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A CORRESPONDENCE BETWEEN THE MODULI SPACES
OF VECTOR BUNDLES OVER A CURVE
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Abstract.  After establishing a correspondence between a smooth moduli space of vec-
tor bundles on a curve and a self-product of the Jacobian, the nontriviality of the Griffiths
group of the moduli space for a general curve is proved.

1. Introduction. Let N denote the moduli space of isomorphism classes of stable
vector bundles, over a compact Riemann surface X, of rank r and of a fixed determinant of
degree d, with r and d being mutually coprime. Let P(£) be the universal projective bundle
over the Cartesian product X x N. The characteristic classes ay € H 2"(X x N, Q), where
k =2,3,...,r, of P(E), give rise to homomorphisms, from H;(X, Q) to H*~'(\, Q),
by the “slant product” operation. Since the homology algebra, Hy(J(X), Q), of the Jacobian
J(X) of X is the exterior algebra A H;(X, Q), combining all these homomorphisms given by
the characteristic classes of P(£), we get an algebra homomorphism from H,(J" !, Q) (the
homology algebra of the (r — 1)-fold self-product of J) to the cohomology algebra H*(N, Q).
The details of this construction are given in Section 2.

We show that the above formally constructed homomorphism has a geometric origin.
More precisely, there is a correspondence cycle on the product A x J"~!, which is canonical
as an element of the Chow ring (cycles modulo rational equivalence) of A’ x J"~!, such
that the above homomorphism is induced by this cycle (Theorem 2.5). As an application of
this result, we construct nonzero elements of the Griffiths group of the moduli space N for
a general Riemann surface (Theorem 4.8). These elements are constructed from the nonzero
elements of the Jacobian of a general curve discovered by Ceresa [C].

The above results extend to the more general context of smooth moduli spaces of para-
bolic bundles.

ACKNOWLEDGMENT. This is a continuation of a joint work with M. S. Narasimhan
[BN], and was carried out with substantial help from him. In fact, he was the first to point out
the possibility of a correspondence. The author records his gratitude to M. S. Narasimhan.
The author is grateful to P. Newstead for pointing out an error in an earlier version. The author
is grateful to the referee for going through the paper very carefully.

2. Map between Hodge cycles. Let X be a compact Riemann surface, or equiva-
lently, a connected smooth projective curve over C. Assume that the genus g := genus(X) >
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2. Choose and fix a point xp € X. Fix a pair of mutually coprime integers r and d with r > 1.
Let A denote the moduli space of isomorphism classes of stable vector bundles E on X of
rank r and with the top exterior product /\r E isomorphic to Oy (dxg). The space N has a
structure of a connected smooth projective variety over C of dimension r2=1(g—1).

Let £ — X x N be a universal vector bundle; which means that for any z € N, the
vector bundle on X, given by the restriction £ | Xxz 18 in the isomorphism class represented
by the point z. If £’ is another universal bundles on X x A/, then from the projection formula
we have the equality £’ = £ ® p3 L, where L is a line bundle on V' and py : X x N' — N is
the obvious projection. Thus the projective bundle P (£) is independent of the choice of the
universal bundle.

Let ap € H*(X x N,Q),2 < k < r, be the characteristic classes of the principal
PGL(r)bundle P(£) - X x N given by the space of lines in £. We will recall a description
of ax in terms of the Chern classes of £. Consider the k-th degree polynomial, Py, of r
variables {x|, ... , x,}, defined by the identity

det(A + Dy) = Y A"/ P;,
=0

where D, is the r x r diagonal matrix with x|, x2, ... , x, as the diagonal entries. So the i-th
Chern class ¢; (£) = Pi(y, ..., o), where {1, ... , a,} are the Chern roots of £. Define

,
Bi i=ra; — Zaj.
j=1
With this notation we have

(21) a = Pi(.Bl»,BZ’-H’ﬁr)-

Note that a; = 0.

For a cohomology class ¢ € H/ (X x N, Q), using the Kiinneth decomposition of the Q-
vector space H J(X xN, 0), as well as the obvious duality between H k(x, Q) and Hy (X, Q),
we have a homomorphism

2.2) S, k)t Hy(X, Q) — HI 'V, Q)
which is usually called the “slant product”. Taking c to be the class a;, we get
Sai, k) : H(X, Q) — H* (W, Q).
Let the direct sum H; (X, @)®" 1 be denoted by W. Taking the direct sum of the above
maps, we have a Q-vector space homomorphism

Y S@i, 1) W=H(X, 0% > HUW,Q),
i=2

which, in turn, induces an algebra homomorphism

(2.3) F: \W— HWN,Q,
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where /\ W is the exterior algebra for W. Consider the complex vector space W¢ := W ®gC.
Tensoring (2.3) with C, we get a C-algebra homomorphism

Fc: \ We - H*(N, C).

