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COHOMOLOGY THEOREMS FOR ASYMPTOTIC SHEAVES

JORGE M0Z0 FERNANDEZ
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Abstract. In this paper, we study the sheaves AEO and .AZ._" of strongly asymp-
totically developable functions with null expansion, which are subsheaves of .A defined by
Majima. Following the method developed in one variable by Sibuya, and in several variables
by Majima, we compute the first cohomology group of the n-torus and the boundary of the
real blow-up with coefficients in these sheaves. The same technique is used to study the mul-
tiplicative case (sheaves of non-abelian groups), in order to calculate the first cohomology set.
This generalizes previous results of Majima, Haraoka and Zurro.

1. Definitions and notations. A polysector V = V| x --- x V,, in C" is a product of
open sectors, an open sector being a set of the type

Vapr=1{z€C|a<argz <B,0<|z| <R},

where R € (0, oo]. The number B — « is the opening of V, g r. A subpolysector W of V
(W < V)is Wy x --- x Wy, where W; is a closed sector of finite radius and strictly smaller
opening than V;.

A(V) will denote the C-algebra of functions that are strongly asymptotically developable
in V, introduced by Majima in [M1]. Let us recall that f € A(V) if and only if there exist a
family of functions

F={fas(zse) €OVye) |8 # T S{1,... ,n},a; € N’}
such that, if W < V and N € N", there exists Cy,y > 0 with

|f(2) — Appn (F)@)| < Cw,w - 12V] in W,
where
Appn(F) @)= Y Y D =DM £y o) -2
B#J<(1,...,n} jeJ ay<Ny

and J¢ = {1,...,n}\ J. We have used the following notations: if J € {1, ... ,n}, V; :=
I jes Vj» and z; is the element of V; obtained by projection of z € V to V;. This family F
(the total family of coefficients of f) is unique, and it will be denoted by T A(f). As in [M1],
for f € A(V),0#J C{1,...,n}, FA;(f) will denote the series

FAj(f)= ) fa,(2s9)2] € AVo)llzs]l.
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If J ={1,...,n}, weshall write FA(f) instead of FA;(f).

For the main properties of A(V) the reader can see [M1, M2, Mo].

We shall use freely multi-index notations, such us z% := z'f' <--zp", ..., as we have
already done. Also, if ¢, 8 € N", a < B will mean that each component of « is strictly
smaller than the corresponding component of 8.

If s = (s1,....5:) € RZ;, As(V) is the C-subalgebra of A(V) of s-Gevrey type
functions (see [Ha]). This means that, with previous notations, one can choose Cw y =
Cy - AI‘X, - N, for certain Cy, > 0 and Aw € (R-0)", independent of N.

As usual, O will be the ring of germs of holomorphic functions at the origin, and O(U)
the set of holomorphic functions defined in the open set U. This defines a sheaf, that we shall
also denote by O.

Fixing coordinates zy, ... , z,, E will be a (germ of) normal crossing divisor or a linear
subvariety. So, if H; is the hyperplane defined by the equation z; =0 fori =1, ... , k, then
E=HU.--UHyorE =H;N---N H. AEO(V) is the subset of A(V) whose elements
vanish on E, i.e., equivalently,

1. If f € A(V) and TA(f) = {fa, (zsc) € A(Vye) | @y € N7} is the total family of
coefficients of asymptotic development for f, then

(@ ifE=HU-.--UH, f4,(zjc) =0whenever {1,... ,k}NJ #0,

(b) if E=HiN---NHy, fo,(zjc) =0whenever {1, ... ,k} C J.

2. If W < V, there exists a C™ extension F of f|w such that F =0on E.

This equivalence is an easy consequence of the results in [Z].

Obviously, E; C E; & .AE;)(V) c AE?(V). We define analogously, if k = 1/s =
/sty ..., 1/sp), AE_K(V) = AEO(V) N As (V) (we keep the usual notations of the 1-
dimensional case used by Malgrange and Ramis).

