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SEXTIC CURVES WITH SIMPLE SINGULARITIES
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Abstract. Nikulin’s lattice embedding theory is used to determine the structure of
reduced sextic curves.

1. Introduction. One of the classical problems for plane algebraic curves over
the complex number field is to determine all possible configurations for a given degree
d. When d<3 the answers are trivial. When d increases the problem becomes more
complicated. The classical method can be applied to the cases d=4, 5 to determine the
combinations of singularities of irreducible curves of degree d (cf. [1]). In [6], [7] and
[8] Urabe studied the combination of simple singularities of reduced sextic curves using
the surjectivity of the period map for K3 surfaces. However the complete solution was
not reached.

In this paper, we try to work out all configurations of reduced sextic curves. As
the first step we adopt the method in [6] to determine all possible combinations of
simple singularities. Here we use the full version of Nikulin’s embedding theory of even
lattices to obtain a computer-aided solution of the problem.

The second step is to determine the configurations of curves for each combination
of singularities obtained in the first step. This requires further analysis of the Picard
groups of the corresponding double sextics (double coverings of the plane branched
along sextic curves). The idea is that every irreducible component of a reduced sextic
curve determines an element in the lattice satisfying certain numerical conditions. It
turns out that in turn these numerical conditions are sufficient to determine the ir-
reducible component (cf. Theorem 3.16). Basing ourselves on this we present a practical
method to achieve our purpose. In particular, we completely worked out the most
interesting case of maximizing sextics.

We also give a proof that there exist smooth sextic curves whose corresponding
double sextics are singular K3 surfaces with arbitrarily large discriminants.

Throughout this paper we work in the category of complex analytic varieties.

We are most grateful to Professor Tohsuke Urabe for his help in the preparation
of this paper. We are also grateful to the referee for numerous comments and sugges-
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tions, especially for pointing out an essential gap in the first version of our manuscript.
We are indebted to Professor C. T. C. Wall for his helpful comments on the figures of
sextic curves.

2. Combinations of singularities. A singularity p of a reduced curve C on a
smooth surface S is called a simple singularity if p is a double point of C or p is a triple
point of C but there is no infinitely near triple point of C over p. All Dynkin graphs
in this paper are restricted to those of types 4; (i>1), D;(j>4) and E, (k=6, 7, 8). They
classify simple singularities for curves and rational double points for surfaces.

A subgraph of a Dynkin graph G (not necessarily connected) is a graph which can
be obtained from G by deleting some vertices and the edges issuing from them.

Let C be a reduced sextic curve with at most simple singularities. For each non-
negative integer k and each integer />4 let g, and b, denote the numbers of simple
singularities of type 4, and type D, on C, respectively. For m=6, 7, 8 let c,, denote the
number of simple singularities of type E,, on C. Then we say that the combination of
singularities on C corresponds to the Dynkin graph G=) a4, +Y b,D,+)_ ¢, E,.. The
number r=r(G)=Y a;k+) bl+Y c,m is called the rank of G. Our main result in this
section is the following theorem.

THEOREM 2.1. Let G=Y a,A,+Y bD,+Y c,E, be a finite Dynkin graph. The
following conditions are equivalent.

1. There exists a reduced sextic curve in P* whose singularities are all simple and
the combination of singularities corresponds to G.

2. One of the following holds:
(a) The Dynkin graph G is a subgraph of a graph in Table 2 at the end of the

paper.

(b) The Dynkin graph G is one of the following

3D+ As, 645, SA3+3A,, 445+64,, 94, .

There are 519 (resp. 987, 975, 782) Dynkin graphs of rank 19 (18, 17, 16) satisfying the
above conditions.

REMARK 2.2. For rank less than 16 the complete list has already been obtained
by Urabe [6]. Some Dynkin graphs for higher ranks are described in [7] and [8].

The main theorem is obtained by a complete search for solutions. Most calculations
were done by computer. A similar algorithm has been briefly explained in [9, §3]. In
the remaining of this section we explain the main points of the approach.

It is well-known that double sextics are K3 surfaces. Using the surjectivity of the
period map for K3 surfaces, Urabe [6] proved the following theorem.

THEOREM 2.3 (cf. [6]). Let G be as in Theorem 2.1 with arbitrary rank r(G). Then
the following conditions are equivalent.
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1. There exists a reduced sextic curve in P> whose singularities are all simple and
the combination of singularities corresponds to G.

2. Let Q=Q(G) be the negative definite root lattice of type G. Let A denote the
unimodular even lattice with signature (3,19). Let ZA be a free lattice of rank
one with A*=2. The orthogonal sum S=Z1® Q has an embedding S < A satisfy-
ing the following two conditions:

(@) Ifned, n+-1i=0, n*=—2 and mne S for some positive integer m, then
neQ.
(b) IfneAd,n-i=1 and n*>=0, then my¢S for every positive integer m.

REMARK 2.4. The primitive hull of S in A is defined to be S={xeA|maeS for
some non-zero integer m}. For every G satisfying the conditions in the theorem, the
corresponding sextic curve can be so chosen that the Picard group of the double sextic
(a K3 surface) is isomorphic to S.

Let us fix some notions in lattice theory (refer to [4] for basic definitions). Let S
be a sublattice of a lattice S'. If S’/S is a finite group, then S’ is called an overlattice of S.

Let S be an even lattice. Let S* =Hon(S, Z) be the dual of S. Then S*/S is a finite
abelian group. The bilinear form and the quadratic form extend canonically to a Q-
valued bilinear form and a Q-valued quadratic form on S*. They induce a finite bilinear
form b: S*/Sx S*/S — Q/Z and a finite quadratic form q: S*/S — Q/2Z satisfying the
conditions:

1. g(na)=n?q(a) for all ne Z and ae S*/S.

2. qla+a)—q(a)—q(a)=2b(a, a') (mod 2Z) for all a, a’ e S*/S.

The form gq is called the discriminantal form of the lattice S.

For a finite abelian group A4, let I(4) denote the minimal number of generators of
A and let | A| denote the order of 4. For a prime number p, let 4, denote the p-Sylow
subgroup of 4. For an even lattice S let g, denote the restriction of the discriminantal
form g of S to (S*/S),.

The ring of p-adic integers is denoted by Z,. A p-adic lattice is a free Z,-module
of finite rank equipped with a symmetric nondegenerate bilinear form with values in
Z,. Its discriminantal form is defined in a similar manner. For every finite quadratic
form ¢ on a finite abelian p-group A, there exists a p-adic lattice of rank I(4) whose
discriminantal form is isomorphic to ¢q. Suppose T is a p-adic lattice with this property.
The isomorphism class of T is uniquely determined by g. Choose an arbitrary basis of
T. Then a matrix is determined by applying the bilinear form on this basis. The
determinant of this matrix is denoted by discr(T), which does not depend upon the
choice of the basis up to a factor in (Z ;“)2. We define discr(g) : =discr(T) up to a factor
in (Z})%.

The following theorem is a key result in Nikulin’s theory of embeddings of even
lattices.
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THEOREM 2.5 (cf. [2,1.12.2]). The following conditions are equivalent:
1. There exists a primitive embedding of an even lattice with signature (t,,t_) and
the discriminantal form q into some even unimodular lattice of signature (I, 1_).
2. There exists an even lattice with signature (1, —t ., 1_ —t_) and the discriminantal
Sform —q.
3. There exists an even lattice with signature (I_ —t _, 1, —t ) and the discriminantal
form q.
4. There exists an even lattice S with signature (t ., t_) and the discriminantal form
q such that the following conditions are simultaneously satisfied:
(a) 1,—1_=0 (mod 8).
®) I_—t_>0,1,—t,>0, I, +1_—t,—t_>1(S*/S).
(c) (=14~ 8*/S|=discr(g,) (mod Z}?) for all odd prime numbers p for
which 1, +1_—t, —t_=I1((S*/S),).
(d) |S*/S|= +discr(g,) (mod Z¥?) if 1. +1_—t,—t_=I1((S*/S),) and there
do not exist 2-adic lattices T, and T, such that T{|T,=Z[2Z and the
discriminantal form of T, ® T, is isomorphic to q,.

Suppose that a Dynkin graph G=) a4+ b,D,+) c,E,, is given. Our task is
to decide whether it satisfies the condition 2 of Theorem 2.3. Let S=Z1@® Q(G). Let
q: S*/S— Q/2Z be the discriminantal form of S. The finite group A=S*/S and the
map ¢ can be easily computed, once G is given. There is also an associated bilinear
form b: Ax A— Q/Z. Let L=1/2 be the dual of A in S*. Let m: A— Q be a function
defined in the following way: Assume that [7]€ A4 is represented by n=nl+ ¢, where
0<n<1 and ¢eQ(G)*. Then m([n])=n?/2+max{(¢+y¥)*|y € Q(G)}. This function is
well-defined since the lattice Q(G) is negative definite.

LEMMA 2.6. Let m: A— Q be the function as defined above.
1. If $€Q(G)*\Q(G) and m([$])# —2, then (¢ +)*# —2 for every Y € Q(G).
2. IfteQ(G)* and m([X+t])#0, then (L+t+y)*#0 for every Y € Q(G).

