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MODULAR INEQUALITIES FOR THE CALDERON OPERATOR
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Abstract. If P, Q : [0, 00) — are increasing functions and T is the Calderén operator
defined on positive or decreasing functions, then optimal modular inequalities [ P(Tf) <
C f Q(f) are proved. If P = Q, the condition on P is both necessary and sufficient for
the modular inequality. In addition, we establish general interpolation theorems for modular
spaces.

1. Introduction. Let (M, ) and (N, v) be two o-finite measure spaces, and let
Lo(w) and Lo(v) be the sets of measurable functions defined on M and N, respectively. An
operator T : Lo(v) — Lo(w) is called quasilinear if |T (Af)(x)| = |A||Tf(x)| and if there
exists a constant K > 0 independent of f and g such that |T(f + ¢)(x)| < K(|Tf(x)| +
|T g(x)|). If K = 1, T is said to be sublinear.

A function Q : [0, 00) — [0, c0) is called a modular function if Q is an increasing
(non-decreasing) function and Q(0+) = 0. If, in addition, Q satisfies the A;-condition

02 =CO®)

for any ¢ > 0, then Q is called a A>-modular function and we write Q € A;.
Let Q be a modular function and set

Lo(uw)=Lg = {f € Lo(u; I fllg = /M Q(f(x)Ddu(x) < 00} .

Then, we want to study mapping properties for which T : Lo () — Lp(v) is bounded, for
certain operators 7.

Modular inequalities have been studied previously by several authors (cf. [KK], [C],
[L]) in connection with weight characterizations. However, unlike the case treated here, the
functions P and Q are typically Young’s or N-functions, and the optimality of P and Q is
not in general considered.

Recall that if T is an operator of weak type (a, a) and (b, ), 0 < a < b < oo; that is,
v({x e NS ITF(X)] > y}) < (Cll fll,u/¥)* Where @ = a and a = b, then

)] / P(ITf(x)Ddv(x) SC/ Q(f(x)Ddu(x)
N M
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is satisfied for P(x) = Q(x) = |x|? and a < p < b. Moreover, such operators satisfy the
rearrangement inequality

1 d 1 ©©
) (Tf):([) <C (mv/(; f;(s)sl/a—lds + m[ f:(S)Sl/b_ldS) ,

where £ (1) inf(s > 0; A’; (s) < t} is the rearrangement decreasing function of f and )J;(y) =
u({x; | f(x)| > y}) is the distribution function of f. Similarly it is understood for (T f)}. The
term in parenthesis on the right of (2) is called the Calderén operator.

In order to prove (1) for general modular functions, observe that for 0 modular, an
elementary argument shows that

/ Q(If(X)I)dM(X)Z/ Q(f,f(t))dt=/ Mdo®m),
M 0 0

such that a general (P, Q) modular inequality will follows if

/O PIC((SafD®) + Sp £)4NIAE < Cy /O Q(fr ()t

holds, where
1
t 1 /a

t
Saf(t) = /0 f(s)sta=lgs

and

- 1 S
Spf@t) = m/ F(s)sV/1gs
t

Note that S} = § is the Hardy averaging operator and So, = S is the conjugate Hardy operator.
The purpose of this paper is to provide optimal conditions characterizing modular pairs
P and Q, for which (P, Q) (and in case Q = P, (P)) modular inequalities

/0 P(Saf ()dt < C fo Q(f(1))dr
and - -
/0 PGy f(1))d < C /O O(f (1))dt

are satisfied for 0 < a,b < oo. The case where b = oo and T is bounded on L™ is
also considered. These results yield sharper estimates and interpolation theorems for several
classical operators.

The paper is organized as follows: In Section 2, we characterize (P, Q) modular inequal-
ities for Sz, 0 < a < 1 (Theorem 2.3) and give a corresponding characterization in the case
when a = 1 and f is decreasing for a reverse Hardy modular inequality (Theorem 2.1). In
order to prove corresponding (P, Q) modular inequalities for S;, a > 1 and Sp, 0 < b < 00,
some general modular results are required. These are proved in Section 3 and yield general
modular interpolation theorems (Corollary 3.6). Finally the last section contains the (P, Q)
and (P) modular inequalities for S, a > 1 and Sp, 0 < b < 0o. A characterization of P, Q
modular functions for which a (P, Q) modular inequality for the Hilbert transform holds and
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a short proof of an interpolation theorem of Miyamoto ([M]) for modular functions are also
given.

