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Abstract. We construct projective models for Humbert surfaces and QCM-curves, i.e.,
Shimura curves together with their natural embedding into the coarse moduli space for princi-
pally polarized abelian surfaces. The points of a QCM-curve correspond to an abelian surface,
such that its algebra of complex multiplications is an order in an indefinite rational quaternian
algebra. Moreover, we determine the structure of such orders.

1. Imntroduction. In this paper we are mainly concerned with constructing, in a con-
crete way, projective models for arbitrary QCM-curves. For maximal orders of the indefinite
quaternion division algebras with discriminant 6 and 10, Hashimoto and Murabayashi con-
structed in a recent paper ((HM}) projective models of the corresponding QCM-curves. These
examples inspired the author to study this question. In [HM] the authors furthermore construct
a preimage under the Torelli map (which is an immersion).

Let A be a simple principally polarized complex abelian surface, End(A) its ring of en-
domorphisms and L = End(A) ® Q the algebra of endomorphisms (= the algebra of complex
multiplications). Then, as is well-known, the ring End(A) is of one of the following types:
an order in a CM-field of degree four, an order in an indefinite rational quaternion algebra, an
order in a real quadratic field, or Z. The dimensions of the corresponding moduli spaces—
named Shimura varieties of PEL-type—is 0, 1, 2, 3, respectively. In the first three cases we
refer to these Shimura varieties, together with their embeddings into the Satake compacti-
fication Ay = Proj(A(I%)) of I3\H;, as CM-points, QCM-curves (quaternionic complex
multiplication), and Humbert surfaces. As a projective variety the Satake compactification
Aj is a quotient of P? by a finite group G of order 46080, see [R1]. We are mainly concerned
with QCM-curves, i.e., Shimura curves with their natural embedding into .A,. CM-points are
special points on Humbert surfaces, which are easy to compute.

Let us define a QCM-order to be any order in an indefinite rational quaternion algebra
which occurs as an endomorphism ring of an abelian surface. The first result is to determine
the structure of QCM-orders. We prove that a QCM-order may be writtenas R = Z @ Za @
ZB & ZapB, where o and B are Rosati invariant elements of (positive) discriminant A(o),
A(B), such that the discriminant matrix

S _( A) A(a,ﬂ))
A7 \A@, B AL
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is positive definite. The discriminant of R is d(R) = det(Sa)/4. Changing the basis gives
a similar matrix Sx[g] = ‘gSag for some g € GI(2,Z). This implies that QCM-orders are
parametrized by certain classes of binary quadratic forms.

The main result of this paper is to prove that the QCM-order uniquely determines the
QCM-curve, if the QCM-order has a primitive discriminant matrix (i.e., g.c.d.(A(x), A(e, B),
A(B)) = 1). This is no longer true in the non-primitive case, where the embedding of the
QCM-curve depends not only on the (isomorphism class of the) QCM-order R, but also on
the (class of the) embedding R < My4(Z). In that case it remains as an open problem to
determine the QCM-curves. Finally, a projective model for QCM-curves (both in the primitive
and in the non-primitive cases) can be given by determining the component in the intersection
of two Humbert surfaces with discriminants A(«), A(B). This new method generalizes what
was done in [HM]. For making this procedure a general method, it is indispensable to have an
algorithm for computing a projective model for arbitrary Humbert surfaces.

Humbert surfaces Ha are classified by their discriminant A. For fundamental discrimi-
nants they are isomorphic to symmetric Hilbert modular surfaces, which were studied exten-
sively by Hirzebruch, Zagier, van der Geer, and many others (see [HG], [vdG2]). For square
discriminants they were studied by Hermann [He]. However, projective models are known
only in rate cases. In this paper we present a new geometric argument which is crucial to get a
model for any discriminant. The covering of A; of level 1‘; (2, 4) is isomorphic to P? ([R1]).
Hence, by Krull’s Hauptidealsatz, any irreducible component of the covering of Ha of level
I';(2,4) is given as the zero set of a single irreducible homogeneous polynomial. This allows
to get an algorithm for determining a projective model for any discriminant.

In the late 70’s Thara computed the equation of the Shimura curve of discriminant 6. In
Kurihara’s paper [K] one can find models of Shimura curves, when the discriminants are 6,
10, 14, 22 and 46, hence the corresponding orders are maximal. Ron Livne and Bruce Jordan
have done more equations. In his Harvard thesis in 1981 Jordan uses the terminology “QM
abelian surface” for an abelian surface with multiplication by a QCM-order. Such a surface
produces a point on the corresponding QCM-curve in our terminology. Ron Livue kindly
informed me that there are related results (universal families of Kummer surfaces) by Besser
in his Tel-Aviv University thesis. For maximal orders R the discriminant is square-free, and
hence the discriminant form is primitive. The approach in [K] is to view the group I" of units
in R of reduced norm 1 as a subgroup of S/(2, R) on fixing an isomorphism R @ R = M>(R)
(cf. [Sh1]). Then I' is a Fuchsian group of the first kind and I"\H is compact if and only if
R®Q is a division algebra. This was already observed by Poincaré. These Shimura curves for
orders in division algebras together with their natural embedding into .4, are just the simple
QCM-curves in our terminology. They do not intersect the boundary in Aj;.

2. Notations and first results. Throughout the paper we will use the same notation
as in [R1], [R2]. For general facts we refer to [I] and [F]. So let (the traditional model of the
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Siegel upper half space)

Hj = {1t € Matyy 4(C); t is symmetric, Im(z) > 0},

I'y=S8pQ2g,2).
Let I" be a subgroup of finite index of I'y. Denote by A(I") = @, [T, k] the ring of modular
forms for I". Let Ay(I") = Proj(A(I")) be the corresponding Satake compactification; it
contains I"\H as an open dense subset. The open part I"\H  is the coarse moduli space for
principally polarized abelian varieties with level-I" structure.

The important new ingredient is to consider a fixed order contained in the endomorphism
ring. One may consider more generally an arbitrary level I" and an arbitrary polarization.
However, polarization and level have nothing to do with the endomorphism algebra. Changing
the polarization just changes the Rosati anti-involution. Hence, to keep things simple, our
general policy is to study the case of level 1 and principal polarization. Any other case is only
notationally more difficult.

We recall some standard facts in an explicit form. For proofs we refer to [M]. For any
7 in Hy we have the lattice A; = Z9 + tZ9 in CY and the abelian variety A; = C9/A;. On
A, we choose the principal polarization L., which maps under the Chern class map to the
standard alternating form (Riemann form)

E:(h, ) = (x1,y2) —{x2,y1) for A=tx;i+x2 and u =1y + 2.