Let J := PicO(X ) be the Jacobian of X. The homology algebra H.(J, Q) (the alge-
bra structure is given by the cap product) is canonically isomorphic to the exterior algebra
N Hi(X, Q). Indeed, consider the map X — J, defined by x — Ox(x — xg). The in-
duced map of the first homology is extended as an algebra homomorphism from the exterior
algebra /\ H (X, Q) to H.(J, Q). It is easy to see that this homomorphism is actually an
isomorphism, and that it does not depend upon the choice of the base point xg. The canon-
ical isomorphism between H,(J, Q) and A H;(X, Q) induces an isomorphism between the
homology algebra

HJNo = NBUT o= Aw.
Let J denote the (r — 1)-fold self-product, namely J”~!, of J with itself. Let

v HA(T, Q) — A\ W

be the isomorphism obtained above. Combining this with the homomorphism F in (2.3), we
have

2.4) F:HJ(J,Q) — H*VN, Q)

defined by ¢ — F(y(c)). On account of the obvious duality, namely H; (7, Q)* = H'(J, Q),
the homomorphism F gives an element in H*(N, Q) ® H*(J, Q). The cohomology algebra
H*(N x J, Q) of N x J is canonically isomorphic to the graded tensor product H* (N, Q) ®
H*(J, Q). Thus, F gives an element in H*(N x 7, @); this element will be denoted by &.

For a smooth projective variety Y over C, an element of the Q-vector space

P (HP7(v)n H* (Y, Q))
P

will be called, following [D], a Hodge cycle on Y. There is a natural homomorphism, known
as the cycle class map, from the space of cycles on X to the space of Hodge cycles Y. The
cycle class of a cycle of codimension p on Y isin H”P(Y)N H 2r(y, 0). Let CH*(Y) denote
the Chow group of cycles on ¥ modulo rational equivalence. The image of CH*(Y) ®z Q in
the space of Hodge cycles (by the cycle class map) is called the space of algebraic cohomology
classeson'Y.

From the definition of the cohomology class @ it is clear that @ is actually an element
of the image of H*(N x J,Z) in H*(N x J, Q) by the obvious map. Indeed, this is a
consquence of the fact that the homomorphism Fin (2.4) maps H,(J,Z) into H*(N, Z).

THEOREM 2.5. The cohomology class @ is algebraic, i.e., it is the cycle class of an
algebraic cycle on N' x J.

PROOF. Let Gz denote the group of all automorphisms of H;(X, Z) preserving the
cap product. Choosing a symplectic basis of H) (X, Z), this group Gz can be identified with
Sp(g, Z), the group of 2¢x 2 g symplectic matrices with entries in Z. The proof of Theorem 2.5
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consists of three steps. First, the group Gz acts on the cohomology algebra H*(N x 7, Q).
Second, any invariant class in H*(N x J, @), for the action of Gz, is algebraic. Third, the
class @ is an invariant for the action of Gz on H*(\V x J, Q).

We will first describe the action of Gz on H*(N x 7, Q). Let W denote the direct sum
Ho(X, Q) & Hy(X, Q). Setting the class ¢ to be g; in (2.2), we have

2.6) S(a;) = S(a;, 0) ® S(a;,2) : W — HY"(V, Q).

These homomorphisms combine together to induce a homomorphism from the symmetric
algebra

§:SWe=D) » HYW, Q).
Consider the tensor product of the homomorphism S above with F defined in (2.3):

.7) SRF : SWe' " @ AW — H*WN, Q)

The group Gz acts on the direct sum W by the diagonal action corresponding to the natural
action on Hj(X, Q). Let Gz act on W as the trivial action. In [BR] and [B1] it is proved that
the homomorphism S @ F in (2.7) is surjective and the kernel is left invariant by the induced
action of Gz on S(W®-D) ® /\ W. Thus we have an action of Gz on H*(\, Q) induced
by the action of Gz on S(We =Dy A W,

We will recall a theorem proved in [B1]. Take a smooth family of one pointed curves
parametrized by 7. Consider the corresponding family of moduli spaces of vector bundles
parametrized by 7. The holonomy of the Gauss-Manin connection for this family gives rise
to a representation of the fundamental group 7 (T') into the cohomology algebra of the typical
fiber. This representation factors through the homomorphism of 7 (T') into Gz, given by the
holonomy of the Gauss-Manin connection for the first homology of the family of curves. The
action of Gz on the cohomology of the typical fiber of the family of moduli spaces is precisely
the action of Gz on H*(\N/, Q) obtained above.