PROOF. 1. Assume that ¢>=m([¢])> —2. So —2<¢?<0. For any ¥ € Q(G),
(p+¥)?=¢>+2¢Y + 2. Since ¢y € Z and Y>e€2Z, we have (¢ +)? e ¢p?+2Z. Hence
(p+y)*#—2.

2. Assume that (14 0)?=m([A+1])>0. Since (I+1)?>=1/2+1%, we have —1/2<
?<0. For any Yy € Q(G), (I+t+y) > =12+ +y)* =124+ 2+ 20y +y* 12+ 1> +2Z.
Hence (A+t+y)2 #0. O

The next step is to find all possible subgroups H of A4 satisfying the following two
conditions:
1. q(x)e2Z for all xe H. This means that H is isotropic.
2. There is no non-zero element 4 in H satisfying any of the following conditions:
(a) h=[¢] for some ¢ € Q(G)* and m(h)= —2.
(b) h=[A+1] with e Q(G)* and m(h)=0.
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The set of all such H is denoted by $.

Let T be the inverse image of H under the canonical map S* — 4. Then the con-
dition 1 implies that T is an even overlattice of S. If T has a primitive embedding into
A, it induces an embedding of S into A. By Lemma 2.6 the conditions 2a and 2b imply
that this embedding satisfies the conditions 2a and 2b in Theorem 2.3. Conversely, if
S has an embedding into A satisfying the conditions 2a and 2b in Theorem 2.3, then
the primitive hull § of S in A4 is an even overlattice of S and S S*. The image of §
in A=S*/S obviously satisfies the conditions 1 and 2.

We have seen that each member H in $ corresponds to an overlattice T of S. Let
H*={xe A|b(x, h)=0 for every he H}. Then ¢ induces a map q': H*/H —» Q/2Z, which
is exactly the discriminantal form of the lattice 7. Then we can apply Theorem 2.5 to
determine whether 7 has a primitive embedding into A.

Following the procedure just explained we wrote a program to generate a list of
all Dynkin graphs satisfying the conditions in Theorem 2.3. We divided the whole list
into two parts. The first part contains the Dynkin graphs of rank 19, while the second
one contains all others. Then we wrote another program to generate a third list, which
contains all proper subgraphs of the members of the first list. It turns out that all
members of the third list belong to the second one. The only Dynkin graphs which
belong to the second list but not the third are those listed in 2b of Theorem 2.1.

Upon the referee’s suggestion we make a comparison between our computer-aided
results and the results in Theorem A.3 and Theorem A.4 of [8]. By Urabe’s simple
principle we can generate a large list of Dynkin graphs which can be realized as a
combination of singularities on a plane sextic curve.

PROPOSITION 2.7. The Dynkin graphs with 19 vertices which can be realized as a
combination of singularities on a plane sextic curve but do not satisfy the conditions of
Theorems A.3 and A.4 of [8] are the following nine ones:

Eq+Ay+2A45+ Ay + Ay, Do+2A4,+ Ay, De+2A4,+ A3+ A, ,
2Ds+ Ag+ Ay + Ay, 2Ds+2A5+ A, + Ay, Ds+As+A,+As+A,,
2Ag+ Ay, Ag+As+Ay+ Ay, 345+24, .

3. Irreducible decomposition of reduced sextic curves. In this section we will solve
the following problem:

Assume that there exist reduced sextic curves in P> whose singularities are all simple
and the combination of singularities corresponds to G=Z a A+ bD, +Y ¢wEy. Find
all possible configurations of such curves.

A configuration of a reduced sextic curve means the information concerning the
number of irreducible components, the degrees of irreducible components and the way
each irreducible component passes through the singularities.

In order to give a more precise description of the configurations of a plane curve,
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we need the concept of local components of a curve at a singularity. Let Y be a smooth
surface, C a reduced curve on Y and p a singularity of C. Let (x, y) denote the local
coordinates of Y with p=(0, 0). Then in a neighborhood of p, C is the zero locus of
f(x, y)=0, where f(x, y) is a convergent power series without multiple factors. In the
local ring Oy , the power series f (x, y) has a unique factorization f (x, y) =f1(x, y)- - *fi(x, y)
up to order and invertible factors. Take a small neighborhood U of p in Y such that
f1(¢, ), ..., fi(x, y) are regular in U. Let Cy, ..., C, be the zero loci of f1(x, y), ..., fi(x, y)
in U, respectively. Then the germs of curves at p represented by C, ..., C, are the local
components of C at p.

We use the Roman numerals I, II, III to denote the local components of a simple
singularity of type T by the following convention:

(1) When Tis 4,,, Eg or Eg, there is only one local component, denoted by I.

(2) When T'is 4,,_,, the local equation can be written as (y — x")(y + x")=0. There
are two local components. Let I and IT denote the ones with defining equations y —x"=0
and y+ x"=0, respectively.

(3) When Tis D,,, ,, the local equation can be written as y(x?—y>"~!)=0. There
are two local components. Let I and II denote the ones with defining equations y=0
and x2—y?"~1 =0, respectively.

(4) When Tis D,,, the local equation can be written as y(x—y"~ )(x+y"~!)=0.
There are three local components. Let I, II and III denote the ones with defining
equations x—y"~!'=0, x+y"~ ! and y=0, respectively.

(5) When T is E,, the local equation can be written as y(y?—x%)=0. There are
two local components. Let I and II denote the ones with defining equations y=0 and
y%—x3=0, respectively.

The notations is illustrated in Figure 1.

2nl><

<
< e

I 1

FIGURE 1. Local components of simple singularities.
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Let p be a singularity of type 7T, where T'is 4, D,, or E,. The set of local components
of p is denoted by (p) or &(T). According to Figure 1, &/(A4,,)={I}, #(4,,-,)=
{I, 1T}, &(D,,)={I, II, IIT}, etc. For a subset & of 2/(T) we define a non-negative inte-
ger (&, T) by the following rules:

1. &, T)=0 for any T;

2. 6({I}, Ayn)=n;

3. 6({I}, Azp-1)=0({I1}, A, 1) =0, 6({L, I}, Az, 1) =n;

4. 5({I}, D,,)=0({11}, D,,)=6({IIT}, D,,) =0, 6({L, 1T}, D,,) =n—1, 6({I, 11T}, D,,)
=6({IL, 1M1}, D,,) =1, 6({L, IL, 111}, D,,)=n+1;

5. 6({I}, Dypye D=0, 6({11}, Dy )=n—1, (L, 11}, Dy, ) =n+1;

6. o({1}, Eg)=3;

7. 6({1}, E;)=0, 5({I1}, E;) =1, 6({L, 11}, E;)=4;

8. o({1}, Eg)=4.

Let C be a reduced sextic curve on P? with simple singularities as its only sin-
gularities and P the set of singularities of C. Let C’ be a union of some components of
C. For each peP, let /(p) denote the set of all local components in /(p) that are
contained in C'. Let d(C’) denote the degree of C'. Then the degree d(C’) together with
the collection {/( p)},.p are called the characteristic data of C'. The characteristic data
of all irreducible components of C give the configuration of C.

Assume that C’ is an irreducible component of C with characteristic data (d(C’),
{c(P)}pep). Then the geometric genus of C’' can be calculated by the well-known
formula

) 9(C)=(d(C)—1)d(C)—2)/2— Zp o(AcAp), T(p)
pe

where T(p) is the type of p.

Let my: X, — P? be the double cover of P? branched over a reduced sextic curve
C with simple singularities as its only singularities. Let us recall the canonical resolution
of the singularities of X,.

The construction is inductive. Let Y, denote P? and C, denote C. Start with j=0.
If C; is a smooth curve on Y; then stop the process. Otherwise choose an arbitrary singu-
lar point p; of C;. Let m; be the multiplicity of the curve C;at p;. Leta;,,: Y;,, = Y; be
the blowing-up of Y; at p; and let E;,, =0;(p). Then C;,,=0%,,(C)—2[m;/2]E;,,
is a reduced curve, whose divisor class is even. Here [m;/2] denotes the largest integer
not exceeding m;/2. Let m;,,: X;,, = Y;,, be the double cover of Y;,, branched over
C;+ 1. Then there is a unique morphism t;,,: X;,; = X; such that the diagram

Tj+1 X
Xj+l - > Aj

nj+1 l l 7tj

Yien —— ¥,
0.
jt1
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is commutative. This process terminates after a finite number of steps (say r steps). The
smooth surface X, is a K3 surface, known as a double sextic corresponding to the sextic
curve C. Let X=X, t=1,-1,, f=m,, Y=Y, 6=0," -0, and n=mn,t. Then we have
a commutative diagram:

X . X,
) fl\" lno
Y — P2,

g

Note that 7 is the minimal resolution of rational double points on X,.