One extends the Riemann form to an R-bilinear form on C9 x C9 — R. This form satisfies
E(ir,in) = E(A,u) and defines the (hermitian) Riemann form H(A, u) = E(iA, u) +
i E(X, ). One easily computes, for A = tx| + x2,

Hr (A, A) = E(ix, 1) = (3(1) 7' R (@)x1 + x2), R(D)x1 + x2)) + (3(T)x1, x1) .
Hence H;( , ) is positive definite. An endomorphism ¢ € End(A;) is given by
¢p=A+71C with¢tr=B+1tD,
where A, B, C, D € My(Z), and one easily checks that the rational representation

A -B
pg : End(A;) 3¢ > My = ( cC D ) € Mat4(Z)

is a Z-algebra embedding. On M4(Z) we have the Rosati anti-involution, defined by

(A B - oy, (D —'B
M_(C D)’—)M—J MJ_<_,C )

This map satisfies M M and (M]Mz) = MzM 1, and hence is an anti-involution. The
endomorphism  is defined by M M¢, It is easily verified that

E.(¢—,—) = E(—,¢—) and H.(¢—,—) = H(—. ¢-),

and hence ¢3 is adjoint to ¢ with respect to E; and H;. Because of

"Ct+ D) '=A—0(r)C foro= (2 g) € Sp29,R),
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the action of the endomorphism ring is in accordance with the action of Sp(2g, R) on H, x C9
by

o(t,2) = (o(1), "(Ct+ D) '2), o(r)=(Ar+B)(Ct+ D).

We have deg(¢) = det(My) for the degree of an endomorphism. The positivity of the Rie-
mann form implies that Tr(¢¢) = (1/2) Tr(M 3 My) = Tr(A "D —C'B) is positive for ¢ # 0.
The positivity of the Rosati involution is essential for the study of the algebra of complex
multiplications End’(A;) = End(A;) ®z Q of A;. This is a semi-simple algebra and was
classified by Albert. We fix the following notation for T € Hy:

Q c F= KRosati c S= LRosati
n N
K C L=End%A;) C My (Q).

In the above diagram K is the center of L, and F is the Rosati invariant part of K. Hence
F = §N K. For simple t € H the algebra L is a division algebra. An algebra L C M»4(Q)
is called an Albert algebra if L is Rosati invariant (/ € L = [ e L) and the restriction of the
Rosati anti-involution is positive. An algebra L C M74(Q) is called admissible if there exists
at € Hywith L = End’(A;). An admissible algebra is an Albert algebra. The following
theorem (the classification of Albert algebras) is well-known ([M, p. 201]):

THEOREM 1. Let L be an Albert division algebra of dimension d* over its center K,
then F = KR4 j5 g torally real number field. We have one of the following cases:

(i) F = K =S = L is a number field.

(i) F =K C S C L,dimpgS = 3,dimpL = 4. In this case for any enbedding
F < R it holds that L ® r R = M3(R) and the isomorphism may be chosen such that the
F-vector space S is just the set of symmetric matrices.

(i) F =K =S8 C L,dimpL = 4. Then L ®F R is the skew field of Hamilton
quaternions for any embedding F — R.

(iv) [K:F]=2=dimg(L) : dimg(S), K is a totally imaginary number field. In this
case for any embedding F — R it holds that LQrR = LRk (K®FR) = L C = My(C)
and the isomorphism may be chosen such that the F-vector space S maps into the set of
hermitian matrices.

3. Algebraic families of principally polarized abelian varieties. For our purpose it
turns out to be convenient to consider another model of the Siegel upper half space. A period

matrix t induces by
x
o <y> =Xx—-1y

an isomorphism ¢; : R?9 — CY, and M; = ¢ 'i¢, defines the corresponding complex
structure on R29. As a matrix we have

1

- -1
Hg9r=p+iqr—>Mt=(pq_ 9+ prq p),

—q7! qa'p
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1 1

because fori = 1qg~'—pg~! we geti(x—7y) = (pg ' py+qy—pg~'x)—t(qg7 py—q~'x).
The matrices M are elements in Sp(2g, R) and satisfy M; = —M, = M_ ! We furthermore
define S; = —M, J and get an isomorphism of complex manifolds

H, = {S; € Sp(29, R); S; is symmetric and positive definite} .

In terms of matrices the bijection is given by

. q+pg~'p pq") (q 0 )[(1 0)]
H,>5t=p+igr> S; = F F o) = - )
g p q T ( q ]p q 1 0 q 1 p 1

We call this the real (or algebraic) model of the Siegel upper half space. The Rosati anti-
involution restricts to an involution on Hy (in the standard model 7 —7~1). The action of
Sp(2g, R) on H 4 corresponds to the action

ceM, = aM,a_l
on matrices of type M, and
008, =0S.0'
on the real model. Remark that
cgeM, =0S;Jo ' =068,0'J =(008)J,

hence the actions are equivariant. We will freely use 7, M; or S; to denote an element of
the Siegel upper half space in the standard model or in the real model. For our purpose the
algebraic model is more appropriate. One easily checks that for
_(A -B _(-pa”" a+pg'p

M = (—C D ) € Matzy(Z) and M, = ( —q_l q_lp

we have
M € End(A;) <<= (A+1C)t =B +1tD
= MM, =MM.

This leads to the following definitions for any admissible algebra L C M»4(Q)

H(L)={t €eHy IM; = M.l foralll € L},
I'L)y={oc elgoL=Lo}.
Moreover we consider the diagram

C(L\H(L) — T4\H,
J N
A(L) — C(L) — Ay,
where C(L) denotes the closure of the image of I'(L)\H(L) in the Satake compactifica-
tion Ay and A(L) its normalisation. We call A(L) the Shimura variety of type L and
C(L) the cycle of type L. It is obvious that I"(L) is acting on H(L), and the induced map
I'(L)\H(L) — I'j\H 4 is injective for points with End’(A;) = L. Therefore it is generically
injective. The group I"(L) is the largest subgroup of I'y acting on H(L). It is proved in [R6]
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that C(L) and .A(L) are projective varieties and that the map L — I"(L)\H(L) is an equiv-
alence of the category of admissible algebras with Rosati-equivariant embeddings in M>4(Q)
and that of irreducible varieties with closure C (L) parametrizing principally polarized abelian
varieties A; with L C EndO(AI). Similar embeddings are studied in [Sa].

