1)Vrs1t Z Z (_l)ix(l)J’1 ®- -

i=1x,yi

®Xi-1y)Vi-1 ® X1 Yi1y® X4+ 1)Vi2) O X(i42)Vi+1® * O Xy ) Vi1

=dt<z Xy ® - ®x(t+1)yr+1>

=(dt°lllt)(x®y1® T ®y1®yt+1) .

Therefore, " : I" —1I" is a cochain map. Clearly, ¥ is an extension of the identity map
on the augmentation term k. Hence ¢ is induced by ¢ °.

Because of the condition (A.3.2), the restriction of ¥*' on C*® C*, which is the
subspace of I* ® I' spanned by vectors of theformx; ® - ®x, 1 ®y; ® - ®y,® 1,
is exactly the canonical identification of C*® C' with C5**. Thus, the map @ gives the
cup product on #(A). O

(A.3.4) REMARK. If A4 is a bialgebra, the multiplication of A satisfies condition
(A.3.2). Thus, Theorem (A.3.3) in particular implies that if there are two different
bialgebra structures on a coalgebra A4, then the algebra structures on s#(A4) induced by
two different multiplications are the same.

Now we can prove the following result.

(A.3.5) THEOREM. Let A be a coalgebra with a coalgebra homomorphism p:
A® A— A satisfying condition (A.3.2) (e.g., A is a bialgebra). Then the cohomology
algebra (#(A), v) is skew-commutative in the sense that

xuy=(—=1)%ux,  for xeH%k,A), yeH'k, A).

Proor. Clearly, u°®: A® A— A, sending x®y to u(y ® x), is also a coalgebra
homomorphism satisfying (A.3.2). For an injective resolution 0—k—J" of k as the
trivial 4-comodule, denote by J . (resp., f‘;op) the complex J* viewed as an A-comodule
complex via u (resp., u°®). Let 0, : J, —J" (resp., 0,0p: .7;09—>J') be a cochain map
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extending the identity map on k. It is well-known that there is an automorphism &":
J'—J" given by

EMx@y)=(-1)"(y®x), for xeJ*, yel',

if we regard J* only as a complex of linear spaces. It is clear that ¢ is an A-comodule
isomorphism from .7‘; to f;op. Thus, we have two chain maps

0,,0p0p0 82 T T
extending the identity map on k. Since J* is an injective resolution of k and 0—k—J,,
is exact, we see that 0, and 0,0, " are homotopic. Now it is clear that the restrictions
0, and 0,00 o £ are homotopic cochain maps from # AJ°) to F4(J"). Hence the induced
homomorphisms fi, u°?o &: #(A)® #(A4)— #(A) are identical, where

Ex®y)=(—1"y®x, for xeHk A), yeH'k A).

Thanks to Theorem (A.3.3), both j and u° are the cup product. The theorem is there-
fore proved. O

(A.3.6) REMARK. When 4 is a commutative bialgebra, the above theorem is
well-known. In particular, the result is well-known in the context of rational modules
for affine group schemes. For a discussion of the cup product in the dual situation of
the cohomology of an algebra A, see [30; Chap. VIII, §9]. It essentially follows from
the discussion given there that the cup product is induced by the comultiplication 4 of
any bialgebra structure on A. When 4 is cocommutative, a dual version of (A.3.5) is
proved in [4; Cor. 3.2.2].

A4. Generalized cup product. In a homology theory, cup product is usually de-
fined in a more general context. This section is devoted to a discussion in this direction.

Suppose A4 is a bialgebra with product u. Then the tensor product V® W of two
A-comodules ¥ and W, which is an 4 ® A-comodule, is given an A-comodule structure
via u. Thus, as in §A.3, there is a natural homomorphism

f: H(V® W, A® A)»HVQ W, A).

On the other hand, we have, by Kiinneth theorem, H'(VQ W, AQ A= D, ,_, H'(V, A®
H(W, A). Thus, we obtain a natural homomorphism f, y: HX(V, A)® H(W, A)—
H**(V® W, A), which is associative in the sense that [ygy, o (iy y ®idy)=
Hyvew °(dy ® fiy w). Clearly, the cup product i defined in §A.3 is exactly fi, ,. Thus,
Ay.w is usually also called the cup product.

Let S be a subgroup of the multiplicative group of group-like elements in 4, and
denote the 1-dimensional 4-comodule corresponding to an element A€ .S still by A, and
denote its basis element by 1,. Let

H(S, A)=D H (4, A4).

AeS
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Then the cup product ; ,: H(4, A)® H'((, A)—H**(A, A) for A, { € S defines a graded
associative algebra structure on #(S, A).