The notation used in this paper is standard: If f/g is bounded above and below by pos-
itive constants, we write f & g and say that f and g are equivalent functions. Constants
denoted by C, sometimes with subscripts, are assumed to be positive and independent of
the functions involved, and may differ at different places. If 0 < g is decreasing, we write
g**(x) = (1/x) f(;‘ g, where the measure under which the rearrangement occurs is deleted
when there is no ambiguity. xg is the characteristic function of the set E and its Lebesgue
measure is denoted by |E]|.

Finally, inequalities, such as (1), are interpreted in the sense that if the right side is finite,
so is the left side and the inequality holds. Unless indicated to the contrary, we assume that P
and Q are modular functions or are equivalent to modular functions.

2. Modular inequalities for the Hardy operator. We begin this section by proving
(P, Q) modular inequalities for the Hardy averaging operator.

THEOREM 2.1. (i) There exist two constants Cy > 0 and Cy > 0 such that

0 t 00
3) f P (f%’:) dt < ¢y / Q(C2f ()t
0 0

is satisfied for every decreasing nonnegative function f if and only if there exist constants
C3 > 0 and C4 > O such that, for every t > 0,

tp
@ PO)+1 fo %dy < C0(Cu).

(i) The inequality (3) is reversed for every decreasing nonnegative function f if and
only if the inequality (4) is reversed.
(iii)  There exist constants C; > 0 and Cy > 0 such that

4 00
supt P (fO—f> < / Q(Caf (1))t
t>0 t 0

is satisfied for every decreasing nonnegative function f if and only if there exist constants
C3 > 0.and C4 > 0 such that, for everyr > 0,

0 P(u) < C3 Q(Car)

u<r Uu r

We thank J. Soria for pointing out that the argument in proving (i) applies also to the
proof of (iii).

PROOF. (i) To show the necessary condition, let us take f(s) = tx[o,r)(s). Then, we
have that

/ P (% min(r,x)) dx < C1rQ(Cat) ;
0
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that is,
r < (tr P(y)
P(t)dx + P|—)dx=rP@)+rt —dy < CirQ(Cat),
0 r X 0 y

from which the result follows with C3 = C; and C4 = C>.

Conversely, if (4) holds, then we may assume that for small ¢ > 0, f(; P(y)/y*dy < oo,
and from this it follows that P(y)/y — Oas y — 0.

Now, writing f**(t) = (1/1) f(; f(s)ds, we have

o o0
/ P(f*™@t)dt = / Ao (2)dP(2),
0 0
where the distribution function of f** satisfies (see [CS])

(5) ixf 76 <hpe(s) < 2\ 1s/2),

/ A (AP ) < / 3( / f(x)dx) dP(2)
0 0o 2z {x; f(x)>z2/2}
00 2f(x)
:2/ fx) (f dP(Z))dx
0 0 Z

P2 & p
=2 [" f()< D %a)w

<2Cj3 /0 QQRC4f(x))dx .

That is, (3) holds with Cy = 2C3 and C, = 2C4.
(i) The proof follows as in (i), but now the first inequality of (5) is applied.
(iii) The weak type characterization follows analogously. O

and hence

REMARK 2.2. (i) Ifeither P or Q is equivalent to a A>-modular function, then the
estimate of the theorem holds with C, = C4 = 1. In this case, under strong additional
conditions on P, the result was proved in [HL, Prop. 2].

(ii) Since ;7 Q(f(1))dt = [;° Q(f*(1))dt and [ f < [, f*, one can easily see that
(4) is also a necessary and sufficient condition for (3) to hold for every measurable positive
function.

(iii) If M is the Hardy-Littlewood maximal operator, then (Mf)* ~ Mf* ~ f** =
(1/x) f(f f* (IBS, Theorem 3.8]). Therefore, it follows from Theorem 2.1(i) that (4) is nec-
essary and sufficient for the modular inequality

fR P(Mf()dx < C fR O f (x)dx

to be satisfied.

For §,, we have the following result:
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THEOREM 2.3. Let0 < a < 1. Then, there exist constants C; > 0 and C3 > 0 such
that

o0 t o0
(6) [ P (L / f(s)sl/"‘lds> dt < C; / Q(C2 f(t))dt
0 tl/a 0 0

is satisfied for every decreasing nonnegative function f if and only if there exist constants
C3 > 0and C4 > 0 such that, for every t > 0,

% P(t) +1 fo . PO 4y < c30(can) .