For small genus the following division algebras occur as endomorphism algebras ([Sh2],
[R6]): In genus g = 1 there occur only A(Q) = A; and the CM-points A(K). In genus
g = 2, the 3-fold A(Q) = A», the surfaces A(F) for the real-quadratic fields F/Q, the curves
A(L) for the indefinite quaternion algebras L/Q and the CM-points. In genus g = 3, the
6-fold A(Q) = As, the 3-folds A(F) for the real-cubic fields F/Q, the surfaces A(K) for the
indefinite imaginary-quadratic extensions K /Q and the CM-points.

4. Humbert surfaces. We start by reviewing the classical terminology. As remarked

in the last chapter, the equation MM, = M; M for a matrix M = (_AC _DB> is equivalent

to (A + tC)t = B + tD. The disadvantage of the classical terminology is that one gets

T T .. .
! :). A Rosati invariant
3

a quadratic equation for the entries of the period matrix v = (r
2

matrix is of type
M=M=

and the above equation is equivalent to
a3t + (ag — a1t —arr3 + c(m? —1113) + b =0,

which is the type of equations studied by Humbert in the last century [Hu]. Humbert called
such a relation a singular relation.

Any Rosati invariant matrix M satisfies M> — Tr(A)M + det(A) + bc = 0, and hence
has the reduced Trace 1 (M) = Tr(A) and the discriminant

A(M) = Tr(A)? — 4(det(A) + be) = (a1 — as)* + 4(azaz — bc).

We call M primitive if Z[M] = Q(M) N M4(Z) and normalized if Tr(A) € {0, 1}. The first
aim is to prove the following theorem similar to the main result in [Hu]:

THEOREM 2. Let M| = Ml and M = Mz be Rosati invariant elements in M4(Z).
Then there exists an element o € Iy such that c e M| = oMo' = M, if and only if
t(My) = t(M3), g.cd(M) = g.c.d(M3) and A(M)) = A(M3).

PROOF. Conjugation preserves the minimal equation, and hence preserves ¢ (M) and

A(M). So let assume (M) = t(M3) and A(M,) = A(M3). Moreover, we may assume that
both matrices are primitive and normalized.
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First step: Let M = M be as above. We have

0O 01 0 a a 0 b * * * %
0 o 0 B a3 a4 —-b 0] _ * * * ok
-1 000|°l0 ¢ a al|~ 0 by —apd x *
0 vy 0 § — 0 ay a4 aé — by 0 * %

Writing —a»/b as a reduced fraction y /8, g.c.d.(y,8) = 1, it is easy to find <$ ﬁ) ©

S1(2, Z) such that a6 — by = 0. Hence we may assume ¢ = 0.
Second step:

1 0 aa O a a 0 b a a 0 b+ aas
01 0 O ol ® as —b 0] laz as * 0
0 1 0 0 ay as 0 aj as
0 1 ay as a ag

Let gi = g.c.d.(az,a3,b) and g1g»p = g.c.d.(asz, b), then b/g;g> and a3/g) g, are coprime.
Choose « such that b/ g) g + a3/ g1 g2 is prime to a; (e.g., a big prime number, using Dirich-
let’s theorem on primes in arithmetic progressions). Then the above equality shows that we
may assume (a3, b)|a3.

Third step: Let

a3 = px,

a = py,

b =pzwith(y,2) =1.

Then the equality

1 0 0 O ap aa 0 b * * 0 ab—arB
OaOﬂ.a3a4—bO_* * * 0
s 01 0 0 ar a3| |0 s(ad—by)—azy = *
0 y 0 ¢ a; as * 0 * *

implies that for (;’j ?) = (;} ;) € SI(2,Z) and s = xy we get a matrix M with
b=c=0.
Fourth step: Using

1 x\ (a1 a 1 —x\ _[(ai+xa3 ax+ (a4 —a))x — x%a3
0 1)\az as/\O 1) as as — xaz ’
we may assume that the g.c.d.(az, a3) = 1.

Fifth step: Let (a ’B) € SI(2,Z) with @ = a3, B = a3. Then

y &
1 0 1 0 ay, a aj 1
0 0
0 « 0 B ol a _|acas as
By 0 1+8y O 0 a az| 0 % %
0 vy 0 8 ay as * ok
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By using a step similar to Step 4, we may assume a; = 0. Therefore we finally obtain a
normal form for primitive normalized matrices
1
Mstandard = R tM) =1, AM)=4k+1
O 1
withk € Zand ! € {0, 1}. O

COROLLARY 3. Let M| and M, be Rosati invariant elements. Then Q(My) N M4(Z)
and Q(M>) N M4(Z) are isomorphic as Z-algebras if and only if the orders are conjugate by
an element of 1.

In classical terminology Humbert proved that up to equivalence any relation may be
written as k11 + [1p = 13 (see [HM, 2.7)).

The theorem allows us to construct the following standard model for Humbert surfaces.
Let F = Q[w] be a quadratic Q-algebra with positive discriminant A g, OF its ring of integers
and O = Z[w] the order of discriminant A = Agf 2 in OF. Hence F is a real quadratic
number field or is isomorphic to Q x Q. Let a1, 02 be the projections F ®g R=R®R — R.
Leto : F 5 x — diag(o;(x), 02(x)), which induces a map

. a b o(a) o(b)
o:8l12,F)> <c d) — (a(c) a(d)) € Sp(4,R) .
We fix a Z-basis 1 = w1, = w; for O and denote by R = (0; (w;)) the Gram matrix of F.
Then ‘RR is the symmetric positive definite rational matrix ‘RR = (Tr/g(wiw}))i, j, Where

T, denotes the trace map. Let x € F be arbitrary. Then xw; = 3 i A;jwj for some matrix
A(x) = (Aij) € M,(Q). Itis easy to check that

A(x) = 'Ro(x)'R™!

and
xe O Alx) e Mr(Z).
We fix the embedding
H)? 5 (1, ) > = (rl r2) €H,.
Because of

(A)(x[R]) = ("Ro (@) 'R™")('R7R) = ('R R)Y(R™ ' (w)R) = (x[R])('A),
we get a diagram (twice the regular representation)

O C End(Az[r)) C My(Z)
N N N
F C End(Asg) C  Ms(©@),
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where the inclusion is given by

R 0\ [(ow O \(R 0\
Foo (B 2)E@ 0) (% 2) cma.

By the last theorem any period t = nw[R] with O C End(A;) lies in a manifold H(F)
as constructed above. By taking the quotient I"(F)\H(F), we get the standard model for
Humbert surfaces. The Humbert modular group I"(F) = I"(A) is described in the following
lemma.