Since H*(J, Q) = A H'(X, Q) = A\ Hi(X, Q)* (Poincaré duality on X), we have the
equality H*(J, @) = A\ W*. Thus the cohomology algebra H*(N x J, Q) is the graded
tensor product H*(N, Q) ® /\ W*. The group Gz acts on H;(X, Z)* by the adjoint action
and on W* by the diagonal action. Consider the induced action of Gz on /\ W*. The actions
of Gz on H*(N, Q) (obtained above) and on /A W* combine together to induce an action of
Gzon H*(W x J,0).

As the next step we want to show that any invariant class in H*(A x 7, Q) for the action
of Gz is an algebraic class.

The action of Gz on H;(X, Z) extends naturally to an action of its complexification G¢
on H;(X, C). The Borel density theorem asserts that the subgroup Gz is Zariski dense in G¢.
This implies that the space of invariants in H*(N x J, Q) for the action of Gz is precisely the
image of S(W®U—D)® (A W® A\ W*)OZ (in H*(NV x 7, @)) by the map S ® F ®Id, where
(AW ® A\ W*)5Z denotes the space of all Gz invariants in A W ® A W* = End(/\ W).
(Note that the action of Gz on S(W®" D) s the trivial action.) From Theorem 2 of [Ho]
we know that the space of G¢ invariants in End(/\ Wc) is generated by a subclass of degree
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two elements (when considered as elements of /\(W & W) using the symplectic form). The
subclass in question is described as follows: identify Hj(X, Q) with H L(x, Q) using the
Poincaré duality on X. Thus

/\ We® /\ wW* = /\(W e W)= /\(Hl (X, Q)@Z(r—l)) .

Forl <i < j <2(r—1),let f; ; denote the diagonal inclusion of H (X, Q) in H; (X, @)®20 D
along the (i, j)-th coordinates, and let /\2 fi,j denote the induced homomorphism of the sec-
ond exterior products. Let

re N Hix,0)

be the element corresponding to the Poincaré duality pairing, namely
w1 @ wy — / w) Nwy,
X
where w1, w; € H!(X, Q). Now define

n= N\ fip@.

The space of all Gz invariants in /A W ® /\ W is generated, as an algebra, by the collection
of elements {7; ;}.

Since the class ax € H*(N x 7, Q) is algebraic (any Chern class of an algebraic vector
bundle is algebraic), the image of the homomorphism S is contained in the algebraic classes
in H*(V, @). Indeed, S(ax, 0)(1) is the restriction of a; to A (1 is the canonical generator
of Hy(X, Q)); and, S(ax,2)([X]) is the image of ax by the Gysin map for the projection of
X x N onto N ([X] is the oriented generator of Hp(X, Z)). We note that the proof of the
assertion that any Gz invariant class in H*(N x J, Q) is algebraic will be completed once
we are able to show that any F® Id(;, ) in H*(N x J, Q) is actually algebraic.

For notational simplicity we will also use 7; ; to denote F ® Id(z;, j). From the context
it will be clear which one is being used.

If 1 <i,j <r—1, then 7;; is the pullback of a cohomology class on N (by the
projection of N x 7 onto N); we will denote this class in A/ by 7. Moreover, ¢ is an invariant
for the action of Gz (since t; j is, by definition, an invariant). Hence from Proposition 2.4 of
[BN] it follows that ¢ is algebraic. Thus t; ; is algebraic.

Ifr <i < j < 2(r—1), then 7; ; is the pullback of a cohomology class in J x J,
denoted by #, using the projection of N x J along the i-th and j-th factors in J. If i = j,
then it is the pullback of a cohomology class on J, denoted by ¢, using the projection onto
the i-th factor of 7. Since t; ; is invariant under the action of Gz, the cohomology class ¢, in
either case, is also invariant under the action of Gz. If i = j, then ¢ is the cycle class of the
theta divisor in J. (The theta divisor on J is the pullback of the theta divisor on Picd~!(X)
using the map defined by L — L ® Ox((g— 1)xp).) Let ® denote this theta divisor on J. Let

A:JxJ—=1J
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be the addition map defined by (L, L") — L ® L’. If i # j, then ¢ is the cycle class of the
divisor
A*O — piO — p30

on J x J, where p; (respectively, p») is the projection of J x J to the first (respectively,
second) factor. It is a straightforward calculation to check the above statement. Thus the
cohomology class 7; ; is algebraic forr <i < j < 2(r — 1).