Let 7 : C — C be the real blow-up of C at 0, with Tt_l(O) = S!, the points of st
representing real directions from 0 in C. C " will be the componentwise real blow-up (we
blow up each component separately, see [M2, p. 37]). It is a real manifold with boundary
3C", where 3C" is the inverse image by 7, : C " > C" of the coordinate hyperplanes
HyN---NH, LetusputX; = 7 (H). So, 3" = X; U---U X,. Over C" we
define sheaves A, A,, A0, Ag_" from the above definitions. If z ¢ aC ", the stalk F, (F
being one of the above sheaves) coincides with O. So we are mainly interested in the study
of these sheaves over 3C". In particular, we shall compute the first cohomology group of
AEO, AE"‘ following the method developed by Sibuya. We shall need to compute H! also
over T" = Xy N---N X,. In this case, some of the results had already been obtained by
Majima [M1], Haraoka [Ha] and Zurro [Z] (the last author uses a different method, following
Malgrange in [M1]). We will reprove them in order to obtain a global vision.

Given a Fréchet space L, A(V; L), As(V; L), ... will denote the sets of strongly asymp-
totically developable functions with values in L (so, A(V) = A(V; C)), with obvious modifi-
cations of the definitions. The set A(V) is itself a Fréchet space, where a family of seminorms
is given by

pw.n(f) = sup{|DV f(2)|/z € W},
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and in fact we have canonical isomorphisms A(Vy; A(V3)) = A(V; x V2). Precise details of
this approach can be read in [He]. L{z} will denote the C-algebra of convergent series with
coefficientsin L, i.e., if Y_ ayz® € L[[z]] and p is a continuous seminorm on L, Y plag)z® €
C{z}.

2. First cohomology group of the asymptotic sheaves.
2.1. Mainlemma. The following result generalizes Cartan’s decomposition lemma of
complex analysis.

LEMMA 2.1. Let f € A(<z(|)=0)' IfVi ={z1 € Cla < argz; < b, |z1] < R}, denote
Vi = {zeCla <argz < b+ 2m,|z| < R}. Then there exist F € AWVi x V3 x -+ X V)
such that
F@1e? 22, ... .2) = F(21, ... 2n) = f(2).
If1¢J,then
Fo, (216 zje\(1)) — Fa, (25¢) = fu, (2¢)
If in addition, f € A;(V), F € A;(Vi x V3 x -+ x V).

SKETCH OF PROOF. As in the case of one variable (see [S]), we define F(z) as the
Cauchy-Heine transform (with parameters) of f in the first variable. This F verifies the
required properties. g

2.2. Cohomology over T". A good covering of S' will be a covering by (at least
three) open intervals, each three of them having empty intersection. Every interval in S!
represents a sector at the origin in C, forgetting the radius. A good covering of T” is a product
of good open coverings of S!. As every open covering of T" can be refined by a good covering
U, we only need to compute H L@; ). In the sequel, we shall identify sectors with intervals
of SI.

PROPOSITION 2.2. LetV = {Vi,...,V,} be a good covering of S', and V' a poly-
sector in C" 1, IfVij =VinVj,let fiit1 € A(Viiy1 x V') such that

Y FAm(fiir1) =0 € AV)Iz1]].

Then, there exist f; € A(V; x V') such that f; j+1 = ﬁ+1|l’i,f+1xV’ — fiiviymxvl-
If fii+1 € As(Viiz1 x V'), then fi € As(Vi x V') (provided that the openings of V;
and V' are sufficiently small).

REMARK 2.3. One can observe that this is a reformulation of [M2, Th. 3.2. (iii)].

PROOF OF PROPOSITION 2.2. By a theorem of Borel-Ritt, take g; € A(V; x V') such
that
i—1

FA@(g) =Y FAR (fiks1)
k=1
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(=2,...,r+1=1.Ifhjit1 = fii+1 — gi+1 + gi» FAQy(hii+1) = 0. Let us suppose
first that h; ;41 = 0 if i # 1. Then, Lemma 2.1 gives us a function Hj;, and we define
hi = H|y, - It follows that iy — hi = hiit1.

