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Abstract. This paper is devoted to the study of ergodic properties of strongly and
weakly continuous semigroups of operators on Banach spaces. Some new equivalent
conditions are given for strong and weak ergodic properties in the locally integrable
case. Such conditions are applied to the study of the quasi-weakly Y-integrable
semigroups.

1. Introduction. In this paper, we examine the strong and weak Abel-ergodic
- properties of a general pseudo-resolvent and apply the results to two kinds of semi-
groups. In a forthcoming paper, we shall apply some new criteria obtained in this
paper to the solvability problem of the equation AC—CB=Q, where 4 and B are
generators of certain kinds of semigroups, Q is a bounded linear operator and C is
unknown,

For a complex Banach space X, let L(X) denote the Banach algebra of bounded
linear operators from X into X. For Te L(X), we denote by A(T), 2(T) and %#(T) the
null space, the domain and the range, respectively. R(-) is pseudo-resolvent on X, i.e.
an L(X)-valued function, defined on an open subset Q of the complex plane C, satisfying
the first resolvent equation

M R(2) — R(p) = (u— ARDRW) .

R(+) has a unique maximal extension satisfying (1) (e.g. [3, pp. 188-9]), which we

invariantly denote by R(:) with its domain Q. The subspaces A (AR(1)—1) and

R(AR(L)~—1I) are known to be independent of the choice of e (e.g. [9, p. 215]).
Let R(*) be a pseudo-resolvent defined on a domain Q. If 0e Q, define

)] P.x=s-lim uR(u)x ;
u—-0

3) P x=w-lim uR(u)x ,
u=0

whenever the limits on the right hand sides exist in X. Clearly, both P; and P, are
projections.
Moreover, the following equalities hold:
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) N (AR —I)=R(P;) = R(P,) .

Indeed, if xe A/ (AR(A)—I), the latter being independent of the choice of 1€ 2, one
has uR(u)x=x for all peQ, hence P,x=x and

N(ARA)—I)<=R(Py) .
Next, suppose x € #(P,). Then

AR(A)x=w-lim AuR(1)R(p)x = w-lim A—ﬂ [R(W)—R(A)]x=P,x=x.
§—0 u=0 A—pu

Hence Z(P,,) = /' (AR(A)—I). This, combined with the opposite inclusion, proved above,
and with the evident fact Z(P,) = #(P,,), gives (4).
Moreover, if xe A°(P,,), then

x=w-lim [x — uR(u)x] € (BARG)—1))~
n—0

and hence

©) N(P) =N (Py)=(RARMA)—1))" .

2. Abel-ergodic properties of pseudo-resolvents. To simplify writing, we shall use
z for s or w, in the sense that P, will express P, or P,, z-lim will stand for s-lim or
w-lim, and z-dense will mean s-dense or w-dense. When we have to distinguish between
s and w, we shall do so.

THEOREM 1. Given a pseudo-resolvent R(*), if 0€Q, then the following are

equivalent: )
(i) N (P)=(R(AR(Ao)—1))", where A€ Q, 1o #0 is fixed,;
(i) for each x€ X,

(6) z-lim A2R()x=0

-0
and there exist a neighborhood 6 of 0 and a constant M >0, such that
) ARyl <Myl

for all ye R(AoR(Ao)—1) and all Ledn Q;
(iti) (7) holds and R([AoR(Lo) —I1?) is s-dense in R(AoR(Ag)—1I).

Proor. (i)=(ii): LetxeXandlety=[1qR(4y)—I]x. In view of the definition of
y and the condition (i), one has

(8) z-lim AR()y=0.
A-0
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The computation

) AR(A)y = 2 R(A)x— Ao R(Ao)x
Y e do—i o

and the relation (8), combined with the evident fact
(10) s-lim Mo R(J)x=0

-0 Ag—A
imply

2
z-lim R(A)x=0.
120 Ag—

Thus, (6) follows.