Finally, consider a cohomology class 7; ; withi < r — 1and j > r. Let f denote the
projection of N' x J onto N x J which maps any

(nle»--- ,Lr—])eNX Jr—l :ij

to (n, Lj) € N'xJ. There is a unique cohomology class on V' x J, say 7, such that f*r = 7; ;.
Consider the characteristic class ax € H*(X x N, Q) defined above. Let

(2.8) aiv1=a®1+b+c®[X]

be the Kiinneth decomposition of the cohomology class a; 11, where the cohomology class [ X]
is the oriented generator of H 2(X ,Z). The classes a,c € H*(N, Q) are algebraic. Indeed,
a is the restriction of a; 1] to xo x N, and c is the push-forward of a; 41 by the projection of
X x N onto AV. Thus the cohomology class b in (2.8) is also algebraic.

Let £ be a Poincaré line bundle over X x J. Let 6 be the component of ¢ (L) in
HY(X,0) ® H'(J, Q) for the Kiinneth decomposition of H 2(X x J, 0). Note that, since
any two choices of the Poincaré line bundle differ only by the pullback of a line bundle on
J, this Kiinneth component of ¢ (£) does not depend upon the choice of the Poincaré bun-
dle. Let g1 and g, denote the obvious projections of X x A x J onto X x N and X x J,
respectively. The class 6 is algebraic for the same reason as for b. Consider

w:=qibUg;0 € H¥ X x N x J,Q).
Now, since both b and 6 are algebraic, so is the class w. Let
p:XxNxJ—>NxJ

be the obvious projection, and p, the corresponding Gysin map of cohomologies. It is a
straightforward calculation (the details are in the proof of the Proposition 2.4 of [BN]) to
check that t = p,w. In other words, ¢ is the cycle class of the push-forward of a cycle whose
cycle class is w. Thus the cohomology class 7; ; must be algebraic. This completes the proof
of the assertion that any invariant class is algebraic.

To show that @ is an invariant for the action of Gz, first note that, since the classes a;
are canonical in the sense that they do not depend upon the choice of the universal bundle,
these classes are invariant under the monodromy action on H*(X x N, Q) for a family of
curves. This, in turn, implies that the class @ is an invariant for the monodromy action on
H*(N x J,Q). The monodromy action factors through Gz [B1]. Now, since the mapping
class group projects onto Gz, the class @ must be an invariant for the action of Gz. This
completes the proof of the theorem. O
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Theorem 2.5 implies the following: by virtue of the natural identification of H*(7, Q)
with H,(7, Q) using the Poincaré duality on X, the homomorphism F in (2.4) maps any
algebraic class in H*(7, Q) into an algebraic class in H*(N, Q). In the case where r = 2,
this is in fact a consequence of Proposition 6.1 of [BKN].

Fix, once and for all, a polynomial P({7; ;}) of (2’2_ 2) variables (same as the number of
7;,j) and with coefficients in @ such that

Pt j}) =2.

We will show that there is a natural element in the Chow group of N x 7 whose cycle class
is @. Before proceeding, we note that the Chern classes of an algebraic vector bundle can be
defined in the Chow group [F]. Let a; € CH (X x ) be the element of the Chow group given
by (2.1), with any B; being considered as an element of CH/(X x N). So the cycle class of
fl,’ is a.

There is a natural choice of an element in the Chow group of N x 7, namely

E;;e CH*W x J)

such that the cycle class of E; ; is the cohomology class 7; j. Indeed, for the two cases
r<i,j<2r-—1andi <r—1 < j, in the proof of Theorem 2.5, we have produced
an explicit element of the Chow group of N x J (depending only upon the point xo) whose
cycle class is 7; j. We consider the remaining case, namely 1 <i < j <r — 1. As in the
proof of Theorem 2.5, let t denote the cohomology class on A" which pulls back to 7; ; by the
projection of A/ x 7 onto V.. Let a’ denote the cycle on A/ obtained by taking the intersection
of the cycle a4+ with xo x V, and let ¢’ be the cycle on AV given by the push-forward of a1
using the projection of X x A onto V. Imitating the Kiinneth decomposition (2.8), define the
cycle bj on N by
bj=adj4+1 —d' ®1—c Q[X].