In general, let hi.’i‘H € A(V; x V') such that

ii+1 i,i+1
R — R = i

The functions
r
fi=g+ Y i
i=1
give the result. The Gevrey case is similar. O

Proposition 2.2 is essentially a result in one variable, but it can be used in order to prove
the corresponding assertion in several variables:

PROPOSITION 2.4. LetV = {V;; x --- x V;,} be a good covering of T". Then, the
map

H'(V; A) > H'(V; A/AFY)
is injective. Namely, for each i = (i1, ... ,ip), i = (i{,... i), let fiy € A(V; N Vy)
satisfying the cocycle condition, such that

[(fi.i)i.i'] = O as an element of H'(V; A/AEO) ,

[- - - 1 meaning the equivalence class. Then [(f; )i '] = 0 as an element of H Ly; A).
If fi.r @ € Ag(Vi N Vi) and [(f,i)i] = 0in H'(V; Ag/AF™%), then [(f;,i)iir] = 0
in H\(V; As).

PROOF. Suppose first that E = (0). The exactness of the sequence
0— A5 —> A Cllz]l > 0

shows that A/ A5® = C[[z]] (Taylor map).
If 7and 7’ are (n — 1)-tuples, we denote

Ajy = Z FAW (foeiy.w+1,0)) € AVEN VD)[[z1]],
%

By = Z FAW(fn), k) € AVEN V)[lzi]].
3

The cocycle condition implies that

Sy, k) + fpy, k1,0 = Fikiy,te+1,0) + foet1,0),(k+1,7)
and so
By + Avy = Aii + Biy .
In the intersection V; N V;r, A;; = Ay v and so, they glue together in

AeOD; x - x Dlz1]].
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The hypothesis shows that the Taylor series of A at the originis 0, so A = 0 = A;;. Now
we use a kind of argument that has been developed in [M1]. By the previous proposition, we
can find f;, 7y € A(V;; x Vj) such that

fan.an = fan = fan
and

Zf(il,i),a,(zﬁ) =0 ifl¢J.
i
Again by the cocycle condition, the equality

fa.an — fan t fan = fan.arn — farn + farn
holds in the intersection of the domains (for indices i1, i{, i{, i{" and (n — 1)-tuples 7, 7).
For, add f, 7),41.v) + farny = fari.a). 0+ fan.arn + S to each side of the equality
f(i‘,;,) + f(iii’)-(ii"i’) = f(ii"-?)‘ By glueing together the preceding functions, we obtain
far) € A(Dy x (ViN V).

We keep the same conditions as in the beginning of the proof (identify A(D x V) =
A(V; O(D)) and consider asymptotic developments with values in the Fréchet space O(D)).
So, for each (n — 2)-tuple 7, construct functions

firr) € A(Dy x Vi, x Vi)
such that
fiyn = fa) = fan.an
and we iterate the process, obtaining for (n—k)-tuples j = (jk+1, - - . » jn), j’:(j,iﬂ, v dn)s
and indices ji, j;, functions
fi € ADy x -+ x D x Vj  x---x V),

f(jk,j),(j/;,j') € A(D; x --- x Dp_1 x Vi N le:) x (VinN Vj/))
such that
Fiit = Lo Giin = Fiiein + FGi -
Defining
Firosin) = FGtoei) T Faei) T+ Fis
a straightforward computation shows the required property, i.e.,
Fjy—F;=fjj-
Consider now a general E. We have an exact diagram
0 > A% »> A > W45 - o0
\ | \

0 - AY - A - ClzZl - 0,
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from which we deduce an exact cohomology sequence (taking global sections)

0 > Clz} > I'AAAD) > HIVAD) - HIA) 25 HIW; ALAD)