DerFNITION 3.1.  Let G=Z'1 G; be a Dynkin graph with rank less than or equal to
19, where G; is A4,, D, or E,. Assume that there is a set of data 2;=(d, {;(G)},<i<,),
J=1,...,s, in which d; is a positive integer and «/;(G)) is a subset of .&/(G,) for every
J- We say that these data form a virtual decomposition of G if the following conditions
are satisfied:

(1) Zj= 1 dj= 6,

(2) foreachi=1,...,r, (#,(G),...,(G)) is a partition of the set .&/(G));

(3) foreach j=1,...,s, (d;— 1)(dj——2)/2—2:=1 o(;(Gy), G) =0,

(4) foreach pair 1 <j<k<s, d;d, =Z;= L Zi(G) - L (G)), where /;(G) - 4 (G)) is
the intersection number of the local curves Y, De “,j(Gi)D and 2 pe Gyl

)T
DerINITION 3.2, Let {2;=(d;, {#;(G)}1<i</)}j=1.....s be a virtual decomposition
of G. For 1 <k<6, let n, denote the cardinality of the set {j|1<j<s, d;=k}. Then the

vector (ny, ..., ng) is defined to be the total degree of the virtual decomposition.
Let (n), ..., ng) be the total degree of another virtual decomposition. Then we
define (n,, ..., ng)<(n}, ..., ng) if there is some 1 <m <6 such that n;=n] for 1 <j<

m—1 and n,>n,,.

If C=C,+---+C,is a decomposition of the sextic curve, then the characteristic
data of C,, ..., C, obviously form a virtual decomposition of the Dynkin graph of
the singularities of C, but an arbitrary virtual decomposition of a Dynkin graph G
certainly need not come from the decomposition of a sextic curve.

Let G=Y ,G,. For each i, let Aut(G,) be the permutation group on 2/(G;) defined
as follows: If G;=D,, then Aut(G)) is the full symmetric group of «/(G;)={I, II, III};
if G;=A4,,_, or G;=D,, with n>2 then Aut(G)) is the group generated by the trans-
position of local components I and II; in all other cases Aut(G;)={1}. Then Aut(G,)
acts on the set of all subsets of /(G;). This action induces an action of Aut(G)=
[]; Aut(G)) on the set of virtual decompositions of G. If two virtual decompositions
are in the same orbit then they are said to be equal. Obviously if two equal virtual
decompositions come from two irreducible decompositions of sextic curves, then these
two sextic curves have the same configuration.
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Let p be a simple singularity on C. Let X be the double sextic constructed in the
diagram (2). The point ny 1(p) on X, is a rational double point of X,,. The dual graph
of the exceptional divisor #71(p) is a connected Dynkin graph of type 4, D or E, as
shown in Figure 2.

A,:
0—0—0—++—0—0
€y € €3 €n—1 €n
e'l
D,: i
O—0O0—0O—:+++ —0O——0
€y € €3 €n-2 €n—y
€s
Eg: i
O—O0—O0—0—0
e, e, ey e, es
€7
E, T
O O O O O O
ey e, ey e, es e
€g

£y I
O0—0O0—0—"0—O0—0—-"=0

e, e, ey e, es e e,

FIGURE 2. Dynkin graphs of rational double points.

For each Dynkin graph G in Figure 2, the root lattice Q(G) is generated by the
vertices e, e,, ... . They correspond to the (—2)-curves in the exceptional divisor. The
product of each e; with itself is —2 and if i#j then ¢;* ¢;=1 or 0 depending on whether
there is an edge connecting e; and e;. Let B be an element of Q(G)® Q. Then f=) . cie;
with ;e Q. We defined the weight of B to be the cardinality of the set {i|c;¢Z}.
Obviously the weight of § is zero if and only if fe Q(G).

Let B=Y,cie;, B'=Y.;cle; with ¢;, c;e Q. We define > p' if and only if ¢;> ¢} for
every 1<i<r.

Let U be a small open neighborhood of p such that the irreducible decomposition
of C n U coincides with the local decomposition of C at p. Let C’' be an irreducible
component of C n U. Then

(©) n*(C)~2C +Y ae;

where C' is the proper transform of C’ in X. The divisor ) ae; is called the associated
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divisor of the local component C’ at p. The associated divisors for the local components
in Figure 1 can be easily computed using the canonical resolution described before.
They are listed in Table 1. If T is one of 4,, D,, and E,, and Be &/(T), then we denote
by a(B) the associated divisor of B.

By (3) we have a(B)/2€ Q(G)* and i(a(B)) = o(B), where 1 denotes the involution of
X associated with the double cover f: X — Y.

TaBLE 1. Associated divisors.

Az L 2e;+2e,+ - tne,tne, - +2e, 1 +ey,)
Agn-1 I: e, +2e,+ - +ne,+(n—1e, 1+ +2ey,_,+e,_,
II: e +2e,+ - +ne,+(n—1e, .+ +2e,,_,+e3,_,
D,, I: e;+2e,+ - +(2n—2)e,,_, +(n—1)ey, - | +ne,,
II: e +2e,+ - +(2n—2)e,,_,+ne,,_ +(n—1e,,
III: 2e;+2e,+ - +2ey,_y+e5,-1 ey,
Dy L 2e;+2e,+ - +2e5,- 1 Fegt ey
1I: 2(e;+2e,+ - +(2n—1ey,— )+ (2n— ey, +(2n—1)e,, -
Eg It 2(2e, +4e,+6e3+4de, +2e5+ 3eg)
E, I: 2e,+4e,+6e;+5e,+4es+3eq+3e,
II: 4e, +8e,+12e;+9e, + 6e5+ 3eg + Te,
Eg I 2(5e, +10e, + 15e5 + 12e, + e + 6eg + 3¢, + 8eg)

The following three lemmas are easy to check in terms of Table 1.

LemMMa 3.3. Let T be A,, D,, or E,. Let & be a subset of 4(T). Let &' =A(T)\ 6.
Let E=Y ,_,B) and E'=Y .. oa(B). Then

1. EE=-26-¢&".

2. E(E'—E)=86(,T).

3. The weight of E/2 is equal to &+ &'.

4. E>FE'if 6(6 T)>0.

LemMMA 3.4. Let T be A,, D, or E,. Let & and &' be subsets of 4(T). Assume that

Y a(B)> Y, «(B).

Beé& Beé&’
Then 5(&, T)>5(&", T).

LemMA 3.5. Let T be A,, D, or E,. Let & and &' be subsets of (T). Assume that
the following conditions are satisfied:

1. ZBeé’a(B)ZZBeé‘” O((B),

2. Y pesB)2=Y 5.0 uB)2€Q(T);

3. Either 6(6, T)=0 or 6(&’, T)>0.
Then ) p s UB)=Y 5. «B).

Now we discuss the global decompositions of sextic curves. In the remaining of
this section, C always denotes a reduced plane sextic curve with only simple singularities,
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P={p,,...,p,} denotes the set of singularities of C and G; denotes the Dynkin graph
of p,fori=1,...,r. Let 4 be the divisor class of the pull-back of a line in P? under 7.
Then12=2.Let S=ZA+ (—D:= L 2(GY) and let Qf(z;i) and § denote the primitive hulls of
Q(G,) and S in H%(X, Z), respectively. They coincide with their primitive hulls in Pic(X),
since Pic(X) is always primitive in H%(X, Z). For any divisor D on X, its canonical image
in HX(X, Z) is denoted by [D].

Assume that feS. Then f can be expressed as dl+2:= , Bi, where deQ and
B 0(G) ® z 0. Let w; be the weight of f;. The weight of B is defined to be Z:=1 w

Let {2,=(d}, {#;(G)}1<i<)}j=1,....s be a virtual decomposition of G. Then for
eachj=1,...,s, DJ-=dj,1/2—Z:=1 Zsewj(c.-)“(B)/z is an element of S*, where S* is the
dual lattice of S=Z1+ P ,0(G)).

LeEMMA 3.6. Let G=Z:=1Gi be the Dynkin graph corresponding to the simple
singularities of C. Let {2;=(d;, {j(G))}1<i<r)}j=1.....s be a virtual decomposition of G.
Let D;=DA2—3""_, ZBEMAG& «B)/2 for j=1, ..., s. Then D?> —2 for every j and the
weight of D; is equal to d;(6—d)).

PrOOF. By (3) of Definition 3.1 and Lemma 3.3 we have

4d;—1)d;—2)= Y. 88(=#,(G), G)
i=1

i=

-3 << ) a(B))( > a(B'))—( ) a(B)) )
i=1 Be o j(Gi) B’ e A(G;) \lej(Gi) Be o j(Gi)

—2d,.(6—dj)—§'j< Y a(B))z.

i=1 \Be«j(G;)

Hence

r 2
DI=d}2+ ). ( D oc(B)) /42 -2.
i=1 \Bed;(Gy)

The second statement follows from Lemma 3.3 and the condition (4) of Defini-
tion 3.1. O

CoROLLARY 3.7. Let {2;=(d;, {#;(G)},<i<))}j=1,....s be a virtual decomposition
of G=3 G Let Dj=dA2—(Y_ | Y peu6y®B)2 for j=1,....5. If s>1, then
Z:= . ZBeﬁj(Gi)a(B)/2¢Q(G) for every 1< j<s.