Similarly, construct b; from a;+;. Now consider the image of the intersection cycle b; N
bj(e CH*(X x N)) in CH*(N) by the push-forward map for the projection of X x N onto
N. The cycle class of this cycle on A is the cohomology class ¢. This is a straightforward
computation, which is already done in the proof of Proposition 2.4 of [BN]. Thus the cycle

class of the pullback of this cycle to N' x J, which we will denote by E;, j»isactually 7; ;.
Define

(2.9) I':=P({E;;}) e CH'WN x J),

where E; ; and the polynomial P are defined as above. Thus we have that the cycle class of
I'is®.

3. Map between cycles. Using the cycle I” defined in Section 2, we get a map (corre-
spondence) from the Chow group CH*(7) of J to CH*(N) [F, Definition 16.1.2], which we
will now describe. Let q; (respectively, g2) be the projection of N x 7 onto AV (respectively,
J). Foracycle c on J consider the intersection cycle, g5¢ N I",on N x J. Let q14(g5cNT")
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be the cycle on N obtained by taking the push-forward of ¢3¢ N I' by the projection gy [F,
§1.4]. Now let
(3.1 IT:CH*(J) — CH*(\)

be the homomorphism defined by ¢ = qi1«(g5c N T).
With a slight abuse of notation, the Gysin map H*(N x J,C) — H*(N, C), for the
projection g, will also be denoted by g1«. Consider the homomorphism

3.2) [®]: H*(J,C) -> H*N,O)

defined by a — g14((g5a) U ®). Note that [®] maps H*(J, @) into H*(N, @). Moreover,
[@] maps the space of Hodge cycles on 7 into that on A. The cycle class [[T(c)] € H*(N, Q)
is actually [@]([c]).

Using the Poincaré duality on 7, we have an isomorphism

(3.3) p:H(J,Q) — H«(TJ,Q).
It is a routine calculation to check that for any w € H*(7, @), the equality
(34) [@](@) = F(p(@))

holds. (The homomorphism F was defined in (2.4).) From (3.4) it follows that for a cycle ¢
onJ,
UI(c)] = (Fop)([cD.

We give an application of the correspondence using I".

It is easy to construct a curve X of genus g such that the rank of the Neron-Severi group
of its Jacobian, J, is greater than one. (Take a curve X with a nontrivial automorphism, f,
such that the genus of the quotient curve X/f is at least one. Then pullback the theta line
bundle on the Jacobian J(X/f) to J using the map defined by L + det(mw,L), where &
is the quotient map. The first Chern class of this pullback bundle and that of the theta line
bundle on J are linearly indpendent in NS(X) ®z Q.) Leta € H 2(J, Q) be an element of
the Neron-Severi group of J which is linearly independent with the theta bundle on J. Since
H! (X, 0) = Hi(X, Q) by the Poincaré duality on X, we get that

2 2
HU,0=N\HX 0=/ HX0 =HU0.
Leta € H(J, Q) be the element corresponding to a. Define
by =1®---®a®1®---®1e€ H(J,0)

to be the element of the Kiinneth decomposition of H>(7, @), where a is at the k-th position.

It is easy to check that p~!(b;) is a Hodge cycle on 7. Since any Hodge cycle of degree
2d —2 on a projective manifold of complex dimension d is actually algebraic, the cohomology
class p~!(by) must be algebraic.

Consider F(b;) € H*+2(N\, @), which is a Hodge cycle on A. The class F(by) is not
zero, for example, when r = 2 and k = 1 ([N], [KN]). Let C be a cycle on 7 whose cycle
class is p~ ' (bg). The equality (3.4) implies that the cohomology class F(by) is the cycle class
of I7(C). Thus the Hodge cycle F (b;) must be algebraic.
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The cohomology class p‘l(bk) € H*(J, Q) is not an invariant for the action of Gz.
Indeed, the invariants in H%(J, Q) are spanned by the class of the theta line bundle. Thus the
cohomology class a, and hence by, is not an invariant for the action of Gz. If F(by) is not
zero, then it is not an invariant for the action of Gz, since the homomorphism Fis equivariant
for the action of Gz. In [BN] it was proved that the space of Hodge cycles on N for a
general Riemann surface is exactly the space of invariants for the action of Gz. The above
construction shows that the “generality” is essential. In other words, for special A" there are
more Hodge cycles (and also algebraic classes) than those simply being the invariants.

4. Map between Deligne-Beilinson cohomologies. Let Y be a connected smooth
projective variety over C. For p > 0, let Z(p) denote the constant sheaf Z - (2r+/—1)? on Y.
The following complex

DY 0 Z(p) > 0 -L @l 4. Ll o,

where the sheaf Z(p) is at the O-th position, is called the p-th Deligne complex. Since we
are working over the field of complex numbers, the distinction between Z(p) and Z is not
important for us. The j-th hypercohomology group of D(p)Y is called the j-th Deligne-
Beilinson cohomology group, and it is denoted by Hlj)(Y, p) [EV, 1.1].