) ! ) ! e
0 > C{z} — Cl(z1] - H'W; A% — H'\(V A 2 H\W, Cllz,

We have shown that §; = « 04§ is injective, so é; is also injective. The same argument applies
to the Gevrey case. O

REMARK 2.5. The spaces I'(T"; A/ AEO) may be computed explicitly. Moreover, if
we write

(*) F@ = falar,... G 2n) - 2

and E = H) U---U H, it can be canonically identified with the set of series f € C[[z]] such
that if 1 < i < k, then there exists a disk D around the origin in C n=1 such that fo € O(D).
This set is precisely the stalk at the origin of the formal completion of the sheaf O along the

divisor E (see [Gr)), i.e.,
(l(ir_n 0/I§> )
k 0

If E is a linear subvariety H; N - -- N Hy, the above stalk is precisely

l‘ﬂl’)l O(Dk+1 X e X Dn)[[Zl, e 1zk]]9
D—0

i.e., the set of formal power series
o g
(%) Zfal,...,dk(zk+la--- ,z,,)~zll oy

such that f,(zk+1, ... ,2n) € O(D), D being a disk in crk,

Analogously, I'(T"; As/ Az ) is identified with the “formal Gevrey completion”, i.e.,
if E is a normal crossing divisor (z; ---zx = 0), the set of series (x) such that, if K is a
compact set in D,

Y M falzro2ie o 20l - 2 € Cllzlly
and when E is the linear subvariety H; N --- N Hy we need in (*x) that
D Moo @t 2l 2 20 € Cllza - 2allisyonn )

for every compact set K in D.

THEOREM 2.6. There are canonical isomorphisms

HY(T"; ASY) = 11" AV A /CLz),
HY (T A7) = I (T A JAZ)/CH2)
PROOF. Take a good covering V of T", and the long exact sequences

0 Clz) > I'(T" AJAFY) - H'(T™ A5%) — H'\(T" A) = H'(T"; AJASY)
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0 Clz) = I'(T"; A/ A5 ™) — H'(T" A5 ™) > H'(T"; A) > H'\(T"; AJAS™).
The assertion of the theorem is equivalent to the injectivity of &, that is assured by the previous
proposition. O

REMARK 2.7. When E = Hy U --- U Hy, this result can be seen in [M1] and [Ha].

When E = H; N --- N Hy, it is proved in [Z] using a different method, only in the general
case (not Gevrey).

2.3. Cohomology over 8C ", In order to compute H'(3C " *), where * is one of the
sheaves AEO, E—", we write 0C" = X 1 U---U X, as in the beginning of the paper, and we
shall apply a Mayer-Vietoris argument. At the end, we will remark the local case.

We need a previous technical lemma:

LEMMA 2.8. Ifh € iy OC"){z1, 2k}, there exist hy € (i, OC" H{zt},
hy € O(C" Y {z1} with hy — hy = h.

PROOF. h may be considered as a holomorphic function defined in a neighbourhood
U of Ug—, Hi N Hi in C". Let us suppose that U is a logarithmically convex Reinhardt
domain (this is always possible because they form a fundamental system of neighbourhoods
of the origin). We can find open subsets U; and U, of C” such that U, is a neighbourhood of
Uk=2 Hik and U is a neighbourhood of Hj.

If i = {Uy, U,} is an open covering of U U Us, since

H'\U; 0) > H\(U, UU»;0) =0,

we can find #; € O(Uj;) such that Ay — hy = h. These are the required functions. O

THEOREM 2.9. There are isomorphisms

H'OC"; A5%) = 1 (3C"; AJAF") / o€ Hiz)
i=1

H'(GC"; A7) = T (0C"; A;JAFT) / (o€ " NHiz}.
i=1

PROOF. First of all, we will compute H ] (Xi; =) with * one of the above sheaves. Sup-
pose i = 1. Recall that the real blow-up C " of C" is constructed as a product of n times the
real blow-up of C. This latter is a product S! x R (polar coordinates). So, a good covering
of X is composed by open sets such as