Further, (i) implies (8) for all ye(#(1oR(1o)—1))~. The latter being closed, (7)
follows from the uniform boundedness principle.

(i) = (iii): It suffices to verify the second statement of (iii). Since the strong
convergence implies the weak one, we may assume that the limit in (6) holds in the
weak topology i.e., z=w. Let xe X and y=[41,R(4,)—I]x. Relations (9), (10) together
with (6) for z=w, assert that w-lim,_,AR(1)y=0 and hence

(11) w-lim [AR(A)—ITp=—y .
A=0

Since [AR(A)— 1]y € Z([AoR(Ao)—I]?) by the definition of y, (11) implies the w-density
and hence the s-density of Z([A,R(Ao)—11%) in #(A,R(Ao)—1).

(ili) = (1): LetyeRZ([AoR(Lo)—11%), 50 y=AqR(Ao)x — x, for some x € Z(AoR(Lo) —
I). Clearly, (9) holds for such a pair of x and y. Now (7) applied to x, under consideration,
asserts the boundedness of {AR(4)x} as A—0. Hence the right hand side of (9) strongly
converges to zero and so does the left hand side as A—0. Consequently, the conditions
(iii) infer that (8) holds for z=s and y e (#(A4oR(Ao) —I)) . Therefore, (Z(AoR(Ao)—1)) " =

N (Py). This, together with (5) gives (i). O
COROLLARY 2. If one of (i), (ii) and (iii) in Theorem 1 holds, then P;=P,, and
(12) D(P)=2(P,)=N(AR(A)—TI) & (RAR)—-I))" .

ProOOF. We may assume that (i) holds. Then
N (P)=AN(P,)=(R(R(A)— 1))~

and this combined with (4) gives P,=P,, and (12). Here we use the fact that P, and P,,
are projections. O

Since the direct sum in (12) may not be closed, P, and hence P, may not be
bounded. The following corollary gives a sufficient condition for P, (and P,) to be
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bounded. With this we provide an affirmative answer to a question raised by Freeman
[1] in a similar context.

COROLLARY 3. Let R(*) be as in Theorem 1. If there exist a neighborhood 6 of 0
and a constant M >0 such that

(13) [ARMDI <M
for all e dn 2, then P,=P,, are bounded with D(P,) closed and the direct sum (12) holds.

Proor. Condition (13) implies (ii) of Theorem 1, hence P,=P,, and (12) holds.
Further, (13) implies that P, (=P,) is bounded and 2(P,) (=2(P,,)) is closed. O

We say that the pseudo-resolvent R(-) as in Theorem 1 has the strong (weak)

Abel-ergodic property, if for each x e X, the limit

Px=s-lim AR()x  (P,x=w-lim AR()x)
A—0 A0

exists.
The following corollary gives an equivalent condition for the strong (weak)
Abel-ergodic property of R(-), different from those given in [3, XVIII, §2].

COROLLARY 4. Let R(*) be as in Theorem 1. The following are equivalent.

(1) R(*) has the strong Abel-ergodic property;,

(ii) R(*) has the weak Abel-ergodic property;,

(iii) The conditions (6), (7) are satisfied and, for each x € X, there exists a sequence
{A,} =Q converging to zero as n— oo such that

(14) w-1im 2, R(A,)x

n—oo
exists.

Proor. Implications (i) = (ii), (ii) = (iii) are clear.
(iii) = (i): Let xe X and set

x;=w-lim A, R(4,)x, X, =X—Xq .

n— oo

Let A€ Q. Since, by the first resolvent equation,
AR(A)x; =w-lim A4, R(A)R(A)x=x, ,
one has

w-lim 4, R(A,)x, =w-1im A, R(4,)x—x,=0.

h— oo

Consequently, x, € /" (1gR(4y)—1) and
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xy=w-lim [x, —1,R(4,)x,] € (#(AoR(A0) = 1)) .