+

PROOF. Let g(s) = af (s?). Then obvious change of variables shows that (6) is equiv-
alent to

o0 t 00
®) f P (l/ g(S)ds) 1% ldr < le 0 (gg(t)) 1% dr .
0 t Jo 0 a

For the necessary condition, it is enough to apply the hypothesis to the functions f(s) =
tx(0,r(s). Then (7) follows with C3 = Cy and C4 = C»/a.

For the converse, first observe that we can assume f(; P(y)/y*tldy < oo for small ¢,
since otherwise the result is trivial. Also, in this case, limy,_.o P(y)/y* = 0.

To show that (7) implies (8), note that, interchanging the order of integration and apply-
ing (5), we obtain

() 1 r* 0
f p<_ / g) xilgx = 1 / g @I dP ()
0 X Jo alJo

2a o0 a
<= <1A§(z/2)) dP(z)

e dP(z
- / 400)dx ) ®
a 0 {g(x)>2/2) z

% Ag(z/z) AP
( o(x)dx ) :)

a 0

00 <z/2> a1 P
/ ( [ ([s) g(x)dx) @,
0 0 V4
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But, since g is decreasing and 0 < a < 1, it follows that (f(;‘ 9% ! < (xg(x))?! and hence

= oo Ag(z/2)
/ P(g™ (x)x*dx < 2‘1/ (/ xa—lga(x)dx) dP(fz)
0 ) A -
o0 2g(x)
:2“/ xa_]ga(x) (/ dP‘fZ)>dx
0 0 z

00 2g(x)
=2a/ x4 g9 (x) P(2g(x)) +a/ lzl)dz dx
0 g(x)@ 0 zat

oo
< 03/ x*10@2C49(x))dx ,
0

where the last inequality follows from (7) with t = 2g(x). Hence, (8) holds with C; = C3
and Cy = 2C4a. d

3. General results. Clearly the arguments in proving Theorem 2.3 do not apply to
obtain (P, Q) modular inequalities for S, with a > 1. In order to obtain such estimates for
S, and Sp, 0 < b < 0o, we need some general results for quasilinear operators and the notion
of admissible functions. As a consequence, we obtain a number of weak type estimates and
general interpolation theorems.

Our first result shows that, under a simple condition on 7, a (P) modular inequality
implies P € Aj.

Let L C Lo(w) be a set such that RYL C L. For us, L will be either Lo(u) or the set of
measurable decreasing functions on R *.

PROPOSITION 3.1. Suppose that T satisfies a (P) modular inequality for every func-
tion in L. If there exist a measurable set E such that xg C L and uw(E) < oo and a constant
d > 1 such that

v({x; IT xe(x)| > d}) #0,
then P € Aj.
PROOF. Take A > Oand f(x) = Axg(x). Then, since

P(WArp(y) < C/M P(lf(x)Ddu(x),

we get
P(y)v({x; IMITxe ()| > y}) < CPAR(E).
Choose now y = dA. Then we get
Cu(E)
v({x; [T xe(x)| > d})
from which the A, condition for P follows. O

P(dAr) <

P,

Now, for our next purpose, we need to give the following definition:
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DEFINITION 3.2. We say that a function A : [0,00) — [0, c0) with A(0) = 0 is
admissible for 7 and L if, for every function f € L,

v (1) < fM AU D) .
REMARK 3.3. (i) Interms of the decreasing rearrangement the above inequality is
(TF)y [[M A(lf(x)l)dM(X)] <1

Since we are assuming R L C L, for every admissible function A for T and L and every
y > 0, it holds that forany f € L

) Mo < | A('f(")')duoc).
M y

(ii) If B is a modular function such that B(x) > 1 for every x > 1 and, for every
felL,

/ BT (Ndv(x) < / AQfODdu(),
N M

then

y
sup yB(Tf);(] < SUP/ BUT f)j(1)dt

y>0 y>0J0

- / BATF ()Ndv(x) < / AQFCODAR().
N M

In particular, if y = [, A(|f (x))du(x), then BI(Tf)5( [ A(If (x))du(x))] < 1. Then,
by the hypothesis of B, this implies (Tf)"j(fM A(lf(x)Ddu(x)) < 1, and hence A is admis-
sible for 7T and L.

(iii) If T is of weak type (p, p) with p > 0, then A(t) = ||T||(p,p)t? is an admissible
function for T and Lo(w).

Observe that, for 0 < a < 00, ||S; flleo < all flloo and that if f is decreasing, then for
0 < b < oo, supp(Spf) C supp f. For operators which satisfy conditions of this type we
have the following result:

LEMMA 3.4. Let L be a set as above and T a quasilinear operator defined on L.