LEMMA 4. For any order O in a real quadratic algebra F there exists a Rosati equi-
variant embedding Vo : My(F) — M4(Q) and an element oga) € I = Sp(4, Z) of order
two, such that ;' (Im(y0) N I) = SI(2, 0) and

a b a —b
0Ga Vo ((C d)) 0Gal = YO <<_5 J )) ;
where x +— X generates the Galois group Gal(F /Q). The Humbert modular group I' (F) =

"' (A) is generated by oGa and ¥ (SI(2, O)).

PROOF. Let w? — lw — k = 0 be the minimal equation of w. Hence @ = I — w and
A(w) = 4k + 1. Then define

a a by by +1by
a1 +aw by + bow _ kas ay+lay by +1by kby+1(by + by)
v ((01 +cw d +d2w)> "N ker —lcy cl d; kdy
c 2 dp dy +ld,

This embedding is obtained by extending the above embedding of F by

a b R 0 oc@ o®B/D)\ (R 0\
MZ(FD(C d)H(O R—1)<a(c2>) a(d))(O R—') ’

where D = 2w — 1 is the different of the order O. The Galois element is given by
1 0

N T
0 -1
We omit further details, which are similar to computations in [R3]. O

We remark that the Humbert modular group I" (A ) is just the symmetric Hilbert modu-
lar group if O is the full ring of integers OF in a real quadratic number field.

5. Modular forms and projective models of Humbert surfaces. The theta con-
stants (of second kind) are given by (we use Mumford’s notation f,).

Ja(r) =6 [g:] 2r) = Z exp 2mi (r [x + %a])

x€Z9
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for a € Z9. The functions f,(t) depend only on a mod 2, and hence a is regarded as an
element in F' 29. The action of Sp(2g, Z) on Hg induces for any k € Z a (right) group action on
the algebra of holomorphic functions { f : Hy — C} by

flko(z) = det(Ct + D)~ f(o(1)).

A holomorphic function f on Hg is a modular form of weight &, or in short f € [Iy, k], if
and only if f|xo = f forall o € I'y. In genus g = 1 one has to add a condition for the cusps.
We recall from [R1] that the ring of modular forms of even weight is given by

AT = Py, k1 = (Clfa(@N")".
2lk
Here N denotes the normalization (in its field of fractions). Hy is a finite group obtained as
the image of the theta representation pgpheta : 19 — Hg/(£1) (see [R3]). The kernel of ppheta
is denoted by F; 2,4).

DEFINITION 5. A holomorphic function f on H(L) is a modular form of weight k and
type L, orin short f € [I"(L), k], if flxo = f forallo € I"(L).

(In genus g = 1 one has to add a cusp condition, but this case is not interesting for our
purpose. The varieties A(L) are just points for L # Q.) Denote by A(L) = @[I'(L), k]
the ring of modular forms of type L and by A(L) = Proj(A(L)) the corresponding Satake
compactification, which is the normalization of C(L).

Strictly speaking, it is very easy to compute the ring A(L) of modular forms. The first
step is to find all relations for the restricted functions ]% on H(L). Let G(L) = {0 €
Hg; 0 = (£)ptheta(g) for some g € I'(L)} be the image of I"(L) in the finite group H,.
The element i is always contained in G(L), therefore we always get modular forms of even
weight. The following theorem is a consequence of the corresponding result for the group
ry2,4).

THEOREM 6. The ring of modular forms of even weight is given by

AL = PIr L), k] = Clfa@19E)N.
2Jk

The problem is to find all relations and to compute the normalization. This is usually
a difficult problem. However, in some low-dimensional cases it is possible to finish the
computation ([I], [R2], [R4]). For small genus we have A(I) = C[f,(t)]"!, A(ID)2) =
Clf.(v)]"2 and A(I3) = C[f.(7)]">. We use binary numbers to index the theta constants,
i.e., (ingenus g = 2) fo = fg, N = f(l), fHh= f? and f3 = fll. In particular, Proj(A(1?)) is
isomorphic to the quotient of P? by the finite group G = H, of order 46080.

By a well-known geometric argument (Krull’s Hauptidealsatz, [H, Ex. I 2.8]) any Hum-
bert surface Ha is given as the zero set of a single irreducible homogeneous polynomial
Fa i(fo, f1, f2, f3) of positive degree in P3 divided out by the finite group G(A,i) =
T ptheta(I"(Ha 1)), where i labels the components of the covering of Ha in level I 2* 2,4).
All the groups G(A, i) are conjugate in G. The equation is not unique. However, all these



ENDOMORPHISM RINGS OF ABELIAN SURFACES 293

equations are in one orbit under the action of the finite group G. It is a famous observation by
van der Geer ([vdG1]) how to find the degree. Consider the modular form of weight 5/2 on
I'11(4) (in the 4--space) with g-expansion (g = exp(27it))

fo (fé‘ - %f{‘) (©)

=1-) ang® =1-(10g +70¢* +48¢° + 120¢° +250¢° +240¢'* - - - .

A>1
Let
10 A=1()
m(A) = [ : Q2,4 (Hpa,i)]=1 60 A=0(4)
6 A=508)

be the number of components of the covering of Hp in level (2, 4) (this computation is
straightforward, see also [B3, 7.13] for a similar computation in level 2, where the number of
components is 10, 15 and 6, respectively for the cases as above) and let

/2 x=1,
vix)=1{ 1 x>2,xeN, x=0,14),
0 else.

Then we have A A
an = Xx: v (x—z) m (F) deg(F(A/xz)',-) .
Using a formula of Siegel, the coefficients of the modular form may be computed alternatively

by
A — x? 12A —2 if Aisasquare,
aA_M);ZUl( 4 ):l 0 else.