Thus x has a representation
x=x;+x,, with x;€ A/ (AeR(Ae)—1), x,€(R(AR(Ao)—1))" .
This together with (6), (7) and Corollary 2, gives rise to

X=2(P)=2(P,) =N (AoR(Ao) —1) ® (Z(AR(A0)—1))" .
O

COROLLARY 5. Let R(*) be as in Theorem 1. If X is reflexive, then the following
are equivalent:

(i) R(*) has the strong (or equivalently the weak) Abel-ergodic property;

(ii) There exist a neighborhood 6 of 0 and a constant M >0 such that

luRWI<M  forall puedénQ.

PrOOF. X being reflexive, (14) of Corollary 4 is automatically satisfied. O

3. Strong and weak ergodic properties for semigroups. As applications of Theo-
rem 1 and its corollaries, we shall study ergodic properties of strongly and weakly con-
tinuous semigroups of operators on Banach spaces. In [6], uniform ergodic properties
were considered for locally integrable semigroups. So far, the corresponding strong and
weak ergodic properties for the same kind of semigroups seem to be unknown, except
for the classical works in [3, XVIII, §2] for more restricted semigroups. In the first
part of this section, we shall provide some equivalent conditions for strong and weak
ergodic properties other than those given in [3, XVIII, §2] for the locally integrable
semigroups. In the second part, we shall focus our attention on the quasi-weakly
Y-integrable semigroups, whose definition will be given later after Corollary 8.

Let {T(¢):t>0} be a locally integrable semigroup, i.e. 7(-) is a semigroup and for
each x € X, the function T(-)x is Bochner integrable with respect to the Lebesgue measure
over every finite subinterval of (0, c0). 7(-) is known to be strongly continuous on
(0, o0). The type of T(-) is the number

wo=inf{t | T(#)| :t>0} <0 .
Now, we assume that 7(-) is a locally integrable semigroup. For every complex A

with Re 1> w, and every x e X, the Bochner integral

(15) R(A)x= f e MT(t)xdt

0
exists and defines a bounded linear operator R(4) on X for Re A>w,. R(4) satisfies the
first resolvent equation (1) and hence it is a pseudo-resolvent on {ie C:Rei>w,},
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referred to as the pseudo-resolvent of 7(-).
One may define the Laplace transform of 7(-) in a weaker sense:

t
R(A)x=lim f e MT(s)xds, xeX.

t— o0 0

It has been proved in [2, Proposition 1.1] that if R(4,) exists for some Ay, then R(4)
exists for all 1 with Re A>Re 4,. This leads us to define

o=inf{ue(— o0, 0): R(4) exists for all A with Re 41> u}

=inf{ue(— o0, c0): Ry(u) exists} ;

o,=inf{pe(— o0, 00): Ry(4) is analytic for all A with Re A>pu} .
Clearly, 6 <0,<®, and R(4)=R(}) for all 1 with Re 1> w,. Therefore, we may write
R(2) for R(4), whenever Re1>0,. An example in [6] shows that it may happen that
— o0 =0,<0<wm, Consequently, the well-known results given in [3] and elsewhere do
not apply universally.

In view of the above definitions and comments, it follows easily from (15) and the
uniqueness of the Laplace transform that

(16) N A/ (T()—1)=N(ARGA) 1), A>a,.

t>0
For the locally integrable semigroup 7(-), the operator S(¢) defined by

S()x= Jt T(s)xds

0

is bounded in X.
Let

Qx=s-lim ¢t~ 1S(¢)x ;

t— 0
0, x=w-lim = 1S(¢)x ,
t— oo
whenever the limits on the right hand sides exist in X.