U=I,-x(I]22xA,%z)x~--x(Ij’~’nxAZ"),

where the I’s are open intervals in S! and the A’s in R (it is a product of good coverings of
st R>). We reorder the indices in such a way that 0 € qu <k =0.
As before, we are going to prove that the natural maps

H' (X1 A) =2 H'(X1; AJASY)

H'(X1; As) > H'(X15 A JAS™)
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are injective. Suppose E = 0. In this case, if z = (z1, ... ,24) € X1 and
J={je{2...,n}|z; €S x {0} cC},
then the sheaves of coefficients of the right hand side are
(A/AF0): = Op,... mpillz1, 2511,

(AsJAZ ), = Op,... mpsllzr, 24105 -
Take

n
-l’ -’,kl
[fi',(f,’k) der ((1,- N 1Iy) x (l]"!(lj.l x Aj)N (15.1/ x Af(l,)> , *)] € ker$.
Fixing i,
i,(j' k)
G0 Yam.anem]
~n—1 .

can be seen as a 1-cocycle over C "7, with parameters. We need here the following result,
that we shall prove later. Remark that the first assertion is a particular case of [M2, Chapter 1,
Theorem 3.3].

PROPOSITION 2.10.
H'(C" A5% = rdC"; A/AFY/0CM),
H'(C"; A7) = r(C"; AJ AT /00C™).
Then, there are f; (jx) on I x n7=2(1j,’ x A1) such that

LG k)
FGah = Jugray = fiib -

As in Proposition 2.4, the equality
! .”/,k”,

i',(j' k) i'(
fi,(j,k) — fi’,(j’,k') + fi,(j,k) = -ﬂ,(j",k") — fi’,(j/”,k"') —+ fi,(j”,k”)

defines F; i € A50(I; N I;; O(C"1)) and hence F; ; = Fy — F; with F; € A(I;; O(C"™1)).
The family of functions

9.k = fiGiky + Fi
has as coboundary the desired cocycle. The Gevrey case is analogous, and so,

H'(X1; AZY) = Cl[2]1/0(C" Yz},
H'(X1; A379) = Cll2)1/0(C" Nz}

Now we apply induction on n. Suppose that

H'(XaU--- U Xp; AF) = C[[z]]/ (o€ Hizl,
k=2

H'(X) N (X2U-- UX,); A50) = cuzn/ () OC€C" Dz1, z}
k=2
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The exact Mayer-Vietoris sequence [I]
0— H'BC"; A% —» H'(X1; A5%) @ H'(X2U-- - U X,,; ASY)
— H'(X1 N(X2U---UX,); A0

is in this case

0> H'BC"; A5Y) 5 Cll21)/0C" D {z1}eC[12]] / [ OC€" iz}
k=2

— Cllz]] / () OC€" D) z1, 2}
k=2

Let
B : Cllz]]l > CI[2])/O(C" "){z1) @ CIlz]] / o€ iz
k=2

be the natural quotient map. It is clear that @ o 8 = 0. Moreover, if

f= (fl + 0" Yz}, o+ ﬂ O(C"_l){zk}) € kera

k=2
then f1 — fo € ﬂZ:z O(C"?){z1, zx} and by Lemma 2.8, fi — f» = h; — hy with

n
hi € O€C" Hau}; hae[)OC" Hiz
k=2
and f = B(f1 — h1 = f2 — h2). Then, im B = kera = im ¢, and there is an injective map
y : Cllzll > H'OC"; A5%)
such that e oy = B. So, kery = ker8 = (i, O(C™ 1) {zi} and this ends the result for
E = (0) (the Gevrey case is analogous).
For E general, we apply a cohomological argument as in Proposition 2.4.