Therefore we get the following table:

A 1 4 5 8 9 12 13 16 17 20 21 24 25 28 29 32
ap 10 | 70 | 48 | 120 | 250 | 240 [ 240 [ 550 | 480 | 528 | 480 | 720 | 1210 | 960 | 720 [ 1080
deg(Fp) | 2 1 8 2 24 4 40 8 48 8 80 12 120 16 | 120 16

We remark that [R5] answers the question (posed in [vdG1, p. 333]) to give a direct way
to compute the Hodge diamond of .4,(2). The Hodge numbers are given by 4;; = 1 and
hi,j = O fori # j. After blowing up the singularities, one gets hj,; = hp2 = 16, hoo =
ha3z = land h; ; = 0 fori # j. This information is sufficient to compute deg(Fa ),
which is explained in [vdG1, Chapter 8]. In principle this allows us to compute equations
Fa ;i for Ha for any discriminant A = 4k + [. One takes one of the components in level
1"2* (2, 4) (we call this component the standard component and put FA = Fa standard, because
it is associated to ogtandard With # (¢tstandard) = I € {0, 1} and A (tstandard) = 4k + [) containing

period matrices of type ) and takes the (p—gq)-expansion with pg = exp2rwit/4

b4
kt 41z
and g = exp 2miz/4 of the theta constants

3 T z _ (2x+a)2+kQy+b)? _1Q2y+b)>+2(2x+a)(2y+b)
fb(<z kr+lz)) X;ZPQ 1 ’
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which is a power series in Z[[ p, ¢]]. The equation Fa (fo, f1, f2, f3) = 0inZ[p, q1/(q", p™)
for n > 1 has a unique non-trivial solution of the correct degree, which can be computed by
solving a linear problem for the coefficients of Fa. For the following examples we use the
notation (a, b, c,d) = fy flb fy f3d. To get the equation of the other components in level
I’} (2, 4) one uses the theta representation. If o () = @standard, then o @ H(ar) = H(tstandard)
and piheta(0) (Fa) is the equation of the component containing I" (A, ) \H(w).

The easiest example is H; with F; = (1,0,0,1) — (0,1,1,0) = fof3 — f1f2. This
Humbert surface is a quotient of P! x P'. We refer to [R5] for more detailed information. For
discriminant 4 we get the linear equation 4 = (0, 1,0,0) — (0, 0, 1,0) = f; — f>. Therefore
Hj is a quotient of P2. For discriminant 5 we get Fs = (4,4,0,0)+(4,0,4,0)+(4,0,0,4)+
0,4,4,0)+(0,4,0,4)+(0,0,4,4)+2(2,2,2,2)—2((5, 1,1, D)+(1,5, 1, H)+(1, 1,5, D+
(1,1,1,5)). For discriminant 8§ we get Fg = 2(1,1,0,0) — (0,0,2,0) — (0,0, 0, 2), and
for discriminant 12 we get Fj = 4(2,1,1,0) +4(0,1,1,2) — (0,4,0,0) — (0,0, 4,0) —
2(0,2,2,0) —4(2,0,0,2). In Appendix we give equations for the discriminants 16, 20, 24
and 28 of degree 8, 8, 12 and 16, respectively. Using the old-fashioned theta constants of
Riemann, instead of the f,’s, Humbert calculated an equation for discriminant 1, 4, 5 and 8 in
a much more complicated way ([Hu]). This was reestablished by Hashimoto and Murabayashi
in [HM] (see also [B1-3]).

6. QCM-orders and QCM-curves. We recall that an order R in an indefinite rational
quaternion algebra A = R®Q is called a QCM-order if R = End(X) for some abelian surface
X. This is equivalent to that L = R ® Q is admissible and R = L N M4(Z) for some Rosati
equivariant embedding L C M4(Q). In a rational quaternion algebra A any element satisfies
an equation x% — t(x)x + n(x) = 0, where #(x) and n(x) are called the reduced trace and
norm (see [E]). The map n : A — @ is multiplicative and ¢ : A — Q is additive. The main
anti-involution is defined by x = #(x) — x and the “Zwischennorm” is defined by

n(x,y) =n(x+y) —nx) —n(y) =n(y,x) =t(x)t(y) —t(xy) =xy +yx =yx +xy.

The discriminant form is defined by

1
Alx,y) = E(A(x +y) — A(x) — A®y)) = 2t(xy) — t(x)t(y) = t(x)t(y) — 2n(x, y),
and the discriminant d(x, x2, x3, x4) of a module generated by x, ... , x4 is defined by
d('xli X2, X3, x4)2 = - det(t(x,x])) .

Obviously, n(x, x) = 2n(x) = 2xx, A(x) = A(x,x) = t(x)2 — 4n(x) and n(x, 1) = 1(x).
While the sign of the discriminant varies in the literature, we always choose the positive sign.
The discriminant of A is defined to be the discriminant of some maximal order R in A. The
discriminant form is identically zero on Q, and hence determines a ternary quadratic form on
A/Q.

THEOREM 7. Any QCM-order can be writtenas R =Z ® Za ® Z8 & Zaf, where o
and B are primitive Rosati invariant elements of positive discriminant A(c), A(B), such that
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the discriminant matrix

A, B) A(B)
is positive definite. The discriminant of R is d(R) = det(Sa)/4.

PROOF. It follows from Theorem 1 that R®@ Q = Q @ Qu & OB & QuapB, where o
and B are Rosati invariant elements of positive discriminant A(«), A(f). Moreover, up to
multiplication by a non-zero rational number, the element y = o8 — B is a unique element
with = —y. The algebra R ® Q is admissible if and only if vyt = —n(y) = (A(e, B) —
A(ax)A(B))/4 is a negative number. Since we have R = R ® QN M4(Z), we may assume that
« and B are primitive normalized elements of R. By Theorem 2 we may assume that («, )
are as follows:

Su = ( A@ A, ﬂ))

0 1 0 ap ap 0 b
k 1 _|la a —-b 0
0 0 k)’ B = 0 ¢ a a3

1 !

— 0 a a4
We have 1(a) = I, n(a) = —k, A(a) = 4k + 12, t(B) = a1 + a4, n(B) = bc + ayas — azas,
A(B) = (a1 — as)* + 4(aza3 — be), Ale, B) = t(@)t(B) + 2(kaz + a3 — lay), n(a, B) =
—(kay + a3 — lay). We may assume furthermore that 8 — aa — a; is primitive, and hence
(a3 — kap, a4 — a; — lay, b, c) = 1. We have

1 0 0 O a a 0 b * * 0 b

0 1 0 0 a3 a4 —b 0| | * *x —b 0
ky—Ix x 1 O lo ¢ ai a3l | 0 ¢ x x|

X y 0 1 — 0 a as —¢ 0 x %

where ¢ = ¢+ x(ag —ay — lap) — y(kay — a3) + b(x2 - ky2 + Ixy). We may choose x such
that ¢ + x(as — a1 — lay) = (c, a4 — a1 — lay) p; for some prime p; not dividing kay — as,
and choose y such that ¢ + x(as — a) —laz) — y(kay — a3) = (c, a4 — a1 — lap, kay — a3) pa
for some big prime p; not dividing b. Hence we may assume that the g.c.d.(b, c) = 1 for
a basis (o, B). Now it is easy to check that g.c.d.(b,c) = 1 for a basis («, B) implies that
O, B) NMy(Z)=ZDZa ®ZB ®Zap. The computation of the discriminant is omitted. [

LEMMA 8. Leta and B be Rosati invariant elements of M4(Q). Then it holds that
af + Ba =t(@)B+t(Bla —n(x, ).
In particular, if Q(«) and Q(B) are real quadratic fields such that Q(«) # Q(B), then Q(c, B)
is a quaternion algebra.
PROOF. This can be shown by routine calculation, which we omit here. O
The following results generalize those in [Ha].