As in §2, we shall use z for s or w, in the sense that Q, will stand for Q; or Q,, etc.
For xe 2(Q,) and t>0, we have

T(0)Q,x= T(t)[z- lim o~ 1S(u)x] =z-lim u™ ' [S(t+u)—S(t)]x=Q0,x .

u— oo

This shows that Q, is a projection and

a7 RH(Q.) < no A (T —1).
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Since each x in (), , A (T(t)—1) is fixed by T(z) with >0, it is also fixed by S(¢) and
so is by Q,. Therefore,

N A (T =R(Q,) -

t>0
This, together with (16), (17) and the evident inclusion 2(Q,) = #(Q,,), gives rise to
(18) RQ)=R(Q,)=NARN)-I), 1i>0,.
As for 4°(Q,,), we note that for xe X and ye X*, we have

(19 I<uRwx, y |=

sj pre | (S(t)x, y) |dt
0

f " he T, y)de

0
N )

<M j wleHdtllx| Iyl + f pre M|t~ S(e)x, y)ldt
0 N

where M > 0 is a constant satisfying the inequality ||S(¢)|| <M for t [0, N]. If xe /°(Q,,),
ie., lim,_,, 1~ '{S(?)x, y>=0forall yin X*, then (19) implies that lim,_,, (uR(u)x, y> =0
and hence

x=w-lim [x — uR(w)x] € (RARZ) —1))~ .

Here we assume that o,<0. Consequently,
(20) N (Qy) =N (Q,) =(RAR() 1)) .

The following lemma, which will be used for the proof of the forthcoming Theorem
7,1is a generalized version of [7, Theorem 3.3]. Since the generator of a locally integrable
semigroup may not always exist, the lemma takes this fact in consideration. We continue
to assume that ¢,<0.

LEMMA 6. Let T(*) be a locally integrable semigroup. Assume that there exists a
constant M >0 such that for sufficiently large t>0,

(21 TSI <M.
Then the following are equivalent:

(i) for each xe X and u>0

(22) z-lim 7 1T()S(u)x=0;
(i1) N(Q)=(RARMA) 1)) ;

(i) for each xe X,

z-lim ¢t *T(¢t)R(1)x=0 .

t— oo
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ProOF. We confine the proof to the strong case, that of the weak one being similar.
(i) = (ii): In view of (20), it suffices to show that 4°(Q,)>(#(AR(A)—1I))”. For
xeX, t>0 and fixed 1>max{w,, 0},

t‘lS(t)[iR(/l)—l]x=Jw de~ ¢~ LS(O[T(w) — I xdu
(1]

=(fN+Jw)ie‘l“t'1S(t)[T(u)~I]xdu.
0 N

It follows from (21) that for given ¢>0, there exists a constant N> 0 such that

(23) Jw Ae™ M7 S(O 1 Tw) — 11| |l x| du<ellx]l .

N

To evaluate the integral over [0, N], we use the following equality

SOLT(w)—1]1=[T(2)—11S1)
from [5, Lemma 2.3]. Then, for ue[0, N],

s-lim ¢~ 1S(0)[ T(w) — I Tx =s-lim ¢~ [ T(¢) — I 1S(u)x =0

t- o
and

[~ T(@)S@W)|[ =t |SE+u)—S@) || <t *t+uyM+M<3M, for t=N.
Consequently, the Lebesgue’s dominated convergence theorem is applicable and it

gives

4) lim J ! de™ ™|t~ 1S(6)[ T(w) — I 1x||du=0 .

t— 0 0
Relations (23) and (24) give rise to
s-lim ¢~ 1S(£)[AR(A)—I1x=0

and hence
N(Q) > (R(ARA)~1I))™ .

This, together with (20), gives (ii).
(i) = (iii): Since, by [6, Lemma 3],

(25) (T() = DR(1)=S()RMD) -1),

for each xe X, one has

s-lim 1~ T(r)R(1)x=s-lim ¢~ 1[T(¢)— ITR(1)x=s-lim ¢~ 1S()[R(1)— I ]x =0 .
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(iii) = (i) is a straightforward consequence of (25) and the inclusion

R(S(w) =R(R(1)S(w) — R[T(w) —11) = A(R(1)) .