(1) LetL ={g= fxf>yp f €L,y > 0}and A an admissible function for T and L.
Suppose that T : L*° () — L°°(v) is bounded with (operator) norm less than or equal to M.
(10) ) = /

{

Then, for every f € L and every y > 0,
2K | f(x
[f(x)|>y/(2MK)} B

where K is the constant arising from the quasilinearity of T.

(i) LetL = l9= Ffxuri<yy; f € L,y > 0} and A an admissible function for T and I~:
If there exists a constant C > 0 such that v(supp T f) < Cu(supp f), then, for every ¢ > 0,
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everyy > 0andevery f € L,

(11 o)< [ A(
{If )=y}

PROOF. (i) Fix y > O and write f = f| + f2, where fi(x) = f(x) if |f(x)] >
y/(2M K) and zero otherwise. Then,

(1+8)f|f(x)|>du(x)+CA’;(y).

v 1T @1 > ) v ({s1mh@l > 22 )) +o (fsirpmi > 22))

2K 2K

But, since [T f2lloo,y < Ml f2lloo,n < ¥/(2K), the second term is zero, and hence, since
f1 € L, we obtain by (9) that

2K 2K
Mo s [ a (—Wﬂ) aneo) = | A (—ﬂ)—‘) du(x).
M y (1f@)I>y/QMK)) y

To show (ii), fix y > 0 and write f = fi + f>, where fi(x) = f(x)if |f(x)| > y and
zero otherwise. Then, for every ¢ > 0,

v . 8y . y
Arp(y) =v ({x, ITf1(x)] = m}) +v ({x, IT f2(x)| = m})
<v({x; ITfi(x)] > 0} + v({x; K(1+&)|T f2(x)| > y}

1 K
< Culx: 1) > yD) + fM A ((—%2@) du(x)

=CA’;(y)+/ A((1+6)K|f(x)|)
{If )=y} y

The lemma implies now the following (P, Q) interpolation theorem:

du(x). O

THEOREM 3.5. (i) Let L be as in Lemma 3.4 (i). Let T be a quasilinear operator
such that T : L*®°(u) — L°°(v) is bounded with norm M. If there exist a constant C and an
admissible function A for T and L such that, for every t > 0,

2MKt
(12) / A (?) dP(y) < COW),
0

then T satisfies a(P, Q) modular inequality for every function in L.

(i) Let L be as in Lemma 3.4 (ii). Suppose that for every f € L, v(suppTf) <
Cu(supp f) for some constant C independent of f. If there exist a constant C and an admissi-

ble functin A for T and L such that, for every t > 0, lim,_,o P(t/2)A(z) = 0 and, for some
g,

(13) P(t)+[ A <(1 _Zs)t)dP(z) <CoW),
t

then T satisfies a (P, Q) modular inequality for every function in L.
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PROOF. (i) By (10) and (12),

| parsmnaveo = [ i mapo)
N 0

0 {If (0)1>y/2MK)} y

ZMK|f(x)l
-/ U A(—zK‘f(x)‘)dmy)]du(x)
M| Jo y

<cC f QU7 ) Ddu(x).,
M

which proves (i).

The proof of (ii) follows in the same way, using now (11) and (13). |

Note that if S(x) = x(1,00)(x), then Ls(v) = {f; A;(l) < oo}. Similarly, if one defines
LO%w) by L) = {f; u(supp f) < oo}, then Theorem 3.5 has the following formulation:

COROLEARY 3.6. Supposethat T : La(u) — Ls(v) is bounded.

(@) If L is as in Lemma 3.4 (i), Z 1 L®(u) — L°°(v) is bounded with norm M and
A is an admissible function for T and L, then T : Lg(u) — Lp(v) is bounded for (P, Q)
satisfying (1 2).

(ii) ]fZ is as__in Lemma 3.4 (i), T : LO(,u) — LO(v) is bounded and A is an admissible
function for T and L, thenT : Lo(n) — Lp(v) is bounded for (P, Q) satisfying (13).

4. The Calderén operator. We now derive (P) and (P, Q) modular inequalities for
S, witha > 1and S, 0 < b < 00, as well as for S. In addition, we give a short proof and an
extension of an interpolation theorem of Miyamoto [M].

PROPOSITION 4.1. Assume that a > 1 and x0,1y € L. Then, if S, satisfies a (P)
modular inequality for L, P € A,.