COROLLARY 3.8. Let {D;=(d;, {#;(G)},<i<))}j=1,....s be a virtual decomposition
of G=) G Let D;=diA2— ()7 _, Zsex,-w.-) a(B))/2 for j=1, ..., s. If D;ePic(X), then
|D;|# .

ProOF. Since D} > —2, the Riemann-Roch theorem implies that either | D;|# &
or | —D;|#&. However, | —D;|= for D;A=d;>0. O
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LEMMA 3.9. Assume that C' is an irreducible component of C with characteristic
data (d(C'), {4 cAG))}1 <i<,)- Denote the proper transform of C' in X by C'. Then

@ C~n*(C)2=), X aB) / 2.
i=1 Besdci(Gy)
Proor. The definition of associated divisors for local components implies the
equality (4) immediately. O

LeEMMA 3.10. Let X be the K3 surface in the diagram (2). Let Z be an effective
divisor on X such that C, =n,(Z) is an irreducible component of C. Assume that deg(C,)=
d. Then [Z] €S and the weight of [Z] is equal to d(6— d).

PrOOF. Let Z, be the irreducible component of Z such that #(Z,)=C,. Then Z,
is contained in the ramification divisor of . So [Z,]€8§. Since (Z—Z,)=0, we have
[Z—Z,1€Q(G). Hence [Z]eS and the weight of Z is equal to that of Z,, which is
equal to d(6 —d) by the results of Lemmas 3.3 and 3.9. O

LEMMA 3.11. Let f: X Y be the double cover as in the diagram (2). Let 1 denote
the involution of X associated with the double cover. Let D=di/2—2:= ) u; € Pic(X),

~

where d>0 and ;€ Q(G,). Assume that (D)~ D and one of the following two conditions
is satisfied:

(1) d<s3;

(2) d=3and 4>y 5 1, %B) for some i.
Then (Z)=Z for every Ze|D|.

ProoF. Since (D)~D~Z, we have 2Z~Z+(Z)= f*(W) for some effective
divisor W on Y. Let B be the branch locus of f on Y, and L a line on P2. By the
definition of ¢: Y — P2, there is an effective divisor 4 on Y with B+24~6¢*L and
0,4=0. Then

H(X, 0x2Z)=H(X, f*(Oy(W)))= H°(Y, O(W))® H(Y, O(W —30*L + 4)) .

If d<3 then (W —30*L+ A)o*(L)=d—3<0. So H(Y, O(W —30*L + A))=0. Let us
consider the case d=3. Let B denote the proper transform of B in X. We can write
B=C+)|_, A; where C denotes the proper transform of C in X and 4; is an effective
divisor with support contained in n~*(p,). We have f*(W —36*L + A)~2Z—B=27Z —
C=%0 A~ 20332-50_ 1) —Ci=Yi_ T ey dBYD -3 A== Y1 Qui+
A=Y gy ®(B)/2), which is not effective by the condition (2). So HXY, O(W —
30*L + 4))=0 too. Hence H(X, 04(2Z))=~H°(Y, O(W)). This implies that every member
of |2Z | is the pull-back of a member of | W|. In particular, 1(Z)=Z. O

LeEMMA 3.12. Let C be a reduced sextic curve with simple singularities as its only
singularities. Let G be the Dynkin graph corresponding to the singularities of C. Let
{2;=0d;, {4;(G)}1<i<r)}j=1.....s be a virtual decomposition of G such that D, =d,4/2—
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" (oB)/2ePic(X). Let Ze|D,|. If 1<d, <2, then n(Z) is a curve of degree
i=144Bed1(Gi)
dy contained in C.

ProOF. Let Z; be the sum of all irreducible components of Z with non-zero
intersections with A. Then (Z,)=Z,, since Z)=Z by Lemma 3.11. It follows that
[Z,]€S.

Let C, =n(Z)=n(Z,). If we can show that deg(C,)=d,, then Z, is contained in the
ramification divisor of f, since (Z,)=Z,.

Suppose that deg(C,) <d,. Then deg(C,)=1 and d, =2. In this case we have Z; ~
f*(C,), where C, is the proper transform of C; in Y. So the weight of [Z,] is zero.
Since Z—Z, is effective and A(Z—Z,)=0, we have [Z—Z,]€ Q(G). This implies that
the weight of [Z] is zero, contradicting Corollary 3.7. Hence deg(C,)=d,. O

LEMMA 3.13. Let {D;=(d;, {&{(G)}1<i<n)}j=1.....s be a virtual decomposition of
G=3 G Let D;=diA2—3" | > p. .6y B)2 for j=1,...,s. Assume that D,, D, e
Pic(X) and dy<3. Then |D,— D, |=.

Proof. If d; >d, then the conclusion is obvious. So we discuss the following two
cases:

(1) d,<d,. In this case we have d; =1 and d,=2. Suppose that there exists
Ze|D,—D,|. Since Z1=1, Lemma 3.11 implies that #(Z) is an irreducible component
of C. By Lemma 3.10 the weight of D,—D, is equal to 5. However the weight of
D, — D, isequal to that of D, + D,, which is equal to 9 by Lemma 3.3 and the condition
(4) of Definition 3.1, a contradiction.

(2) dy=d,. Suppose that there exists Ze|D,—D,|. Since ZA=0, Z is the sum
of (—2)-curves. Hence Z € Q(G), which implies that the weight of D, — D, is zero. How-
ever the weight of D,—D, is equal to that of D,+ D,, which is equal to 2d,(6—2d,)
by Lemma 3.3 and the condition (4) of Definition 3.1, a contradiction. O

LEmMA 3.14. Let G=Z'l G;. Let {9j=(dj, {Lszfj(Gi)}lSl-S,)}j=1 _____ s and {9}=(d},
{#{(G)}1<ich)}j=1,....s be two virtual decompositions of G. Assume that s=s' and d;=d,
for 1<j<s. If Z::lzBedj(G.-)a(B)=Z:=1ZBed;.(Gi)a(B) for 1< j<s, then these two
virtual decompositions are equal.

Proor. It suffices to show that for any 1 <i<r there exists g;€ Aut(G;) such that
9:(L;(G))=o(G)) for 1 <j<s.

If G; is not of type A4,,_,, then it is obvious from Table 1 that Z Best ;(G) o(B) =
ZBM;(G”a(B) implies «/;(G;)=/;(G;). So in this case we may take g;=1.

It remains to consider the case G;=A4,,_ . If o£,(G;)= {1, I1} for some 1 </<s, then
] (G)) is also {I, IT}. It is obvious that &/;(G;)=/;(G,)= for all j#I. So we may
take g;,=1. If there exist /#k such that /(G)={I} and «,(G)={II}, then either
L)(G)={1}, o (G)={11} or o (G)={I1}, #(G)={I}. In the former case, we take
g;=1 while in the latter case we take g; to be the transposition of I and II. O
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LemMA 3.15. Let {D;=(d;, {#;(G)}1<i<))}j=1,...,s be a virtual decomposition of
G=Y"G;. Let Dj=d}2—}"_ 1ZBGM(G)cx(B/Zfor some 1< j<s. Assume that D;e
Pic(X). Let Z; be a member of | D;| such that the image of Z; in P? is an zrreduczble
component C; of the sextic curve C with deg(C;))=d;. Let (d;, {#c(G)}1<i<,) e the
characteristic data of C;. Then

Y «B= ) «B)
Be o j(G) BEMcj(G.')
for every 1 <i<r if one of the following conditions is satisfied:
1. d;<3;
2. d;=3 and 3(A;(G}), G,)>0 for some 1 <k<r.

PrOOF. Let Z be the irreducible component of Z; such that the image of Z
in P? is C;. Then Z~djA2—)"_ 123541,; Gy ¥B)/2 by Lemma 3.9. Since the effec-
tive d1v1sor Z;—Z is in Q(G), we have ZBE# (G)ac(B)/2 ZBer( (G)a(B)/2eQ( ;) and
ZB“,C (G)cx(B > pew (6o (B) for all 1<i<r.

Ifd <3, then (5(&/6 (G), G)=0 for every 1 <i<r. Lemma 3.5 implies ) ,__, 6™ B)=
ZBE.MC (6o %(B)-

If d 3 and o(#;(Gy), Gy) >0 for some 1 <k <r, then 6(((G,), G,) >0 by Lemma
3.4. Hence 0(H4c (G)), G;)=0 for all i#k, since C; has at most one singularity. The result
follows from Lemma 3.5 immediately. O

THEOREM 3.16. Let G=Z;= , Gi be a Dynkin graph with rank less than or equal
to 19. Let S=ZA®Q(G), A*=2. Let {2,=(d;, {4;(G)}1<i<)}j=1.....s be a virtual
decomposition of G. Let D;=d;A[2—Y""_ Zsed,-(c.») o(B)/2 for j=1,...,s. Then there is
a reduced sextic curve C such that the characteristic data of its irreducible decomposition
is exactly equal to {D;};_ .., if and only if there is an overlattice T of S satisfying the
following three conditions:
1. The lattice T has a primitive embedding in the even unimodular lattice with
signature (3, 19) and has the following properties (a) and (b):
(a) there is no te T—S such that tA=0 and t* = —2,
(b) there is no te T such that th=1 and t*>=0;

2. The canonical images of D, ..., D in S*/S are in T/S;

3. For every possible virtual decomposition {D;=(d}, {Lj(G)}1<i<))}j=1,....s Of
smaller total degree, there is some 1 <k<s' such that the canonical image of
Di=diA2=Y""_ | Y pewiGy®B)/2 in S*/S is not in T}S.