We say that 7(-) has the strong (weak) Cesaro-ergodic property if

s-lim 1~1S(¢)x (resp. w-lim ¢~ 1S(t)x)
t— o0 t— o0
exists for every xe X, i.e. if 2(Q,)=X (resp. 2(Q,,)=X).

Moreover, we say that 7(-) has the strong (weak) Abel-ergodic property if its
pseudo-resolvent R(+) is strongly (weakly) Abel-ergodic.

THEOREM 7. Let T(-) be a locally integrable semigroup. If 6,<0, then the following
are equivalent:

(i) T(-) is strongly Cesaro-ergodic;

(ii) T(-) is strongly Abel-ergodic, for each x€ X,

(26) s-lim ¢~ T(£)R(1)x =0

and there exists a constant M >0 such that
(27 e~ 1S()x ]| < M| x|

Jor all xe Z(R(1)—1I) and t>0 sufficiently large;
(ili) For each x€ X, there exists a sequence {A,} converging to zero as n—oo such
that w-lim,_, , A,R(4,)x exists, (26) and (27) hold.

ProOF. (i) = (ii): The fact that (i) implies (27) and (26) follows from the uniform
boundedness principle and Lemma 6, respectively. Now, we claim that (i) implies the
strong Abel-ergodicity of 7(-).

For each xe X and A>0, we have

(28) AR(A)x = J ’ A2e”*S(u)xdu .
0
Thus, we obtain
N
(29) IAR(A)x— Qx| <A* f e (1S +ull Qs dul x|
0

+22J e Mullu”1S(u)x— Qx| du

N

S(()iugN I1SG) +N||Qs||>/12Nllx|| +8up flu” S@)x— Qx| .
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Since lim,_, , [|u~*S(u)x — Qx| =0, it follows from (29) that
lim [|AR(A)x— Qx| =0.
A=0

Consequently, 7(+) is strongly Abel-ergodic.
(ii) = (iii):  clear.
(iif) = (i): The assumption on R(-) implies the following decomposition

(30) X=N(R(D)—D)+(RAR1)-1)"
by the argument (iii) = (i) in Corollary 4. It follows from (25) and (26) that

s-lim =2 S()[R()— I Tx =s-tim 1~ 1[T(r)— [TR(1)x =0 .

Thus, the inequality (27) asserts that

s-lim 17 1S(£)x=0  for each xe(Z(R(1)-1I)) .

Consequently,
(31 A (Q)=>(RRM)-1)™ .
Thus, it follows that

A(Q)=RRD-1))" .

This, together with (18) and (30) asserts that 2(Q,) =X, thus proving that 7(-) is strong-
ly Cesaro-ergodic. O

The weak versions of Abel and Cesaro ergodic properties have a similar proof.

COROLLARY 8. Let T(-) be a locally integrable semigroup. If 0,<0, then the
following are equivalent:

(i) T(-) is weakly Cesaro-ergodic;

(ii) T(-) is weakly Abel-ergodic, for each xe X,

26 w-lim ¢~ 1 T(£)R(1)x =0

t— oo
and there exists a constant M >0 such that
(27) 271 S()x|l < M| x||

for all xe Z(R(1)—1) and t>0 sufficiently large;
(ili) for each x€ X, there exists a sequence {1,} converging to zero as n— oo such
that w-lim,,_, , A, R(A,)x exists, (26") and (27") hold.

Assume that Y is a closed subspace of the dual space X* such that X and Y are
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reciprocal, i.e., ||x||=sup{<{x,y>/|yll: yeY,y#0}. Then {T(z):t>0} is a weakly
Y-integrable semigroup of operators on X (cf. [8]), if T(-) satisfies the following
conditions:

(W1) Y is invariant under 7(¢)* for each ¢>0;

(W2) T(-)x is o(X, Y)-continuous on (0, c0) for each xeX;

(W3) (a) for each xe X and ye Y, the function {7(¢)x, y) of t is L-integrable on
(o, 11,

(b) the integral j (1, {T(t)x, yydt is a(Y, X)-continuous with respect to y e Y, for each
xXeX,

(W4) X,=U {2(T(n)):n>0} is o(X, Y)-dense in X, and () {A(T(n)):n>0}=
{0}.