PROOF. Let E = (0, 1) in Proposition 3.1. Then, it suffices to show that, for some
d > 1, |{x; |Sax©.1y(x)| > d}| # 0. But, since a > 1, we can choose @ > d > 1, and hence,
since

a if x <1

S =
aX©.n(x) { a/xVe if x> 1,

we get

a\a
lbxi 1Saxon () > dl = (5) #0. O
The main result for S, is the following:

THEOREM 4.2. Let a > 1 and assume that, for every r > 0, x0,ry € L. Then the
following hold.
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(i) If S, satisfies a (P, Q) modular inequality for L, there exists a constant C such that,
foreveryt > 0,

" P(y)
(14) z“fo yafl dy <CO(@).
(ii) Ifthere exists an ¢ > 0 such that
2t
P
(15) P(Q2r) +t"“fO yaffi,dy < CQ),

then S, satisfies a (P, Q) modular inequality for L.
(iii) S, satisfies a (P) modular inequality for L if and only if P € A, and there exists
a constant C such that, for everyt > 0,

t
(16) t“/ %dy <CP@).
0y

PROOF. (i) Itis enough to check the hypothesis on the functions f = ¢ x(0,r).

(i) Clearly, S, : L*® — L% is bounded with norm a and S, : L*! — L%% is
bounded. Therefore, by interpolation, S, : L?*¢ — L%*¢ is bounded for every ¢ > 0, and
hence, for some constant C, A(f) = Ct**¢ is an admissible function for S, and every subset
of Lo(R™).

Now, by Theorem 3.5 with M = a and A(t) = Ct%*¢, the linear operator S, satisfies the
(P, Q) modular inequality provided that

2at
(17) @0+ f PO _cow.
0

ya+6

But since (15) is satisfied, it follows that limy_,o4 P(y)/ y4+¢ = 0, and hence an inte-
gration by parts shows that (17) is equivalent to (15).

(iii)) If S, satisfies a (P) modular inequality, then by Proposition 4.1, P € A; and (16)
now follows from (14) with O = P. Conversely, if P € A, then there exists ¢ > a such that
P(y)/y? is decreasing (see [KK]), and hence, by (16)

tp
cry=e [ Dy s cipey.
0 ya+l

Form =0,1,2,..., define
rp log(t/y)™
Am—t"f (y) (log(z/y))
0

- ya+l m!

dy.

Then, by (16),

yatl m-10! s
t m—1 K
(log(z/s)) / P(y)
=t | ————— s dy)d
0 (m—l)!s”“ § y ya+l y S
<CApn_1.

P / P(y)( ’(IOg(t/S))’”"gig> i
0 y
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Therefore, A,, < C™Ag = C™t!P(t). Choose ] < C < M and ¢ < 1/M. Then

o0 m o0 Am o0 C m
Y "An <Y m S CPO > (ﬁ) =CP(t).
m=0 m=0 m=0

Also

ism A =§II“ PO Elogt/y)” | [P PO (1Y
" oyt m! oyt \y) "
m=0 m=0

and hence

" P(y)
+e
¢ /(;ya+e+ldy5C2P(t)'

But, since P € A, this implies (15) with Q = P, and so S, satisfies the (P) modular
inequality. g
We now consider the operator S, with b > 0.

PROPOSITION 4.3. Assume that b > 0 and x@,1) € L. Then, ifS’b satisfies a (P)
modular inequality for L, P € Aj. Moreover, in this case, the Ay constant for P is less than
orequal to C((2+ b)/ b)b , where C is the constant arising from the (P) modular inequality.

PROOF. 1t is enough to see that the set E = (0,1) and d = 2 satisfies the con-
dition of Proposition 3.1. But Spx(0,1)(x) = b(x~1/% — 1)x(.1y(x). It then follows that
Hxs 18bx0.1 )| > 2} = (b/(b +2))® # 0, and hence

b+2\2 /vy
P()’)SC'(T) P(E), y>0. O

We shall also need the following lemma.

LEMMA 4.4. Let M > 0. If fis a decreasing function on [M,00) and0 < p < g <
00, then, for every x > 2M,

00 dt 1/q 0 1/p
( / (z‘“’f(t>>q7> <cC ( / f”(t)dt> :
x M

where the constant depends only on p and q.

PROOF. The result follows from a straightforward modification of the case M = 0
given in [St. p. 273]. O

THEOREM 4.5. Let 0 < b < oo and assume that Sy, is defined on decreasing func-
tions.

aGa If S‘b satisfies a (P, Q) modular inequality, then there exists a constant C such that,
foreveryt > 0,

© p
(18) ’b/, y,ff,)dy <Ccow.