As in the case of the algebra #(4), we can also give a description of the cup
product on (S, 4A) in terms of Hochschild complexes. Recall from §A.2 that the
cohomology group H"(A, A) can be calculated by using the Hochschild complex
(C*(4, A), 0"), where C"(A, A)=4A ® A®", which will be identified with 4®", and

"X, @ @X)=ARX, ® - ® X,

M=

-+ (—l)i-xl QX1 ®AX) Qx4 ® -+ ®xn+(_1)"+1x1® T Rx,®1.

i

il

1

(A.4.1) PROPOSITION.  Using the above notation and assumption, the cup product ji,
for group-like elements 4, (€ A is induced by the map Y*>'=y35%: C(4, A)® C'(, 4)—
CS*Y (AL, A) given by
V@ @X®1 @ ®y)=x(®  ®XL®y® @Y.
Proor. We use the injective resolutions given in (A.2.1) and define ¥**:
I®I;-I5]" by sending 1, @x; @ @x,QxQ1,®p; ® ** @4, to

1, @x{®: - ®st®zx(1)yl® @ X Ver1 -

A calculation similar to that we carried out in the proof of Theorem (A.3.3) shows that
Y is an A-comodule homomorphism, and we obtain a cochain map by putting all
these homomorphisms together. The details are left to the interested reader.

It is easy to see that if we identify 1® 4,{ ® 4 and A{ ® A with 4 canonically,
the restriction of y** is exactly *". |

Let S be as before, and let S be the subspace of 4 spanned by S. Then S is a
subbialgebra (thus, a subcomodule) of 4. Clearly, #(S, A)=H"(S, A). The algebra S
is an example of A-comodule algebras. In general, an A-comodule algebra is an algebra
which is also an 4-comodule, and these two structures are compatible in the sense that
the multiplication and the unit of the algebra are A-comodule homomorphisms.

It B is an A-comodule algebra, the cup product jig 5: H' (B, A)®@ H" (B, 4)—
H (B®B, A) can be combined with the homomorphism H'(B ® B, 4)—H" (B, A)
induced by the multiplication of B to obtain a multiplication on #(B, A)=
H'(B, 4), making it into a graded algebra. (Thus, #(S, 4) is a special case of these.)
The product on #(B, A) can also be called the cup product.

If B and € are A-comodule algebras, and 6: B—-€ is an A-comodule algebra
homomorphism (i.e., it is an A-comodule homomorphism, and also an algebra
homomorphism), then clearly we have a natural algebra homomorphism 8: #(B, 4)—
H(C, A).
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(A.4.2) ExamPLE. In this example we use some results stated in [31; §§2.3-2.4].
Let 4 be a Hopf algebra, and V a finite dimensional 4-comodule with structure map
7. Then End(V)= V' ® V* is an A-comodule algebra. To see this, let {v;} and {f;} be a
pair of dual bases for V" and V*. Write X;;=v;® f;, viewed as a left operator on V. Let
1(v;)=) ;i ®a;;. Then the structure map t* on V* is given by t¥(f})=), f; ® ;).
Thus, the structure map o of V'® V* satisfies

Xg)= Z X, ® a,y(a;) -
We have X X,; =0, X, Thus,
(ot )= %, X,y @ Tita)as e
=0y Z X, ® a,(a; ;)= 0(8,0 Xi)

= G(XsiXs’i’) .
The unit of the algebra V'® V* is given by 1 Ao—»ZJ. X;;- We have

a(Zij>:ZXis®<Zaiﬂ’(ajs))=ZXis®5is=<Zij>® 1.

(A.4.4) NOTATIONAL CONVENTION. A bialgebra A4 can be viewed as the coordinate
algebra k[ G] of a quantum semigroup G, and an 4-comodule V is regarded as a rational
G-module. In this context, the cohomology H"(V, A) is usually denoted by H (G, V),
and is called the rational cohomology of G with coefficients in V.

(A.4.5) ExaMPLE. Let G,=GL,(n) or SL (n) as defined in §2. Let B, be the Borel
subgroup of G, defined by the ideal in k[G,] generated by all X;; with i<j. Let
X=X(B,)=X(T,). Then we can form the cup product algebra H"(B,, X). On the other
hand, consider the right ideal I of k[B,] generated by all X;;—1. It is easy to verify
that I is a coideal. Thus, we obtain a quotient coalgebra k[U,]=k[B,]/I. (The usage
of the notation k[U,] is to show some analogy with the corresponding situation of
algebraic groups: In the case g=1, U, is a closed subgroup—the unipotent radical of
B,. However, if g#1, k[U ] is no longer an algebra. So, in fact, U, does not, in general,
represent an object in QGr,.) One can show, using the description of injective B,-modules
given in [31; §8.9], that the restriction of any indecomposable injective B,-module is
the unique indecomposable injective k[ U,]-comodule—the “regular” comodule k[U ].
Moreover, it then can be proved that the natural homomorphism

H' (B, X)—~H"(k, k[U,])

is an isomorphism of k-algebras. If H*(B,, ) is given a T,-module structure via weight
A, then H"(B,, X), and thus H"(k, k[U,]), is a T,-algebra. If g is not a root of I, the
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above observation, together with the Borel-Weil-Bott Theorem for G, ([2] and [25]),.
will give a T,-module isomorphism

Hi(lk, k[UD)= @ w0,
weW
Z(w)=i

If ¢ is an /-th primitive root of 1 with / odd, the conclusion is completely different. For
example, one can check easily that — /o for any simple root o is a weight of H'(k, k[U .]).

Furthermore, in the case in which ¢ is a primitive /-th root of 1 with / odd, we
may consider (B,), T and the quotient coalgebra k[(U,),]. In this case we have a natural
isomorphism of k-algebras:

H* (BT, X)—H"(k, k[(U,)]) -
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