The only remaining thing is the proof of Proposition 2.10. The sheaf A/.AEO over C"
(E = (0)) has stalks

(AJAFY): = O,...mpallzg]]
or
(As/AZ ) = O, mpllzs]]
(J={jell,....n}|zj e S' x {0} € C}).
We argue as before. For a 1-cocycle f((j/; lk’;cl) of the sheaf .A, that is cohomologically trivial
over A/ AEO, by the previous results (again with parameters) we can find, for J & {1, ... ,n},
fiik)5.(,0) e Such that

GRG0 e
FG00,G.0 e = FGh05.G.05e = FG ) Gioye

((j, k)y fixed, k; #0ifl € J).
Foreach J C {1,...,n}, k; # 0ifl ¢ J, we have open sets D; x Uj r),., where
Dj is a polydisk obtained by glueing the polysectors corresponding to [];., ( ]’.i x Ap) and
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U(j k), is the open setin C ¢ obtained from [Lie; U ;} X Ail). If U is the open covering of C"
consisting in the just defined sets, it is well-known that H!(/; O) = 0. We define a 1-cocycle
on Y with values in the sheaf O as follows:

: _ UK . UKD

i IfJ =40, then gy = fi;y) -

ii. If J # @, thenon (Dy, x U(j’k)lf) N(Dy, x U(j/'k/)Jf)’
(j/,k/),zt (J'.0) 1y, (' K) e
96, = TG00 G0 = S0 G s F TG0 G e
(as before, independent of (j, 0),, (j’, 0) ).
So, we have

Gk g
gy = 90"k g~ 90k -

As before, the cochain defined by

F.0)5.G00 50 = JG.005.G.0 ¢ F 90G00 e
has as coboundary the desired cocycle. O
REMARK 2.11. Again, the spaces I'(3C"; A/A5®) and I'(3C"; As/A5™*) may be
computed explicitly, and they agree with the space of sections over T”.

REMARK 2.12. If, instead of aC n, we restrict ourselves to a neighbourhood of the
origin, say D, we obtain the same with C”" replaced by D, i.e.,

H'3D; A5 = r(aé";A/Az")/HO(DI x -+ x Di x -+ x Dp)zi},
i=1

H'(@D; A;™) = I C"; As/Ag—“)/ﬂowl X oo X Dy % -+e x Da)lai) -
i=1

If we take the inductive limit (3C ", 0) = ]_i_r_)na D,, we obtain

r

H'((C",0); A5®) = lim H'3Dy; A5%) = I'(0C"; A/ AF%)/CLz},

H'Y((C",0); A37%) = lim H' (9D,; A5 ™) = I'0C"; A/ A7) /Clz},
as H! commutes with h_r)n

3. First cohomology set in the non-abelian case. Now, we shall consider sheaves
of invertible matrices whose coefficients have asymptotic development. These are sheaves
of non-abelian groups, for which only the Oth and the 1st order Cech cohomology are well
defined (several non equivalent definitions of H 2 have been given). Moreover, H is not a
group, but a pointed set (set with a distinguished element). The main definitions and results
of non-abelian sheaf cohomology can be seen in [F, Gi, Hz].

The sheaves we shall mainly use are:
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i. GL(m,A), GL(m, As) of invertible m x m matrices with coefficients in A, A;,
respectively.

ii. GL(m,A)y, e, GL(m, As)y,, g of invertible matrices that have the identity matrix
I, as asymptotic development in the divisor or subvariety E. These are the invertible
matrices M such that M — I,,, have coefficients in AEO, Ag_", respectively.

3.1. Main non-abelian lemma. The main lemma of Subsection 2.1 may be rephrased
as follows.

LEMMA 3.1. Let f € GL(m, A),, (z,=0)(V) and Vi1, V12 be sectors in C with Vi; N
Vi =Vi. If W < V, W, < Vi1, W, < Viz and Wj; N W, = W], then there exist
fi(2) € GL(m, A)p,,,(;,=0)(W) (perhaps reducing the radius of W) such that f = fl_l - fa.