.....

Proor. Sufficiency: Assume that the conditions 1-3 are satisfied. By Theorem
2.3 and the condition 1 there exists a reduced sextic curve C whose combination of
singularities corresponds to the Dynkin graph G. Make a canonical resolution of the
double cover of P? branched over C and let X be the K3 surface in the diagram (2).
We may assume that 7= Pic(X).

Consider the following three cases.
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Case I: s=1. Itsuffices to show that C is irreducible. Otherwise, the characteris-
tic data of all irreducible components of C would form a virtual decomposition of
G satisfying the condition 2 but violating the condition 3.

Case II: s=2 and d; =d,=3. First we assume that §(</,(G,), G;) >0 for some
1<k<r. By 4 of Lemma 3.3 we can check that D, satisfies the condition 2 in Lemma
3.11. Take Z€|D,|. Then Z)=Z by Lemma 3.11. Since d, =3, there exists an ir-
reducible component Z, of Z such that AZ, is an odd number and Z, is contained in
the ramification divisor of f. If AZ, =1, then the image of Z, in P? is a line component
of C. So the set of characteristic data of the irreducible components of C is a virtual
decomposition with smaller total degree. This would violate the condition 3. Hence
AZ,=3. This implies that the image C; of Z in P? is an irreducible cubic curve which
is a component of C. By Lemma 3.15 we have

(5) Y Y adBp=Y Y oB.

i=1 Besdl cy(Gy) i=1 Be s 1(Gi)
Let C,=C—C,. Then C, is irreducible, for otherwise the characteristic data of the
irreducible components of C would be a virtual decomposition of smaller total degree.
Hence

S Y «Bp=Y ¥ aB-Y T aB)

i=1 Bedcz{G.-) i=1 Be A(Gy) i=1 Bedcl(G.-)
r r
= Y. «B)—) ) o«B)
i=1 BeA(Gy) i=1 Be A 1(G;)
r
=) ) B
i=1 Be A 1(Gy)

by (5). Lemma 3.14 implies that the virtual decomposition {2,, 2,} is equal to the
characteristic data of the irreducible components of C.

It remains to consider the case where d(+/,(G)), G,)=(H,(G)), G)=0 for all 1<
i<r. Then all G;’s are of type A4,,_,. In this case, we have D, ~D, and D?=0. Hence
| D, | is a pencil of elliptic curves on X. Let R denote the ramification divisor of f. Then
R~2D,. Since R is a smooth reduced curve, R is the union of two nonsingular elliptic
curves, each of which is linearly equivalent to D;. It is easy to see that the characteristic
data of their images in P? are equal to 2, and 2, respectively.

Case III: d;<3 for somej. After a rearrangement of the indices we may assume
that 1<d, <---<d,. Since d;+---+d,=6, we have d,_, <3. Take Z;e|D;| and let
Ci=n(Z;) for j=1,...,s—1. Then every C; is a curve of degree d; contained in C by
Lemma 3.12.

First of all, C, is irreducible, for otherwise the characteristic data of the irreducible
components of C would give rise to a virtual decomposition with smaller total degree,
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which would contradict the condition 3. Hence ).7_ " o (G (B)=)"_ Y pewrco™B)
by Lemma 3.15.

Let k be the largest integer such that

(i) k<s—1;

(ii) Cy,..., Cy are distinct irreducible components of C;

(iif) Z, 1235&% (Gy) «(B)= Z, 123&& (Gi) «(B) for 1<j<k.

We would like to ‘show that k=s—1. We have already seen that k>1. Suppose
that k<s—1. First we show that C, ., does not contain any of C,, ..., C,. Indeed, if
C; were a component of C,,, for some j<k, then there would be an irreducible
component W of Z, ., such that n(W)=C;. But W~d;Aj2—3"_ IZBE“,C (G, MB)/2 by
Lemma 3.9. So W~ D; by (iii). This would imply that Z, ., — Wele+1 D;|, con-
tradicting Lemma 3.13. Secondly, we see that C,., is irreducible, for otherw1se
the characteristic data of the irreducible components of C would give rise to a
virtual decomposition with smaller total degree. Finally Lemma 3.15 implies that
Y Yse ey . (69 M B)= i Yse o, . (G UB). ThlS would contradict the maximality
of k. We conclude that k=s—1. Hence Cy, ..., C,_, are distinct irreducible com-
ponents of the sextic curve Cand )>7_ 3. e (G «B)=)"_ 5 « Gy M(B) for every
1<j<s—1.

Let C,=C—-C,—---—C,_;. Then C; is an irreducible component of C by the
condition 3. It is obvious that

Y Y «B=) Y «B).
i=1 ed(; (Gy) i=1 Be A (Gi)
The result follows from Lemma 3.14.

Necessity: Let C be a reduced sextic curve and C=C, + - - - + C,. Take the virtual
decomposition {Z;};_,, .., to be the characteristic data of Cy, ..., C,. Let T=Pic(X) n
S. Then the conditions 1 and 2 are satisfied. By the proof of the first part of the theorem
the condition 3 is also satisfied. O

COROLLARY 3.17. Let X be the K3 surface in the diagram 2. Let S € Pic(X) be the
subgroup generated by the divisor classes of the pull-back of a line in P? and the exceptional
divisors of ©. Let T be the primitive hull of S in Pic(X). Then the virtual decomposition
associated with the characteristic data on irreducible components of C is uniquely
characterized by the conditions 2 and 3 in Theorem 3.16.

COROLLARY 3.18. Let G=Y a,A,+Y .bD,+Y c,E, be a finite Dynkin graph of
rank less than or equal to 19. Let Q =Q(G) be the root lattice of type G. Let A denote
the unimodular even lattice with signature (3,19). Let Z1 be a free lattice of rank one
with A*>=2. Assume that the orthogonal sum S=ZA@® Q has a primitive embedding into
A. Then there exists an irreducible sextic curve in P?> whose combination of singularities
corresponds to G.
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ProOF. Take T=S and apply Lemma 3.9. O

COROLLARY 3.19. If r(G)<10, then there exists an irreducible sextic curve whose
combination of singularities corresponds to G.

ProOF. If G#104,, then S=Z1® Q(G) satisfies the conditions of Theorem 2.5,
since [(S*/S)<rank(S)<11<22—rank(S)=1I, +1_—t, —t_. Hence S has a primitive em-
bedding into A. The result follows from Corollary 3.18. If G=104,, then a generic g2
of a rational curve 4 gives rise to a map from A4 into P? whose image is a sextic curve
with ten ordinary double points. O

The significance of Theorem 3.16 is that it provides a method to determine all
configurations of reduced sextic curves. This can be achieved by the following steps:

(1) For a given Dynkin graph G, find the set M of all possible virtual decom-
positions of G.

(2) Use the method in the previous section to find the set § of all possible
overlattices of AZ ® Q(G) satisfying the conditions in 1 of Theorem 3.16.

(3) Find the subset ' of N consisting of all virtual decompositions of G such
that all conditions in Theorem 3.16 are satisfied for some Te . This set N’ is the set
of all configurations of reduced sextic curves whose combination of singularities cor-
responds to G.

ExampLe. Let G=) | | G, where G, =Dg, G,=Ds, Gy=A,, Gy=4,.
Step 1: It is easy to find that there are three virtual decompositions:
(i) @,=(6, {I, 11, 11}, {I, 11}, {1, I1}, {1, I1}).
(i) 2,=4 {1, 11}, {11}, {I}, &).
2,=(1, {11}, {I}, &, {I}).
93=(l: gs g? {II}’ {II})
(i) 2,=(, {11}, {11}, {1}, {I}).
2,=Q, {1}, @, {11}, {II}).
93=(l’ {II}’ {I}’ gs Q)
Step 2: Determine lattice embeddings.
We have S=ZA®Y !_ 0(G) and

(6) S*/S=Q(ZA)*/Q(Z2) ® Q(G1)*/Q(G,) ® Q(G,)*/Q(G>)
D Q(G3)*/Q(G3) D Q(G4)*/Q(Gy) -
The discriminantal form of S is determined as follows:
1. Q(ZA)*/Q(Z})=Z/2Z is generated by by=14/2 with b3 =1/2.
2. Q(G)*/O(G)=Z2Z® Z|2Z is generated by b, =(e, +2e, +3e;+4de, +2es+
3e¢)/2 and b,=(e,+2e,+3e3+4e,+3es+2e)/2 with b?=b2=—3/2 and
blbz = — l.
3. 0(Gp)*/Q(G,)=Z/AZ is generated by by=(2e,+4e,+ 6e;+3e,+ 5es)/4 with
b3=—5/4.
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4. Q(G3)*/Q(G3)=Z/8Z is generated by b,=(e,+2e,+3e3+4e,+Ses+6es+
7e,)/8 with b3= —7/8.