If T(-) satisfies the conditions (W1), (W2) and (W3) only, we say that 7(-) is
quasi-weakly Y-integrable.

A special case of a weakly Y-integrable semigroup is a locally Y-integrable semi-
group with an additional condition. These concepts were introduced by S. Y. Shaw in
[5], in terms of the following definition.

A semigroup {7(z):¢>0} is called locally Y-integrable if it satisfies conditions
(A1)—~(A4) below.

(Al) X and Y are reciprocal, i.e.

lx]l =sup{|<x, y> /Iyl : ye ¥, y #0} :

(A2) Y is invariant under 7(z)* for all t>0;

(A3) For each xe X, T(-)x is o(X, Y)-continuous on (0, o).
It follows from (Al) and (A3) that ||7(-)|| is bounded in- every closed interval
[u, t]1=(0, o0). Therefore, for each xe X, the Riemann integral [, (T(s)x, y)ds (y€ Y)
defines an element x,,€ X, by the argument of [8, Lemma 3.1]. In [5], the existence
of x,,,is an assumption and 7+ )x is called Y-Riemann integrable under this assumption.

(A4) For each xe X, T(+)x is Y-Riemann integrable on every [u, t]<(0, 00), and
for each >0, the Y-improper Riemann integral

t t
Y—f T(s)xds=Y — lim {Y—j T(s)xds}
0 u>0* u
exists in X. This means that there exists x,€ X such that
t
x,=Y— J T(s)xds .
0

The additional condition is

(A5) Y- lim T(¢$)x=x forall xeX.

=0+

If the locally Y-integrable semigroup 7(-) satisfies (A5), then the existence of x, is
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a consequence of [8, Proposition 3.4].

It has been shown in [8] that the semigroup 71(-), [7(¢)x](s) =x(s+¢t), defined on
X=L*®(—o0, c0) is not strongly continuous but weakly Y-integrable with Y=
L(— o0, ). For completeness, we give the proof of this fact.

For each xe X, ye Y, it is known that

KT@)x, y> =J x(1+s)y(s)ds — j x()p(s)ds =<x, y)
— 0
and hence (W2) follows. (W1), (W3, a) and (W4) are evident. To verify (W3, b), it
suffices to note that {7(#)x, y), as a function of ¢, is continuous on [0, 1]. The applica-
tion of Lebesgue’s dominated convergence theorem asserts that fé(T (O)x, yydt is.
a(Y, X)-continuous with respect to ye Y, for each xe X. To show that 7(-) is not
strongly continuous, let

x(s)—{l’ if s<0;

o, if s>0.

Then || T(¢)x, —x,| =1 for t>0. Therefore, T(¢)x, does not converge to x, in the norm
topology.

Two more important examples are shown in the following.

ExampLE 1 (cf. [5], [8]). Let G(+) and H(*) be semigroups of class C, on X.
Then the family {7(¢) : t>0} defined by T(¢)C = H(t)CG(t) is a semigroup on the Banach
space L(X) of bounded operators. (7(-) is called the tensor product of G(-) and H(-)).
For xe X, x*e X*, define the linear functional on L(X), by <{C, f, »>={Cx, x*). Let
Y be the closed linear span of all such f, .~ It was shown in [5] that 7(+) is weakly
Y-integrable. T(-) need not be strongly continuous. For instance (cf. [8]), let G(r)=1,
the identity on X, and let H(-) be a Cy-semigroup which is not uniformly continuous.
We have T(t)I=H(t), (t=>0). If T(-) is strongly continuous, then one is led to the
contradiction that H(-) is uniformly continuous.