Consider the following complex, C(p), of Oy-modules

cpy:0>0-Lael L. Lot
The following exact sequences of complexes, that is,
0— C(pI1]— D(p) > Z(p) > 0,

where C(p)[1] denotes the one step right translation of C(p) (i.e., O is in the first position),
induces the following exact sequence [EV, 7.9]

4.1 0— JP(Y) — HF (Y, p) > HgP(¥) — 0,

where J”(Y) is the p-th Griffiths intermediate Jacobian, and Hg”(Y) is the subgroup of
H2P (Y, Z(p)) consisting of those elements in H2P(Y, Z(p)) which are of type (p, p).

Let Hf,(Y) denote the direct sum &b p>0 Hép (Y, p). The cycle map in the Deligne-
Beilinson cohomology

4.2) ¥ : CH*(Y) — H1*>(Y)
is a ring homomorphism [EV, Corollary 7.7]. For ¢ € CH?(Y), the class
(y o ¥)(c) € HgP(Y)

(y is defined in (4.1)) is (27r+/—1)? times the integral class corresponding to c. If ¢ is homo-
logically equivalent to zero, then ¥ (c), as an element of J”(Y), coincides with the image of
¢ in JP(Y) under the Abel-Jacobi map [EV, Theorem 7.11].

The direct sum €5, H2' (¥, p) will be denoted by Hy(Y).
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There is the pullback homomorphism g5 : Hl*) (J) — H;S(J\f x J) such that for any
cyclecon J

¥(g3(0) = q; (¥ (0)),
where v is the homomorphism defined in (4.2) [EV, Proposition 7.5].
We know that for a cycle d on A/ x 7, the following equality holds:

Y(d-I)=y@Uy(d).
The push-forward map, which corresponds to the Gysin map of cohomology,
g1+ : HHWN x J) = H*(N)
satisfies the condition that for any cycle d on A/ x 7 the following equality holds:

Y (q1+(d) = qi1x (¥ (d)),

where g1, (d) is the push-forward of d.
The map 7, defined in (3.1), is the composite of a pullback, the intersection with I”, and
a push-forward. Thus, from the above observations it follows that for any cycle c on 7,

Y U1(c)) = [P)(¥(c))

([@] was defined in (3.2)).

We want to describe how one can construct, using the map /7, nonzero elements of
Griffiths group of V. But before that we need to set up some notation.

For any integer [ > 0, let

4.3) rcr
be the union of components of I" of codimension /. In other words, I} € CH!(J x N). Let
4.4) [@]:H*(J,C) - H*N,0)

be the induced map of cohomologies obtained by taking I as the correspondence cycle. Note
that [®;] maps H*(7, Q) to H*(N, Q).

Let p;, where 1 <i < r — 1, denote the projection of 7 onto the i-th factor. It is easy
to check that for any w € H¥(J, C), the cohomology class [®]( piw)e H *(N, C) is actually
of degree

.
Y 29Q2j — 1) —kQi+ 1) =2g(> = 1) —kQi + 1).
Jj=2

On the other hand, we have that

4.5) [®/1(pfw) € HATF290-D(N, €).

Since I7 is the union of components of codimension / of I, when ! = gr¥+r—2)—k@i+1),
the equality

(4.6) [@1(p} w) = [®1])(p] w)
is valid for any w € H*(J, C).
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For any k € N, let f : X*¥ — J be the morphism defined by (x1, ... , x) > Zj(xj -
x0), where xo is the base point of the pointed curve. Let Wy denote the cycle on J given by
the image of f. Define Cy := W4 — ngk to be the cycle of codimension k, where Wg__k
denotes the image of Wy, under the involution j +> —j of J. Clearly, Cy is homologically
equivalent to zero. Ceresa in [C] proved that if g > 3 and 1 < k < g — 1, then for a generic
curve X the cycle Cy is not algebraically equivalent to zero, i.e., it represents a nonzero
element of the Griffiths group of J.

Define Cy ; to be the following pullback cycle on J:
Cr,i = p;Cx,

where p; is the projection of 7 onto the i-th factor. The cycle Cy ; is homologically equivalent
to zero, since Cy is homologically equivalent to zero.