PROOF. We follow here the idea of the proof of Sibuya [S] for the case of one variable.
We will omit the details that are similar to those encountered there.

Take a sequence of subsectors W; > Wy > --- such that (2, Wy = W'. If g1(z) =
f(z) — I, write (by Lemma 2.1) g1(z) = ¢12(z) — g11(z) on W; X V x --- x V,,. Define
92(2) = g11(2)- 1) Um+912(2)) " and write g2(2) = g22(2) — g21(z) on Wa x Vo x -+ - X V.

Iterating this process, you have a sequence {gx(z) = gk2(2) — gkl(z)},‘:il. Define now

fi) = kl_i)ﬂolo(lm + i (@) - Un + g1, (@) - - - Um + g1(2)) .
By the equality
(I + gx+1(2) - U + g2(2)) = U + g1 (@) - Um + 9 (2)) ,

it can be seen that f1(z) - f(z) = f2(z). Choosing { W}« carefully, the convergence of the
expression defining f;(z) is assured, from the expression of the Cauchy-Heine transform and
reducing the radius conveniently.

In order to show taht f;(z) has an asymptotic development, we use [M1, prop. 3] (for a
proof, see [Mo]). A bound C"‘y,,, w for the derivative DN gii(z) on W” < Wi’] xWyx--x W,
can be obtained by a universal polynomial Py with natural coefficients

Ctyr = Pv({Clyi /N < N}, R")

(R” the radius), such that R” divides Py, and so, reducing R”, the series

N
> Chnn
k=1
converges, which completes the proof. a

4. Computation of the cohomology over T" in the non-abelian case. The multi-
plicative analogue of Proposition 2.2 can be stated as

PROPOSITION 4.1. LetV = {Vi,..., V,} be a good covering of S', and V' a poly-
sector in C"~1. If F; iy1 are m x m matrices of functions with asymptotic development on
Viig1 x V/, and

FA\(F2) - FA((F23)--- FA1(Fr1) = I,
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then there are F; on V; x V' suchthat F; - F; i1 = Fiy1onViiy1 x V.
PROOF. As in the function case, if G; on V; x V' is such that
FA(G;) = FA(F12) - FA{(F23)--- FA1(Fi-1,i)

and fii+1 = G; - Fijq1 - Gi]_ll (G1 = I), then we can suppose FA1(F;;+1) = In.
As in that case, consider first the situation where only perhaps Fi; # In. Take f| €
GL(m, A1, ;=0)(V1 X V), le € GL(m, A)y,,(;,=00((V2U---UV,) x V') (Lemma 3.1).
If, in the Riemann surface of log z, we write f, = f,‘l - fl,with fron Vo U---UV, UV,
fionViU---UV,, the equality f, - f; = f; allows us to define a function f on a big sector,
and its restrictions to V; are the functions F;.

In the general case, we argue as in the abelian case, by “multiplicative linearity”. This
argument was also used by Sibuya [S] and Majima [M1]. O

THEOREM 4.2. In the category of pointed sets, there are isomorphisms
H'(T"; GL(m, A)y,£) = I'(T"; GL(m, A)/GL(m, A)y,,.£)/GL(m, C{z}) .
PROOF. We shall suppose E = (0). In this case, we have the equivalence
r(T"; GL(m, A)J A5 = GL(m, Cl[z]]) .
By a theorem of Borel-Ritt, the natural map (fixing a good covering V of T")
GL(m, Cllz])) — H'(T"; GL(m, A)y,.£)
can be constructed in such a way that «(F) = a(FG) if G € GL(m, C{z}). So, it defines a
map (again denoted by «)
GL(m, Cl[z]))/GL(m, C{z}) —> H'(T"; GL(m, A)1,,.£) -