ExaMPLE 2. Let a be fixed with 0 <a <1 and let X be the space of Lip « functions
over [0, 1] vanishing at 1. X endowed with the norm

||x||a=sup{|_x(s)—_x(_i_)_|: s, S”E[O, 1], 5 #S”}

IS/_S// Ia

is a nonseparable Banach space. The family {7(z):7>0} defined by
{x(s+t), if 0<s<1,0<s+1<1;
0, if 0<s<l,1<s+t¢

[(T()x](s)=

is not a strongly continuous semigroup. In fact, let xy(s) =(1 —s)*. Then x,€ X and for
t>0 sufficiently small,
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| (%o(s”+ 1) — x(5")) — (Xo(s” + 1) — Xo(s")) |
|s'—s"|*

IL7T() — T(0)]xol .= sup

where the supremum is taken over s',s”€[0, 1], s'#s”. Let s'=1—1¢, 0<t<1, s"=1.
Then

Xo(s'+16)=0, xo(s)=1t*, xo(8"+1)=x0(s")=0.
Here we agree on xy(s)=0 for s>1. Thus we have
IL7T(0) — T(0)]xoll, =1 .
But 7(+) is weakly Y-integrable with Y suitably chosen. To this end, for each xe X, let
x(s") —x(s")

Z(sl’ S/l)= |S/_Sl/ Ia
0, if s'=s"; s,s"€[0,1].

. if s'#s7; 5,s"el0,1];

Then, the mapping @: x(+)—z(-, *) is an isometry from X onto a closed subspace of
Z=L*([0, 1] x [0, 17). With the help of the mapping @, we may identify X with a closed
subspace of Z. Let Y=L([0, 1] x [0, 1]). Then X and Y are reciprocal with the duality

(32) dx, y>= J f x(s) )fl(fa y(s', s")ds'ds" .

In fact, (32) is the restriction of the duality between Z and Y to the pair X, Y. X being
nonseparable and Y separable, it follows that Y is a proper subspace of X*. Finally,
the o(X, Y)-continuity of 7(-) is an easy consequence of the g(Z, Y)-continuity of the
right translation. Now it is easy to verify that the conditions (W1)~(W4) hold for T(-).

It is easily seen that the above examples are all locally Y-integrable semigroups
satisfying (AS5). It is however easy to construct an example of a weakly Y-integrable
semigroup that does not satisfy (A5), (cf. [8, Example 4.4]).

Let {T(z): >0} be a quasi-weakly Y-integrable semigroup. Then

@o=inf{¢~'log | T(1)|: >0}

satisfies — o0 <@, < o0. By [8, Theorem 3.6],

CR(Dx, y>=r) e M T(tyx, yydt,  (xeX,yeY)

defines a bounded linear operator R(4) on X, for each 4 with Re A> @,. R(A) also verifies
the first resolvent equation and hence it is a pseudo-resolvent on {ie C:ReA>d,}
(cf. [8]).

One may also define the Laplace transform Ry(+) of T(+) in a weaker sense. Set
Ry(4, t) to be the operator defined by
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(33) CRy(A, O)x, y) = fte"“<T(u)x, yydu.
0

It follows from [8, Proposition 3.3] that Ry(4, ¢) is a bounded linear operator on X,
for each t>0 and Ae C. We shall consider those A’s for which lim,_ , {Ry(4, t)x, y>
exists for all xe X, ye Y and for which there exists a bounded linear operator Ry(1) on

X which satisfies the condition
t

(Ry(A)x, yy =lim (Ry(4, 1)x, yy = lim f e” M Tw)x, y>du.

0
The following is an extension of [2, Proposition 1.1].

PROPOSITION 9. If, for a number A4, Ry(1,) is a bounded linear operator on X, then
for each A with Re A>Re Ay, Ry(1) exists and is a bounded linear operator on X.