Let I1; denote the correspondence map between Chow groups obtained by taking I as
the correspondence cycle (as in (3.1)). In other words, for any ¢ € CH*(J), we have

() := qi+(g5c N I1) € CH*(N) .
Since Cy; is homologically equivalent to zero, so is the cycle I7;(Ck ;).
Let L € H?(J,Z) be the polarization on the Jacobian J given by the Poincaré dual of
the theta divisor (which is an ample divisor on J). Let P, C H k(J, C) denote the space of
primitive cohomology classes. Consider the Lefschetz decomposition

“.7) H?¥'J,.00= @ Lr*N\PE_,.

I<k=<p

where PJQ is the space of all rational primitive cohomology classes of degree j, i.e., PJ.Q =
P; N H/(J,Q). Recall that Gz denotes the group of all automorphisms of Hi(X, Z) pre-
serving the cap product. The subspaces PJ.Q are all irreducible Gz modules, and (4.7) is the
decomposition into irreducible Gz modules. Indeed, this is a consequence of the fact that
the complexification of the decomposition (4.7) is the irreducible decomposition of the G¢
module H?P~1(J, C), where G is the complexification of Gz, i.e., the group of all automor-
phisms of Hj(X, C) preserving the cap product. As a Gz module, the irreducibility of any
P2(12<—1 is a consequence of the Borel density theorem which asserts that Gz is Zariski dense
in G¢.

Let M'g denote the moduli space of one pointed Riemann surfaces of genus g. In other
words, it is the moduli space of pairs of the form (X, p), where p is a point of a Riemann
surface X of genus g.

THEOREM 4.8. Let g and p be integers such that g— 1 > p > 1. Assume that the
image [®;](p} (LP ‘2P3Q)) is a nontrivial subspace of H*(N, Q). Then there is a countable
union of proper subvarieties, say \ J, Sk, of the moduli space Mlg with the following property:
For any (X, x0) € M;] — Uk Sk, the cycle IT;(Cp ;) on N is not algebraically equivalent to
zero, and it is of infinite order as an element of the Griffiths group of N'.

Before proving the theorem we remark some observations.
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REMARK 4.9. (1) The condition that [<D1](p;‘(L1’“2P3Q)) is a nontrivial subspace
is independent of the choice of the curve X. For a smooth family of pointed curves, the
subspace p;“(L”_zP3Q) C H*~Y(7, Q) gives rise to a sub-local system of the local system
on the parameters space given by H2?~!(7, Q). The homomorphism &, actually gives a
homomorphism of local systems. Thus, for a smooth family of curves parametrized by a
connected space, if [@;]( p;"(Lp‘zP3Q)) is zero for one curve, then it is zero for all curves in
the family.

(2) Setr =2and! = 6. So the equality (4.6) is valid with k = 2g — 3. Now using
the equality (3.4), the image [¢1](LP_2P3Q) is identified with F on /\3 Hi(X,C). If g > 4,
then F maps A\’ H (X, C) injectively into HO(\, @) (IN], [KN, Proposition 2.1]). So in
this situation Theorem 4.8 implies that, for a general one pointed curve (X, xg), the cycle
IT;(C4-1) is not algebraically equivalent to zero.

(3) Thecycle IT(C, ;) is not algebraically equivalent to zero if the component IT;(C i)
is so. However we consider I7;(C) ;) to get a cycle of pure dimension.

PROOF OF THEOREM 4.8. The image [&;1(p}(H*’~!(J,C))) is contained in
H™(N, Q), where m is some odd integer which depends on /, i, p and r. Consider the Grif-
fiths intermediate Jacobian

H™WN, C)
FtD/2 + H™(N, Z((m + 1)/2))
of N, where F(m+1/2 — D;s0 Hm+D/2+).(m=D/2=j (/). (Note that m is odd.) Since both
[®;] and the pullback operation on cohomology, namely p;, are given by correspondence
cycles, we have a homomorphism

JmEDIZArY =

H*~1(J,0)
FP+ H>P~1(J, Z(p))
where FP = @ ;.o HPH/P=1=I ().

Since the Abel-Jacobi map v, defined in (4.2), is compatible with correspondence, the
following equality is valid:

(4.10) v (Cp,i)) = ¥ (UIT(Cpi) .

If IT;(C)p,;) is algebraically equivalent to zero, then there is a closed algebraic subgroup
of the complex torus J (m+1)/2 (N) which contains v (IT;(C »,i)) [H1, Proposition 10.1]. As-
suming that I7,(C, ;) is algebraically equivalent to zero, denote this algebraic subgroup of
Jm+D/IZ(N) by A.