COROLLARY 9. For an order O = Z[w] of positive discriminant A with A = 0, 1(4)
and a discriminant matrix Sp of a QCM-order R the following conditions are equivalent:
(i) A is primitively represented by the quadratic form Sx.
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(ii) There exists an embedding O — R such that R N Q(w) = O.

(iii) A QCM-curve with QCM-order R is contained in the Humbert surface H.

Moreover, for A(a) # A(B), a QCM-curve with QCM-order R is a component in the
intersection Ha ) N Ha(g) if and only if

t _(A@) *
for some g € GI(2,2Z).

A QCM-curve with QCM-order R is a component in the quotient X1 N X72/G(A, 1) N
G (A, 2) of two non-identical components X, Xy of the covering of Hp in level T 2* 2,4 if

and only if
' (A x

for some g € GI(2,Z).

PROOF. For any closed point t of the QCM-curve C(R) outside a set of measure zero
(i.e., outside a countable set) we have End(A;) = R. If the curve is a component in the
intersection Ha () N Ha(py, then there exist Rosati invariant elements «, 8 in R with the
given discriminants. By Lemma 8 the elements @ and § generate an order contained in R,
which generates the same quaternion algebra Q(«, 8) = R ® Q. Therefore Z[w, B] is a QCM-
order. This induces an embedding of algebraic curves C(Z[«, 8]) C C(R), which must be an
isomorphism on an open set. Hence Z[«, 8] = R. g

If A is a non-zero square, the Humbert surface Hy is the closure of a set of period points
corresponding to abelian surfaces which are isogenous to a self product of an elliptic curve
(i.e.,0(t) = m x 7 for some o € M4(Z) withaé = n € N). Therefore, in this case End(A;)
contains an order in M7(Q). More generally, if the discriminant form of an QCM-order R
represents a non-zero square, all period points correspond to non-simple abelian surfaces. We
call the corresponding QCM-curves non-simple. Otherwise we call it simple. A CM-point is
simple if it corresponds to a simple abelian surface. There cannot be any simple CM-point on
a QCM-curve. The only CM-points on a QCM-curve which can occur correspond to abelian
surfaces with multiplication by some order in M, (K) for an imaginary quadratic number field
K. However, up to countable many exceptions any period point on a simple QCM-curve
corresponds to a simple abelian surface with complex multiplication (actually quaternionic
complex multiplication) given by the QCM-order.

Our next problem is to characterize bases up to conjugation by a symplectic matrix.
So consider two bases (a1, B1) and (a2, B2) of abstractly isomorphic orders R and R;. By
Theorem 2 we may assume that « = o} = o is normalized and primitive of discriminant
A(a) = 4k + 1. Moreover, we may assume that 81 and B, are primitive and normalized. We
will compare (c, B;) with a certain standard basis (a, B) with the same discriminant matrix.
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We have that
ay ap by by +1by Ay Ay 0 b
_ kay ay+lay by+1by kby+1(by +by) Ay t—A; -b 0
Mepi = kcy — ey c] di kdy °lo c Al Az
cy () dy dy +1dp —c 0 Ay t— A
0 0 0 1
a t -1 0
=p= 0 « 0 a
-« 0 0 ¢

witha = A3 + kA —IA] = —n(a, B1) and k = bc + At — A1? — Ar2Az = n(By), is
equivalent to
c1 = Aray + Azaz — c(by + 1by),
¢ = Aza1 + (t — Apazx +cby,
dy = —bay + A1by + Az(b) + 1),
di =ba) + Azby + (t — A (b1 +1by) — 1d; .
The matrix M with these (cy, ¢3, d1, d2) is symplectic if and only if
1 = a1dy + kaxdy — kbyepr — by,
which is equivalent to
1 :(bal2 +(t —241 —1A)a1b; + cb%) +l(bajaz + (t —2A1 —lAz)a by + cb1by)
+ (A3 — kA2)(a1by — brap) — k(ba% +(t —24A1 —lA2)axbr + cb%).
Therefore we have reduced the question of the equivalence of a basis to the standard basis

(a, B) to the question if 1 is represented by the quadratic form g(x) = 1/2(*x Bx) with the
symmetric integral matrix

2b t—2A1—-1A; Ib A3 —kAy+1(1t —2A1 — Ap)

p=|* 2c kA — A3 lc
o * —2kb —k(t —2A1 —1A3)
* * * —2kc

of determinant det(B) = ((A(x)A(B) — Ala, ,8)2)/4)2 = d(R)%. Considered as a quadratic
form over the real numbers, the form has signature (2, 2). The discriminant matrix
55 = ( A@ A, ﬂ))
Ala, B)  AB)
of a QCM-order R is called primitive if g.c.d.(A(@), A(e, B), A(B)) = 1. The main result of
this paper is the following theorem, which is similar to Corollary 3:

THEOREM 10. Let R| and Ry be two QCM-orders with primitive discriminant matrix
Sa. If they are isomorphic as Z-algebras, then they are conjugate by an element of I',.

To prove the theorem we recall some facts about quadratic forms. For proofs we refer
to [Kn], [Ki] and [MH]. Let A be a commutative ring and E a free A-module together with
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a quadratic form g : E — A (g(ax) = azq(x) and b(x,y) = g(x +y) — qx) — q(y) is
bilinear). Let B = b(e;, e;) be the matrix of b with respect to some basis {e;}. The quadratic
module (E, g) is called regular if d(E, g) = det(B) is a unit in A. In our applications, A is Z
or the complete discrete valuation ring Z, with quotient field @, for a prime p or Z = R.
For a quadratic Z-module E we put E, = E ® Z,. Two quadratic Z-modules are in the
same class if and only if they are isomorphic as quadratic Z-modules and belong to the same
genus if and only if the E,’s are isomorphic as quadratic Z,-modules for all p including
p = oo. If (E, q) is a quadratic Z-module with d(E, g) # 0, and the rational number ¢ € Q*
is represented by all E, including p = oo, then there exists a quadratic Z-module in the
genus of E representing ¢ ([Kn, 21.1]). If (E, g) is a regular quadratic Z ,-module for a prime
p of rank > 2, then every unit ¢t € Z’; is represented by (E, g) ([Kn, 14.6]). There is an
intermediate notion of spinor genus between class and genus. Putting [Kn, 24.2] and [Kn,
24 .4] together we have:

THEOREM 11. Let (E, q) be a quadratic Z-module with d(E, q) # 0 of rank > 3.
Suppose that E is indefinite. For any ( finite) prime p, suppose that E, = (M, cpqp) L N,
for some regular quadratic Z,-module (M, qp) of rank(Mp) > 2. Then the genus of E
contains only one class.