5. Q(G,)*/O(G,)=Z/2Z is generated by bs=e,/2 with bi=—1/2.

6. The direct sum in (6) is orthogonal.

Calculation shows that there is only one overlattice T of S up to automorphisms
of S satisfying the conditions in 1 or Theorem 3.16. The quotient 77/S is generated by
Bi=by+b,+b,+2bs+4b,+bs and f,=b,+4b,+bs.

Step 3: Check the conditions in Theorem 3.16.

For the virtual decomposition (ii) in Step 1, we have D, =b,+b, +b,+2b;+4b,
(mod S). One sees that the canonical image of D, in S*/S is not in 7/S. Hence the
condition 2 in Theorem 3.16 is not satisfied. Thus the virtual decomposition (ii) does
not correspond to an actual decomposition.

For the virtual decomposition (iii) one easily sees that D,, D, and Dj are con-
gruent to f,, B, and B, + f8,, respectively, modulo S. Thus the condition 2 in Theorem
3.16 is satisfied. The other conditions are easily checked. It is obvious that the virtual
decomposition (i) does not satisfy the last condition of Theorem 3.16.

Hence the sextic curve C with Dg+Ds+ A, + A, as its singularities consists of
three irreducible components: a cuspidal cubic, a conic and a line. Their intersections
are illustrated in Figure 3.

4

A,

D, Ds \

FIGURE 3. An example.

4. Maximizing sextics. Adopting the terminology in [3], we call a plane sextic
curve a maximizing sextic if all its singularities are simple singularities and the rank of
the Dynkin graph of the singularities is equal to 19. The double cover of the plane
branched over a maximizing sextic curve is birational to a singular K3 surface in the
sense of [5].

By using the method described in the previous section, we determine all possible
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TABLE 2.

*2Eg+ A3, *2Eg+A,+ A, Eg+E,+D,,
*Eg+E;+ Ay, Eg+E;+Az+A4,, *Eg+ E;+24,,
*Eg+E¢+ Ds, *Eg+Es+ As, *Eg+Eg+ A+ A4,,
*Eg+Es+ Ay +A4,, *Eg+ Dy, Eg+Dy+A4,,
*Eg+Dg+A,, Eg+Dg+A4,+4,, *Eg+ D4+ Ay,
Eg+D,+ A3+ A4, Eg+Dg+ D, Eg+Dg+As,
Eg+Dg+ A3+ A4,, *Eg+Ds+ A, Eg+Ds+As+A4,,
*Eg+Ds+Ay+A,, *Eg+ A4, *Eg+A0+A4,,
*Eq+ Ag+A4,[2], Eg+Ag+24,, *Eg+ Ag+ A3,
*Eg+Ag+A,+ A4, *Eg+A,+ A, Eg+A,+A5+A,,
*Eg+A,+24,, Eg+A4,+A4,+24,, *Eg+Ag+As,
*Eg+Ag+ Ay + A, *Eg+Ag+Az+A,, *Eg+Ag+2A4,+A,,
*Eg+As+ A+ A,, Eg+As+ A +24,, Eg+As+24,,
Eg+As+A3+A,+A,, Eg+A,+2A45+A4,, *Eg+ Ay+A3+24,,
2E,+Dy[2], 2E;+D,+ A, 2E,+As,
2E;+ A3+ A4,[2], 2E;+A,+34,, *E,+2E;,
E,+Eg+Dg, E,+E¢+Ds+A4,, *E,+Es+As,
*E,+Eg+Ay+A,, E;+Eg+A,+24,, E,+E¢+24,,
E,+Eg+As;+A,+4,, E,+Dy,[2], E,+Dy,+4,,
E;+Dy+A4,[3], E;+Dg+24,, E;+Dg+ A4,
E,4+Dg+A,+A4,, E,+Dg+A,, E,+Dg+A;+4,[3],
E;+Dg+2A4,, E,+Dg+A4,+424,, E,+Dg+44,,
E,+D,+Ds, E;+D;+D,+A4,, E;+D;+ A45[3],
E,+D;+A4+A,, E;+2Dg[2], E;+Dg+Ds+ A,
E;+Dg+Dy+ Ay, E;+Dg+ Ay+24,, E;+Dg+2A4;,
E;+Dg+As+A4,+4,, E;+Dg+A3+34,, E,+Dg+2A4,+24,,
E,+2Ds+24,, E;+Ds+Dy+A,+ Ay, E;+Ds+ A4,
E;+Ds+As+ Ay, E;+Ds+As+A4,[3], E,+Ds+ A4+ A,
E;+Ds+A,+A,+A4,, E,+Ds+A3+24,, E,+D,+Asg,
E;+D,+As+A,, E,+D,+ A5+ A4,, E,+D,+A5+34,,
E,+D,+2A4,, E,+D,+A,+A45+A4,, E,+D,+2A45+24,,
*E;+A,,, E,+A4,,+A4,, *E;+ Ao+ A,,
E,+Aq+A4;5[3], E;+A49+A,+4,[3], E,+A45+34,,
*E;+Ag+A,, E;+Ag+A3+4,, E;+A4,+4,+A4,[2],
E,+A4;+ A3+ A4,, E;+A;4+A5+24,, E,+A,+24,+A4,[2],
E,+A4,+A4,+34,, *E, 424, *E 4+ Ag+Ay+ A,
E,+Ag+A3+A4,+ A4, E;+Ag+2A4,+24,, E,+2A45+24,[2],
E,+As+ A+ A5[3], E;+As+A,+34,, E;+As+2A43+ A,[3],
E,+As+A3+44,, *E,+2A4,+24,, E,+A,+A3+24,+4,,
E;+2A4;+24,+24,, *3Es+ Ay, *2Eg+ A,
*2Eg+ A+ Ay, *2Eg+As+ A, *¥QEg+ A4+ A3,
*QEq+ A3 +24,, *Eg¢+ D3, *E¢+ Dy + A,
E¢+Do+A4;, E¢+D,o+34,, *Es¢+ Do+ Ay,
Eq+Dg+ A3+ A4,, Eq+Dg+As, E¢+Dg+Ay+A,,
Eg+Dg+A3+24,, E¢+D,+ D, Es+D;,+Ds+A4,,
*Ee+ D4+ Ag, Es+Dg+Ds+A,, Es+Dg+As+24,,
Eg+Dg+Ay+A;, Eg+Dg+2A4,+4,, *Eq+ D+ Ag,
*E¢+Ds+ Ag+A4,, E¢+Ds+As+A,, *Eg+Ds+24,,

221
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TABLE 2. (cont.)

Eg+Ds+ A+ A3+ A4y,
*Eg+ Ay, +A4,,
¥Eg+Ajog+A,+A4,,
Eg+Ag+A,+24,,
*Eeg+ Ag+2A4,+A4,,
¥Ec+A;+ A+ A4,,
E¢+A,+A3+34,,
¥Eg+Ag+As+A,+ A4y,
Eg+2A45+34,,
*E6+A5+A4+2A2,
*E¢+ As+44,,
D,g+4,,
Dyg+4,+A4,[2],
D4+ Ds,

D, +A,+4,,
Dis+24,+A4,,
Dis+As+A,,

D, +Dg+A4,,
D12+D4+A2+A1,
D, +2A45+4,,

Dy, +Dg+A,,

*Dy +Ag+A,,

D +A,+A5+A4,,
Do+ Dg+44[2],
Dyo+Dg+45[2],
Dig+Ds+A4,,
Dyo+D,+As,
D,y+D,+2A4,+A4,,
Dyo+A4,+A4,[2],
Do+ A5+ A,[4],
Dig+A,+A5+A,,
Dg+Dg+ Ay,

Do+ Ds+2A4,+A4,,
Dy+ A5+ A4,4[2],
*Do+Ag+ Ay,
*Dy+2A4,+A4,,
2Dg+34,,
Dg+Dg+Ds,
Ds+D6+A4+A1,
Dg+Dg+24,+4,,
Dg+Ds+As+ A,[3],
Dg+D,+As+24,,
Dg+ Ay,

Dy +Ag+24,,

Dg+ A5+ Ay +4,2],
D+ Ag+ As,
Dg+Ag+24,+4;,
Dg+Ag+Au+24,[2],

*Eg+ Ay
Eg+Ay,+24,,
*Eg+ Ag+ A,[2],
*Eg+ Ag+ A+ A4,
*Eg+ A5+ Ag,
Eg+A,+Ag+24,,
Eg+Ag+As+24,,
Eg+Ag+24,+4,,
*Eg+As+24,,
Eg+As+24,+24,,

Eg+ A, +245+ A, + Ay,

*Dy,+A4,,
*Dys+ Ay,

D4+ Dyt 4y,
D +A3+A4,,
D3+ Dy,
*Dy3+As+A4,,
Dy, +Ds+A4,,
Dy, +As+24,,
D,,+A3+A,+24,,
*D,, + Ag,