Consider the following complex torus:

viJP(J) = — JmED2(N),

LP=2py
(4.11) J3 = T
(FP 4+ H*=1(J,Z(p))) N LP2P3
where L?~2 P; is a factor of the Lefschetz decomposition in (4.7). Using the decomposition
(4.7), a finite (unramified) covering of the torus J?(J), say J, is identified with the Certesian
product J3 x B, where B is a complex torus. Since the decomposition (4.7) is not necessarily
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over Z, we need to go to a finite covering of J?(J). Let ¥ be the homomorphism from J to
JM+D/2(Af) given by v. Let f (respectively g) denote the projection (respectively inclusion)
homomorphism between J and J.

In the statement of Theorem 4.8 it is assumed that the image [<1>1](p;*(L”"2P3Q)) is a
nonzero subspace of H™ (N, Q). Now, the homomorphism [®;] in (4.4) is equivariant for
the action of Gz described in Section 2. Indeed, this is a consequence of the fact that the
homomorphism F in (2.4) is equivariant for the action of Gz ([B1], [BN]). Since P3Q is an
irreducible Gz module, [®;](p} (Lp‘2P3Q)) must be isomorphic to P3Q as a Gz module. This
implies that ¥ o g is an embedding of J3 in J™+1/2(\/). (The homomorphism ¥ o g coincides
with the restriction of v to the image of J3 in J”(J) by the obvious inclusion.) Moreover,
since (4.7) is an isotypical decomposition, i.e., all the P2Qk—1 are distinct Gz modules, we
conclude that for any k s 2, the two subspaces of H™ (N, @), namely [(DI](pf(LP‘2P3Q))
and [®;](p} (LP~k PZ(,{_ 1)), belong to two distinct components of the isotypical decomposition
of the Gz module H™ (N, Q).

Consider the natural projection of Gz module H™ (N, Q) onto its isotypical component
corresponding to the Gz module P3Q . This projection induces a projection, denoted by 4, of
the torus J "+ 1/2(\) to another complex torus, say T. Evidently, ho?ogis a homomorphism
from J3 with finite kernel (recall that ¥ o g is an embedding). Given this, since f (¥ (Cp,;)) in
J3 is of infinite order (a consequence of Proposition 8.8 of [H2]), the equality (4.10) implies
that the element A (Y (IT;(C) ;))) is of infinite order in 7. Since A is an abelian variety, so is
h(A). Since h(A) contains an element of infinite order, namely 4 (v (I1;(Cp,;))), it must be of
strictly positive dimension.

Thus (hovo g)_‘ (h(A)) is an algebraic subgroup of J3 of strictly positive dimension.
That the dimension of (ho ¥ o g)‘l (h(A)) is strictly positive is a consequence of the fact that
the order of the element f (y(C),;)) of (h o Vo g)"l (h(A)) is infinite.

We will now complete the proof of Theorem 4.8 imitating the argument given in the
proof of Theorem 10.3 of [H1]. The Lemma 10.2 in [H1, page 125] asserts the following: let
S be the set of all curves, X, such that the complex torus J3 (defined in 4.11) corresponding to
X contains a closed algebraic subgroup (abelian variety) of strictly positive dimension. Then
the subset of M; defined by S is actually contained in a countable union of proper closed
subvarieties of M’g. In view of this lemma, the proof of Theorem 4.8 is completed. O

REMARK 4.12. The product N x J is an étale cover of M(r, d), where M (r, d) is the
moduli of stable bundle of rank r and degree d. The covering map is given by (E, L) > E x
L. Thus the image in M (r, d), of any cycle on A (or J), that represents a nontrivial element
of the Griffiths group of A/ (or J), would represent a nontrivial element of the Griffiths group
of M(r,d).

REMARK 4.13. Deligne proved that any Hodge cycle on an abelian variety is an ab-
solute Hodge cycle [D, Main Theorem 2.11]. So, in particular, any Hodge cycle on any
self-product (arbitrary number of times) of a Jacobian is an absolute Hodge cycle. Using this
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and the existence of the correspondence cycle I', it is easy to check that any Hodge cycle on
N is an absolute Hodge cycle. In the case of rank two, this was proved in [B2].

Both Theorem 2.5 and Theorem 4.8 generalize to any (smooth) moduli space of parabolic
bundles. Indeed, the results of [BR] and [BN] used here are actually proved in that generality.
If / denotes a smooth moduli space of parabolic bundles of rank r and fixed determinant, then
the homomorphism F in (2.4) remains valid. The monodromy action of the mapping class
group, for Riemann surfaces with marked points, on the cohomology of a smooth moduli
space of parabolic bundles factors through the symplectic group. Since invariant rational
cohomology classes continue to be algebraic, the argument for Theorems 2.4 and 4.8 remains
valid.
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