ProOF. Let xeX, );e Y be fixed and assume that Re A>Re 4,. Use integration
by parts to obtain

t

ft e M T(u)x, yydu=e~ 474" f e 45 (T(s)x, yyds

0 0
+(i—lo)f e‘“"“”"(f e S T(s)x, y)ds>du.
0 0

Since lim,.,, [5e **(T(s)x, y)ds exists so does lim,., [; e *{T(u)x, y>du. Hence
going to the limit, we obtain

(34) on e~ M(T(wx, yydu=(1—Ay) fw e AR (Ao, U)X, yDdu .
0

0

Let {y,} be a bounded net converging to y€ Y in the (¥, X)-topology. Since Ry(4,, #)
is continuous in the uniform operator topology for ue(0, o), it is bounded in a
neighborhood of u=0 (see its definition (33)). Moreover, the limit

lim (Ry(Ay, WX, y> =< Ry(Ax)X, ¥>

u—> o

exists for all xe X and ye Y. Lebesgue’s dominated convergence theorem is applicable
to the second integral of (34)

limf e M T(W)x, yydu=(4— Ao) lim j e TN Ry(Ao, U)X, Yoy du

0 0

= (j‘ - A’(;) f e_(l_lO)u<RY(j’Os u)x’ y>du
0
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o0

=I e~ M T(w)x, yydu .

0

It follows that the integral on the left hand side of (34) is bounded and o(Y, X)-
continuous with respect to ye Y for each fixed xe X. Then, there exists an element
x, € X such that

{xp D =J e "(T(wx, yddu .
0

X and Y being reciprocal, x, is uniquely determined. Set Ry (4)x=x,. Then Ry(1) is
linear and it is a routine work to verify that R,(-) is bounded. O

We may also define g, 6, for Ry(+). To do this it suffices to replace Ry(*) by Ry(*).
To distinguish these two cases: Ry(-) and Ry(-), we shall use the notation &, &, for
Ry(*), instead of o, g,. Moreover, we also write R(1) for R,(A), whenever Re A>6,.

For the quasi-weakly Y-integrable semigroup 7(-), the operator S(¢), defined by

(S, y>= f {T(w)x, y>du
0

is also bounded on X by [7, Theorem 2.3]. The Cesaro-ergodicity and Abel-
ergodicity for the present 7(-), are defined in the same way as for locally integrable
semigroups.

The following analogue of Theorem 7 is true.

THEOREM 10. Let T(*) be a quasi-weakly Y-integrable semigroup. If 6,<0, then
(), (ii) and (iii) of Theorem 7 are equivalent for the present T(-).

PrOOF. We only sketch the proof. (i) = (ii)): We have the following analogue
of (28):
(28) AR, y> =I A2e™ M S(u)x, yddu , xeX, yeY, A>0.
0
With the help of (28'), one obtains an analogue of (29):

(29)  AR(Dx— Qx| S( JSup JlS@) + N| Qsll>/12Nl|xII +sup ju” 'Swx— Qx| .

Now the relation lim,_, ,, ||u~'S(u)x — Qx| =0 combined with (29') infers that 7(*) is
strongly Abel-ergodic.

(i) = (iii): clear.

(iii) = (i): identical to that of Theorem 7. O

As an application of Theorem 10, consider the semigroup 7(-) in Example 2. Since
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IT(»)| <1 for all >0, (26) and (27) are automatically satisfied. On the other hand,
T(t)=0 for t>1. Thus, for 1>0, x€ X, ye Y, one has

(35) (R, y) = jl e *(T(M)x, y)dt
0

where X and Y are the spaces in Example 2. The relation (35) asserts that R(4) is
bounded as A—0. Therefore,

s-lim AR(A)x=0 forall xeX

A0

and hence T(-) is strongly Cesaro-ergodic by Theorem 10.
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