It is easily checked that o« is injective. Let us prove its surjectivity. If [(F;;); ] €
H! (V; GL(m, A)1,, E), we shall show, by induction on n, that:
1. There are F; € I'(Vi; GL(m, A)) such that Fyyr = F, ' - Fyr.
2. Fixingi e N"*~!, then
FA1(Fup,en)  FAI(Fon.e.0) - FAL(Fen,a,0) = In

as a matrix of elements of A(V5)[[z1]].
If n = 1, the result is trivial. For bigger n, let

A; = FA1(Fup,en)  FAL(Fei,6,5) - FAL(Fena,n)) € AWllzi]l.
From the equality

Fe,iy, ke, v) - Foiiy,e+1,7) = Fioiy, te+1,7) * Fler1,), (e+1,7) >
we obtain
Ai- FAL(Fun,an) = FAL(Fan,ar) - Ar -
The family
(FAL(Fun,0,0)ie
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is a cocycle of the sheaf GL(m, C[[z]]). If L is a Fréchet space, L[[z]] has also a natural
Fréchet structure, and the space A(V)[[z]] can be identified with A(V; C[[z]]). Using the
induction hypothesis (for asymptotic developments with coefficients in a Fréchet space), we
obtain F; € GL(m, A(*, C[[z]]))(V5) such that

FA{(Faqnam) =F ' Fr,

and so the equality
F-AF'=F Ay - F!
defines a matrix with elements in C{z2, ..., zx}[[z1]]. As A; has the identity matrix as an
asymptotic development at the origin, F; - A;Fi_I = I, and hence A; = I,.
The rest of the reasoning is exactly as in the abelian case. We obtain F ;) with

Feiy - Fieiyk+1,0)
and the identity
Faiy Fay,an - F (?;1,:/) = Fayn - Fan.apa - F (?;’1’,7')
allows us to reason by recurrence. At last, we construct F; € GL(m, A)(V;) with F; ;y =
Fi—1 Fp. If Fe C[[z]] is the series of asymptotic development at the origin of F;, a(ﬁ ) =
(F;,i7);.i» and so « is surjective.
For E general, it is possible to use a cohomological argument as in the function case

(there is a “long” exact sequence in the category of pointed sets, see [F]), or to repeat the
preceding argument for each E. O

REMARK 4.3. As in the abelian case, if E = H; U --- U H,, the result can be read in
[M1] and [Ha] (general and Gevrey cases, respectively).

5. General and Gevrey cases. The only essential difference with the function case
is in the use of Mayer-Vietoris principle. Such a result, for the non-abelian sheaf cohomology,
seems to be known by the specialists, but we have not found a precise reference. With this
result in hand, we could show:

THEOREM 5.1. There is an isomorphism of pointed sets

n
H'3C"; GL(m, A)1,.p) = T'(C"; GL(m, A)/Ago)/GL (m N O(C"—l){z,-}) :
i=1
The Gevrey case is deduced from the general asymptotic case by the following observa-
tion: If (f; ;7); i is a Gevrey 1-cocycle, we can write (f; ;)i i» = fi‘1 - fi where f; has asymp-
totic expansion (not necessarily Gevrey). If (f; i/)iir = Im + g; v, we have f; - gy = fir — fi
with null asymptotic development s-Gevrey over the corresponding divisor or subvariety E.
So, fir — fi = g — gi, gi s-Gevrey (by the function case). Then, f; = u + g;, with u
convergent (u is formed by glueing f; — g; = fir — gi’) and g; is s-Gevrey, so f; is s-Gevrey.

THEOREM 5.2. There are isomorphisms of pointed sets
HY(T"; GL(m, A))1,,,g) = I'(T"; GL(m, As)/GL(m, Ay)1, £)/GL(m, C{z}),
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[F]
[Gi]

[Gr]
[Ha]

[He]
[Hz]

m
M]

(M1]
M2]

Mi]

[Mo]
[S]

(Z]
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H'(C"; GL(m, A1, .E)

= I'(T"; GL(m, A)/GL(m, As),m,E)/GL m, [ OC" Mz}

i=1
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