Now we can prove Theorem 10.

PROOF. LetR=Z D Zax & ZB ® Zap be a QCM-order with & and g primitive Rosati
invariant elements of positive discriminant A(c), A(B) and discriminant matrix Sx. Using
the notation as above, we see that some of the sub-determinants of B are given as follows:

det( 2b t—2A1 —1A;

- _ . 2
t—24, — 1Ay 2 )— A(B) +2A2A(a, B) — A@)A2”,

2c e\ _ 2b b\ _ 2
det (lc —2kc) = —cA(a), det (lb —2kb) = —bA(x), detB=d(R)".

For any (finite) prime we have to study the conditions of Theorem 11. If the prime p is prime
to d(R) or bA () or cA(), then the conditions are obviously satisfied and 1 is represented by
q. So suppose that p divides d(R), bA(a) and cA(x). If p divides A(), then it divides also
A(a, B), and hence by the primitivity of Sp we get that A(B) is prime to p and the conditions
are satisfied. So suppose that p is prime to A(«), and hence p divides b and c. But we may
assume that (b, ¢) = 1 (see the proof of Theorem 7). Hnece all assumptions of Theorem 11
can be satisfied. Therefore 1 is represented by the quadratic form B. Hence there is a standard
basis like

0 1 0 0 0 0 1

o= k 1 = a t -1 0
0 0 k}° 0 ¢ 0 a

1 1 — 0 0 t

with the same discriminant matrix So. This standard basis has A(a) = 4k + [2, A(B) =
12 — 4c, A(a, B) = t(a)t(B) + 2a, which provides a basis for arbitrary discriminant matrix
Sa. O
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COROLLARY 12. A basis

0 1 0 0 0 0 b

o= k 1 g = a t —=b 0
0 0 k|’ 0 ¢ 0 a

1 ! - 0 0 1t

is equivalent to a standard basis, if the class number h,, (Ap) is 1, where

_ b t/2\. (b,t,c)=1
l’l++(Aﬂ) _#{(I/Q. c ), t2—4bC= Af;] mod Gl(2,Z)

EXAMPLE 13. Consider the elements

o1 0 0 0 1 0 0 0 2
we |5 0 ﬂ=51—1oﬁ=51—20
005" 0 6 0 5| F2 0 3 0 5
10 -6 0 0 1 3 0 0 1

Then we have A(a) = 20, A(Bi) =25,d(Z & Za & ZB; & Zaf;) = 100, and the quadratic
form ¢ and the discriminant matrix Sa are given by

4 1 0 5
1 -6 -5 0 20 10
B=lo -5 20 -s|- SA_(lO 25)‘

5 0 -5 30
It is easy to check, for example by computations mod 5, that 1 is rot represented by g. (The
Corollary 12 cannot be applied, because A4 (25) # 1.) Therefore the orders Z@® Za ®ZS d
ZaBy and Z & Zo @ ZBr & Za B, are abstractly isomorphic. However, they are not conjugate
mod I;. Therefore the primitivity of S is an important assumption in Theorem 10.

REMARK 14. It would be interesting to have a formula for the number of discriminant
forms of QCM-orders

B (A1 A\, SA>0, detSp =4d
hQCM(d)—#{SA_<A A2>’ A, Ay =0,14)

for the cardinality AQcM,primitive Of the subset of primitive classes and hgcwm simple for the
cardinality of the subset of simple classes. (A class is simple if it does not represent non-zero
squares, and a class is primitive if the g.c.d. is 1.) The first few values are given by

} mod GI(2,Z)

d 1(2|3|4|5(6|7|8|9]10]11
hQcM,primitive(d) | 1 [ 1| 12122 [1]2|3]2 |2
hQcM,simple(@) [0 [0 00|01 ]{0|0[0O] 1] O
hqem(d) 114121312122 (3|3]2]3

The computation is done by considering the reduced Sa, which we define by 0 < A <
A1/2 < A < Ay = (A? 4 4d)/A;. Using the action of GI(2,Z), any Sa is similar
to a reduced matrix. There are only finitely many such reduced Sa, which follows from
3A% < 16d.
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We will denote by Cs the QCM-curves for QCM-orders R with primitive discriminant
matrix S. This notation is justified by Theorem 10. With this notation we get:

COROLLARY 15. For coprime discriminants A1 and A3, the intersection Hx, N Hp,

a ) with 0 < a, a®> < A\A; as irreducible compo-

contains all the QCM-curves C A
< a A

nents.

W

EXAMPLE 16. The intersection Hs N Hg contains C(S 0\’ C 5 9\ C 5 1\
0 8) (2 8) (l )

. . 5 6. . . 1 0 5 4
C (1 0) as irreducible components, because (6 8) is similar to (0 4) and ( 4 8)
0 4

i similar ¢ 5 1
is similarto { | 5 ).

EXAMPLE 17. The intersection Hi N Hy = C 1 0 is a quotient of a plane quadric.

o )
It is a non-simple curve. If we put I" = SI(2, R) N R for the corresponding QCM-order R, we
get a non-standard model of the compactification of the modular curve I"\H parametrizing
abelian surfaces with quaternionic multiplication by a maximal order R (of discriminant 1)
in M>(Z). There are two different QCM-curves for discriminant 6, namely C (1 0) (non-

0 24
simple, which is a component of Hy N Hy4) and C (5 1) (simple, which is a component of

1 5
Hs N Hg). There are two different QCM-curves for discriminant 10, namely C 1 O) (non-

0 40
simple) and C (5 0) (simple, which is another component of Hs N Hg). For discriminant 26

0 8
the classes for discriminant matrices are given by

1 0 5 1 8 0 9 2
0 104/ \1 21/°\0 13)°\2 12)°

which are all primitive. Therefore there are 4 different QCM-curves with discriminant 26. For
discriminant 15 the classes for discriminant matrices are given by

1 0 4 2 5 0 8 2
0 60/° \2 16/ \0 12)°\2 8)"
which are not all primitive. Therefore there are at least 4 different QCM-curves of discrimi-

nant 15. This covers the examples in [Ha].