Dy +4s+4;5(2],
*Di +As+24,,
Diog+Dq+A4,,

Dyo+Dg+A4,+A4,[2],
D,o+Ds+A;+A,[2],

Dig+Dy+As+ Ay,
Do+ 4,[2],
Do+ As+ A3,

Dyo+As+ A3+ A4,[4],

Dio+Ag+As+24,,
Do+ Dg+ A+ A,
Do+D,+As+A,,
Do+ A, + A4,
Do+ As+ A+ A,
2Dg+ 4,
Dg+D,+Ay+A,,
Dg+Dg+D,+A,[2],
Dg+Dg+ A+ A,,
Dg+Dg+A,+34,,
Dg+Ds+Ay+24,,
Dg+D,+24,+4,,
Dg+Ayo+A4,,
Dg+Ag+A,+4,,
Dg+A;+24,,
Dg+Ag+A,+A4,,
Dg+245+A4,[2],
Dg+As+24,,

*Eg+ Ay, + Ay,

*Eg+ Ao+ As,
E6+A9+A3+A1y
*Eg+Ag+ A3+ A4,,
Eg+A4;+A4s+4,[2],
E¢+A,+A3+A,+ A4,
*Eg+Ag+Ay+As,
Es+245+45[2],
E5+A5+A4+A3+A1,
Eg+As+A;+24,+A4,,
*Do,

D¢+ A4,

D s+A3+ A4y,

D4+ As,

D, +A3+24,,
*D,3+4g,

D,,+D,,

D, +Ds+24,,

D, +A,+ A5,
D,+D;+A4,,

D, +A4,+4,,

Dy +Ag+ A+ A,
D10+D9’
Dyo+D,+24,,

Do+ De+34,,
Dyo+Ds+ A, +24,,
Dyo+Dat Ay +24,,
Dyo+Ag+A4,,

Do+ Ag+Ay+ Ay,
Dyo+24,+A4,,

Do+ Dyg+24,,

Dy+ D+ A4[2],
*Dy+ Ao,
Dyg+A,+A,+A4,,
Dyg+As+A3+24,,
2Dg+A,+ A,[2],
Dg+D,+A,+24,,
Dg+Dg+As,
Dg+Dg+A3+2A4,[3],
Dg+Ds+D,+24,,
Dg+Ds+A3+34,,
Dg+D,+ A3+ A,+2A4,,
Dg+Aqy+A4,[2],
Dg+A,+ A,
Dg+A,+A4,+2A4,[2],
Dg+Ag+A3+24,,
Dg+As+A,+A,,
Dg+As+As;+A,+A,[3],
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TABLE 2. (cont.)

Dy+As+ Ay +34,,
2D, +As,

Do+ Dg+Ds+ Ay,
Dyt De+Ay+4,,
Dy+ Do+ Aq+A4,,
Do+ Ay +Ay,

Dyt Ao+ A, + A,[2],
D;+A;+4s,

Do+ Ay + Ay +24,,
*Do+ Ag+ A+ A4,
3D+ Ay,

2D+ D4+ As,
2D+ A +24,,
2D+ Ay + A, +24,,
De+Ds+ A,

Do+ Ds+ A+ A5[4],
De+Dy+Ag+As+4;,
De+2D,+ Ay +24,
De+Dy+ A+ Au[2],
D+ A4, +24,,

Do+ Ao+ Ay +24,[2],
Do+ A+ Ay + Ay + A,
De+Ag+ A5 +24,,
Do+ Ag+Ag+ Ay + 4,
D+ As+Ay+ A, +34,,
2D+ Ay + Ay,
2D, + As+ A,
Ds+Dy+Ar+ A, + A4y,
*Dy+Aya
Ds+4,,+45[2),
*Dy+ Ao +24,,

Do+ Ag+ A+ A,[2],
*Dy+ A+ Ag,

*D,+ Ag+34,,

Ds+ A+ As+ Ay,
Dy+ Ay +245+4,[2],
Dot Ag+As+Ay+ A4y,
Ds+Ag+A;+24,+A;,
Dy+245+24,[2],
Do+ As+Ay+Ay+24,,
D4+ A4ys,

Do+ Ay +As+A4,,
Dyt Ay + Aq,

Do+ Ag+As+4,,
Dyt As+ Aut As+ Ay,
Do+ Ag+As+Ay+ Ay,
*A1g+ A4,

*A16+ A3,

Dg+ Ay +245+A4,,
2D, + A+ Ay,
D,+Dg+ Ag,
D,+Dg+4,,

D +Dy+As+A,+4,,
*D,+ Ao+ A,

*D,+ Ag+ Ay,

Do+ A+ Ag+ 4,
*D.,+ 24,

Do+ Ag+ A+ A5[2],
2D¢+Ds+A,,
2Dg+Dy+ Ay + A4y,
2Dg+ A+ A,
2Dg+Ay+44,,
De+Ds+A;+A,,
De+Ds+As+A,+ A4y,
Dg+Ds+ Ay +24,,
Dg+D,+ Ay,

Dg+Dy+As+ Ay +A,[3],

Ds+ A0+ 43,
De+Ar+Au+24,,
Do+ Ay+ Ay +34;,
D+ Ag+Ay+As,
Do+ As+ Ayt Ay +24,,
Do+24,+ A3+ 45,
WD+ A, +24,,

2Dy +2454 Ay + A,
Dy+ Dyt As+Ay+ Ay,
Ds+A4,;+4,[2],
Ds+A,+A4,+A4,[2],
Ds+ Ao+ A4s[3],
Ds+Ag+A3+24,,
Ds+Ag+As+A,,
Ds+24,,
Ds+A,+As+24,[2],
Ds+A,+A3+A4,+24,,
*Ds+ Ag+2A4,,
Ds+2A45+ A,[2],
Dy+As+2A4,+A4,,
4D, +34,,

Dyt Ays+Ay

Dy Ay, +24,,

Dyt Ag+Ag+ Ay,
Do+24,+4,,

Do+ Aq+245+24,,
D,+345[3],
*Ay,+4,[2],

*A6+ A+ Ay,

Dg+ Aa+Ay+ Ay +24,,
D,+2Dy,
D,+Dg+As+A,,
D,+Ds+A5+24,,
*Dy+Ay,,

D+ A+ A5,
Do+ Ag+ A3+ A4,
Do+ Ay + A+ Ay,
Do+ Ag+As+ A,

Dy +24,+A;+A4,,
2Dg+Ds+24,,
2Dg+D4+34,[2],

2D +24,+ A,
De+Ds+Dy+As+4,,
Dg+Ds+Ag+A,,
De+Dy+As+34,,
De+Ds+ Ay +24,+ Ay,
De+Dy+Ar+4,,
De+Dy+245+34,,
Do+ Ao+ As+ A,[2],
Dg+ A, +245,

Dg+ Ay +24,+24,,
De+24,+34,,

D¢+ As+245+24,[2],
2D+ Ao,
WD+ Ag+ Ay + A4,
Ds+Dy+ Ao+ A,

Ds+Dy+As+ A3 +24,[2],

*Ds+Ay,+4,,
*Ds+Ayo+As,
Ds+Ag+ A4+ A,[2],
Ds+Ag+24,+ A,[2],
*Ds+Ag+ A+ A,,
Ds+A,+A45+A4,,
Ds+A,+A4,+A4,+4,,
D+ Ag+As+ A,
*Dy+ Ag+Ay+24,,
Do +245+ Ay + A,[2],
Dy+As+Ag+As+A,,
2D, 4245+ A,
Dot Ay +Aa

D,+ A0+ 4s,
D,+Ag+A;+A4,+4,,
D,+A4,+ A5+ A4,,
D,+A¢+As+ A,
*AIQ?

A,+24,,
*Ays+A4[2],
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TABLE 2. (cont.)

Ayst+A3+4,, Ays+A4,+244(2], *Ajat Agt+ 4y,
YA+ Ay + Ay, YA 424, 4y, *Ays+ Ag

Az +As+4,y, *Ay3+ A4+ Ay, A3+ A4,+24,,
A3+ A+ A, +4,[2], Ay3+24,+24,[2], *Ay;+ A4,

*A,+ A6+ 4y, A, +As+24,, *A,,+ A+ A,
A+ Ag+ A+ A, Ay + 245+ 4, A+ Aq+ A,

Ay +Ag+24,, Ay + As+ A[3], Ay +As+ Ay + Ay,
Ay A 434, *A,, +24,, Ay, + Ay +24,,
A+ Ay +4,+24,, Ay 4245424, Apy+ Ay +24,+ 4y,
Ay 434,124, *A, o+ Ao[2], *A o+ Ag+ A,
*Aj0+ A7+ 4, Ajo+A4,+24,, *Ay0+As+ 43,
*Ayot+ Ag+A>+ A, *A o+ As+ Ag, Ayot+As+As+ Ay,
Ao+ 244+ A, Ao+ Ay + A+ Ay, A o+ Ag+24,+ Ay,
24, +4,, Ao+ Ag+24,, Ag+ Ay + As,

Ao+ Ay + Ay + A,[3], *Ay+ A+ A2], Ao+ Ag+ Ay + 4,[2],
Ag+As+A4,+24,, Ag+As+A,+A,[2], Ag+As+A3+24,,
Ao+ As+ Ay +34,, * g+ 244+ A2, Ag+24,+24,,
Ao+ 245+ A, +24,, $dg+ Ay, *Ag+Ar+ A
Ag+Ay+ Ay + A, Ag+ Ay + Ay +24,, g+ Ag+ A+ A,
*Ag+ As+ A+ A,, Ag+As+ Ay +24,, Ag+As+As+A,+ A,
Ag+ Ay +245+ 4, *Ag+ Ay +3A4,+ A4, 24+ A,

24, + A+ 4,02, 24, + A+ A4, 24, + A3 +24,[2],
24,424, +4,, A, 4245, Ayt A+ Ay + A,[2],
A4 Ag+ A+ Ay, Ayt Ag+ Ay +24,, Ayt Ag+24,424,,
A7+245+24,[2], A+ As+A,+ 4, A+ As+ A+ A4+ A4,[2],
A+ Ag+Aa+34,, Ayt Ag+ Ay +A,+24,, *A, 424, +24,,
*34,+4,, ¥+ Ag+ Ay + A4, Ag+245434,,
*Ag+ As+24,, Ag+As+A,+As+A4,, 345+ A3+ A4,
34,424,, 35+ A, 424, 345 +44,.

configurations of all maximizing sextics. Due to the limit of space, we do not give the
list of configurations (available from the author upon request). Instead, we include the
number of configurations for each item in Table 2 in the bracket right after it. If the
number is omitted, it means that it is equal to 1. For example, Eg+ 45+ A, has two
configurations. Moreover, if an irreducible maximizing sextic exists for a given Dynkin
graph in Table 2 then it is marked with an asterisk. There are 128 irreducible maximizing
sextics.

REMARK 4.1. The same methods can be applied to determine the configurations
of other reduced sextic curves with simple singularities. The list is too long to be printed
here.

Once the enumeration of maximizing sextics has been settled, some questions raised
in [3] can be answered. Here are two of them.
(1) The exact upper bound for the discriminants of maximizing sextics.
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In the process of the computation, the discriminants of overlattices are evaluated.
So without much additional effort, we can find maximizing sextics with large discrim-
inant. The largest discriminant is 3600, the sextic curve is irreducible and its singularities
correspond to A,+2A4,+2A,. This is the only sextic curve whose discriminant reaches
3600. The irreducible curve corresponding to 244+ A, + A, + A, has discriminant 2940,
which is the second largest value.

(2) The existence of a smooth sextic whose double cover is a singular K3 surface
with arbitrarily large discriminant.

By definition, a singular K3 surface is a K3 surface whose Picard group has rank 20.

THEOREM 4.2. For any integer N, there exists a smooth sextic curve C in P? such
that

1. the double cover X of P? branched over C is a singular K3 surface;

2. the discriminant of X is greater than N.

ProOF. Obviously, we may assume that N>2. By Dirichlet’s arithmetic progres-
sion theorem there are infinitely many prime numbers of the form 16n— 1. Take nine
distinct prime numbers p, =16n, — 1, ..., po=16n,—1. Fori=1,...,9,let U, be a lattice
of rank two generated by v; and w; such that v? = —4, w?= —4n; and v,w;=1. Let Z0
be a lattice of rank one with 6> = —2V. Let S be the orthogonal sum of Z4, U,, ..., U,
and Z0, where A2=2. It is an even lattice. The abelian group S*/S is the direct sum of
Z]RZ,Z|p,Z, ..., Z|psZ and Z/2"Z. Then S has a primitive embedding into the even
unimodular lattice A of signature (3, 19) by Theorem 2.5. By the surjectivity of the
period map for K3 surfaces there exists a K3 surface X whose Picard group is isomorphic
to S. Since S does not contain an element # such that yA=1 and #2=0, the complete
linear system | A| determines a double cover from X to P? branched over a sextic curve
C (see [6] for detailed arguments). We claim that C is smooth. Otherwise there would
exist a (—2)-curve on X which has zero intersection with A, but this is impossible because
the orthogonal complement of ZA in S does not contain an element 5 with 2= —2.

O

5. Other applications. The result we obtained so far has many potential ap-
plications. For example, one can consider the triple cover of 6-tuple cover over a
sextic curve. Since there are a lot of sextic curves at our disposal we may obtain many
examples of surfaces of general type with small invariants.

Here we mention two other simple applications.

5.1. Contact of two cuspidal cubics. Consider two cuspidal cubics C, and C,
on the plane. Here we always assume that C; and C, do not intersect at cusps. We ask
what are the possible ways of contact for C; and C,.

Since C,C, =9, the contact of C, and C, can be described by a partition of 9. We
use a sequence (n,,...,n,) to denote a partition 9=n, + - -- +n,. We say that this
partition is admissible if there exist C; and C, meeting at r distinct points with contact
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numbers ng, ..., H,.

If a partition (ny, ..., n,) of 9 is admissible, then the Dynkin graph of the singu-
larities of the sextic curve C,+C, will be 24,+ ), A,,,_,. The rank of this Dynkin
graph is 22 —r. This implies that r > 3. When r = 3 the sextic curve C, + C, is maximizing.
Here we list all admissible partitions with r=3:

7, 1,0, 6,2,1), (4,4,1), 3,3,3).

Of course this is only a sample. For other curves C, and C, with deg(C,)+
deg(C,)=6 one may determine their contacts in a similar way.

5.2. Sextics with cusps. The irreducible curves with cusps of multiplicity 2 or 3
were discussed in [10] and [11]. Here we restrict to sextics with cusps of type 4,,, Eq
and Eg as its only singularities. Using our result all such curves can be enumerated.
Here we only give the list of all elliptic curves as follows.

2Eg+ Ay, Eg+Eg+Ay, Eg+Eg+2A4,, Eg+Ayg Eg+Ag+ A,
Eg+Ag+Ay Eg+Ag+2A4, Eg+2A4,+ Ay, Eg+ Ay+34,, 3E,
2Eg+Ag, 2Eg+ A+ Ay, Eg+Ays, E¢+ Ao+ A, E¢+Ag+Ag,
E¢+2Aq, Eq+Ag+Ag+ Ay, Eg+3Aq, Eg+24,+2A4,, Ajg Are+ A,
A+ Ay A+ Ag A+ Au+ A, Ajg+Ag, Ajg+As+ A,
Ajo+24,, Ajg+A,+24,, Ag+Ag+A, Ag+24,+ A,
QA6+ Ag+ Ay, Ag+3A4, Ag+24,+2A,, 34,+34,, 94, .

The last one is well-known, and is the dual curve of a smooth cubic. Note that
there are no rational curves with this property.

REFERENCES

[1] M. NamBa, Geometry of projective algebraic curves, Marcel Dekker, New York and Basel, 1984.

[2] V.V.NIKULIN, Integral symmetric bilinear forms and some of their applications, Math. USSR Izvestiya
14 (1980), 103-167. :

[3] U. Persson, Double sextics and singular K3 surfaces, Proc. Alg. Geom. at Sitges 1983, Lecture Notes
in Math. 1124, Springer-Verlag, Berlin-Heidelberg-New York, 1985, 262-328.

[4] J.-P. SERRE, A course in arithmetic, Springer-Verlag, Berlin-Heidelberg-New York, 1973.

[5] T. SHiopA AND H. INOSE, On singular K3 surfaces, in Complex Analysis and Algebraic Geometry (W.
L. Baily, Jr. and T. Shioda, eds.), Cambridge University Press, Cambridge, 1977, 119-136 (1977).

[6] T.Urasg, Combinations of rational singularities on plane sextic curves with the sum of Milnor numbers
less than sixteen, Banach Center Publ. 20 (1988), 429-456.

[7] T. UraBE, Dynkin graphs and combinations of singularities on plane sextic curves, in Singularities,
Proc., Univ. Iowa 1986 (R. Randell, ed.), Contemporary Math. 90, Amer. Math. Soc., Province,
Rhode Island, 1989, 295-316.

[8] T.URrABE, Dynkin graphs and quadrilateral singularities, Lecture Notes in Math. 1548, Springer-Verlag,



SEXTIC CURVES WITH SIMPLE SINGULARITIES 227

Berlin-Heidelberg-New York, 1993.

[9] T. UraBE, Tie transformations of Dynkin graphs and singularities on quartic surfaces, Invent. Math.
100 (1990), 207-230.

[10] H. YosHIHARA, Plane curves whose singular points are cusps, Proc. Amer. Math. Soc. 103 (1988),
737-740.

[11] H. YOSHIHARA, Plane curves whose singular points are cusps and triple coverings of P?, Manuscripta
Math. 64 (1989), 169-187.

INSTITUTE OF MATHEMATICS
FUDAN UNIVERSITY
SHANGHAI 200433

CHINA

E-mail address: jgyang@ns.fudan.sh.cn