These examples illustrate that in principle it is always possible to compute projective
models for QCM-curves. One has to identify various components between intersections of
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two Humbert surfaces. For this purpose it is useful to consider other Humbert surfaces con-
taining the corresponding QCM-curve. This produces equations which help to decide which
component is the right one.

APPENDIX. In this appendix we give formulas for Humbert surfaces of discriminant
16, 20, 24 and 28 of degree 8, 8, 12 and 16, respectively. For discriminant 16 we get

Fi6 =(0,0,8,0) +(0,0,0, 8) —4((0,0,6,2) 4+ (0,0, 2, 6)) + 6(0, 0,4, 4)
+16((4,0,2,2) +(2,2,4,0) + (2,2,0,4) + (0,4, 2, 2))
—8((3,1,4,00+(3,1,0,4) + (1,3,4,0) + (1, 3,0,4))
—48((3,1,2,2)+(1,3,2,2)) +64(2,2,2,2)

For discriminant 20 we get
Fpp =64((6,0,0,2) 4+ (2,0,0,6)) +70(0, 4,4, 0)
—16((4,3,1,0)0+(4,1,3,00+(0,3,1,4) + (0, 1, 3, 4))
—32((4,2,2,0)+ (2,4,0,2) + (2,0,4,2) + (0, 2,2, 4))
+128(4,0,0,4) — 128(2,2,2,2) —96((2,3,1,2) + (2, 1,3, 2))
+((0,8,0,0) + (0,0, 8,0)) + 8((0,7,1,0) + (0,1, 7,0))
+28((0,6,2,0) + (0,2,6,0)) + 56((0, 5, 3,0) + (0, 3, 5,0))
For discriminant 24 we get
F4 =((0,0, 12,0) + (0, 0,0, 12)) — 128((7, 3,2,0) + (7, 3,0, 2)) + 64(6, 6, 0, 0)
— 128((6,2,4,0) +(6,2,0,4) + (2,6,4,0) + (2,6,0,4))
+ 64((5,5,2,0) + (5,5,0,2)) + 15((0, 0, 8, 4) + (0, 0, 4, 8)) + 20(0, 0, 6, 6)
—32((5,1,6,0)+ (5,1,0,6) + (1,5,6,0) + (1, 5,0, 6))
—352((5,1,4,2) + (5, 1,2,4) + (1,5,4,2) + (1,5,2,4))
+240((4,4,4,0) + (4,4,0,4)) +480(4,4,2,2)
—192((4,0,6,2) + (4,0,2,6) + (0,4,6,2) + (0,4, 2, 6))
+640((4,0,4,4) + (0,4,4,4)) —128((3,7,2,0) + (3,7,0,2))
+288((3,3,6,0) + (3,3,0,6)) — 160((3, 3,4,2) + (3, 3,2,4))
+124((2,2,8,0) + (2,2,0,8)) —400((2,2,6,2) + (2, 2,2,6))
+1000(2, 2, 4,4) +20((1, 1, 10,0) + (1, 1, 0, 10))
—28((1,1,8,2) +(1,1,2,8)) — 184((1,1,6,4) + (1, 1,4, 6))
+256((0, 8, 2,2) 4+ (8,0, 2, 2)) + 6((0, 0, 10, 2) + (0, 0, 2, 10))
For discriminant 28 we get
Frg =1024((10,4,0,2) + (10,0,4,2) + (2,4,0,10) + (2,0, 4, 10))
—1024((10, 3, 3,0) + (0, 3, 3, 10)) — 1024((10, 1, 1, 4) + (4, 1, 1, 10))
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—512((8,6,2,0) + (8,2,6,0) + (0,6,2,8) + (0, 2, 6, 8))
—512((8,5,1,2) + (8,1,5,2) + (2,5, 1,8) + (2, 1,5, 8))

+ 1280((8,4,4,0) + (0,4,4,8)) + 1024((8, 3,3,2) + (2,3, 3,8))
—512((8,2,2,4)+ (4,2, 2,8)) +256(8,0,0, 8)
—64((6,9,1,0) + (6,1,9,0) + (6,9, 1,6) + (0, 1,9, 6))

— 1024((6, 8,0, 2) + (6,0, 8,2) + (2,8,0,6) + (2,0, 8, 6))

+ 1536((6,7,3,0) + (6,3,7,0) 4+ (0,7,3,6) + (0,3,7,6))
—256((6,6,2,2) +(6,2,6,2) + (2,6,2,6) + (2,2, 6, 6))
—896((6,5,5,0)+ (0,5, 5, 6))

— 3328((6,5,1,4)+(6,1,5,4) + (4,5,1,6) + (4, 1,5, 6))
+2560((6,4,4,2) 4+ (2,4, 4,6)) +256((6,4,0,6) + (6,0, 4, 6))
+512((6, 3,3, 4) + (4, 3, 3, 6)) + 3584((6, 2, 2, 6))

+ 480((4, 10, 2,0) + (4,2, 10,0) + (0, 10,2,4) + (0, 2, 10, 4))
—640((4,9,1,2) +4,1,9,2) + (2,9,1,4) + (2,1,9,4))
—128((4,8,4,0) + (4,4,8,0) + (0,8,4,4) + (0,4, 8,4))
+3168((4,8,0,4) 4+ (4,0, 8,4))

+768((4,7,3,2)+ (4,3,7,2) +(2,7,3,4) + (2,3,7,4))

— 1216((4,6,6,0) + (0, 6, 6,4)) +4992((4,6,2,4) + (4,2,6,4))
—9472((4,5,5,2) + (2,5,5,4)) + 1088(4, 4,4, 4)
+48((2,13,1,0)+ (2,1,13,0) + (0, 13, 1,2) + (0, 1, 13, 2))
+144((2,12,0,2) + (2,0, 12, 2))

+32((2,11,3,0) + (2,3, 11,0) + (0, 11, 3, 2) + (0, 3, 11, 2))
—2272((2, 10, 2,2) + (2,2, 10, 2))

—304((2,9,5,0) +(2,5,9,0)+ (0,9,5,2) + (0, 5,9, 2))
+1904((2, 8,4,2) + (2,4, 8,2)) —576((2,7,7,0) + (0,7,7, 2))
+8640(2, 6, 6,2) + ((0, 16,0, 0) + (0,0, 16, 0))

+ 8((0, 14, 2, 0) + (0, 2, 14, 0)) + 28((0, 12,4, 0) + (0, 4, 12,0))
+56((0, 10, 6, 0) + (0, 6, 10, 0)) + 70((0, 8, 8, 0))
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