42 M. J. CARRO AND H. HEINIG

(i) If there exists an € > O such that
e [ P(y)
b
19 t 8[ yb—_mdy =Co,

then S, satisfies a (P, Q) modular inequality.
(iii) Sy satisfies a (P) modular inequality if and only if there exists a constant C such
that, for every t > 0, (18) holds for Q = P.

PROOF. (i) Itisenough to check the hypothesis on the functions f =t x(o,).

(ii) Let us consider first the case » > 1. Choose ¢ > 0 such that b — & > 1. Then,
it follows from the weighted (conjugate) Hardy inequalities ((Mu]) that S, : L~¢ — Lb~¢
is bounded and therefore, for some constant C, the function A(z) = Ct?~¢ is an admissible
function for S, and every subset of Lo(R ™).

Consequently, the function A(t) = C 1£57¢ is an admissible function for Sb and L and,
since |supp Sp f| < |supp f|, we can apply Theorem 3.5(ii). Hence, if for some &',

P(t) + Ci(1+ &) ~eebe / dsz? <CQW),

t

then we see that S, satisfies a (P, Q) modular inequality.

Since we may assume that the integral on the left side of (19) is bounded, it follows that
P(y)/y?™® — 0 as y — oo. Integration by parts argument then shows that (19) implies the
above inequality.

Let now 0 < b < 1. Then, we do not know if the A(r) = Ct?~¢ is an admissible

function for S, and L, but the inequality (11) still holds. To see this, we have to apply Lemma
4.4 as follows. Let f be a decreasing function and set g = f x{ r|<y} With y > 0. Choose
& > Osuchthatae = b — ¢ > 0. Applying Lemma 4.4 with p = « and g = 1, it then follows
that, if x > 24 ¢ (y),

o0 o0
Spg(x) = x_l/b/ g(s)sl/b_]ds = x_]/b/ g(s)s]/b_]sl/“s_l/“ds
X X

o0
< x“/“/ g(s)s'*lds < x| gllq .
X
Therefore, for every z > 0,

{x > 05 1Sp9(0)| > 2}| < 225 (3) + l{x = 24 £ (3); 1Shg(x)| > 2}
<2 p () + lx = 2h,(y); Cx ™V gllg > 2}

Cliglla \*
<2rr(y)+ (%) ,
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and hence, for every ¢ > 0,

{legbg(xﬂ >

. y
Y550 = —(1+e>”

T (1+¢)

< (x5 18(f — 9 )] > O} + [{x; (1 + &)1Sp9(0)| > v}

< CUx 1F @] > Y+ 1x <20, (); L+ 8)[8h9(x)| > )
+ x> 20, ()5 (1 + &)ISpg(x)| > y})

SCAf(y)+/ (M) dx.
1/ (1<) y

which is the inequality (11). The proof now proceeds as for the case b > 1.
(iii) If S, satisfies a (P) modular inequality, then by (i), (18) holds with Q = P.
Conversely, if (18) holds with O = P, then it follows that P(y)/y? tends to zero when
y tends to infinity, and an integration by parts shows that (18) is equivalent to

/w@ §Ct—bfth(y).
t )’b 0

This implies that d P satisfies a Bj, condition (see [AM]), and hence it is known (see
for example Lemma 3 of [CW]) that there exists an & > 0 such that dP € B,_,. Again an
integration by parts shows that

— [ PO
b
t s[ —yb———s—{—]dySCP(t)’

[x>mﬁuf~mun> 24 ”+

and the result follows from (ii). O
If b = oo, we have the following result for the conjugate Hardy operator.

THEOREM 4.6. Assume that, for everyr > 0, x,r) € L. Then
(1
[e.¢] o0 f(s) (e ¢]
(20) P —ds|dt <C P(f()dt, felL
0 t s 0

ifand only if P € Aj.

(ii) If either P or Q € Ay, then S satisfies a (P, Q) modular inequalities if and only if
P <CQ.

PROOF. (i) If the inequality (20) holds, we have that P € A, by Proposition 3.1,
since obviously

x5 1Sx0.n ()] > 2} = e £0,

Conversely, if P € A», then (see [KK]) there exists p > 0 such that P(z)/t” is equivalent

to a decreasing function and hence

/ PO) . _ PO

A Y=t

An integration by parts shows that 17! [*°(1/yP*1)dP(y) < CP(t) and, since we
already know that A(t) = 271 is admissible for S, we get (i) from Theorem 3.5 (ii).
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(ii) Suppose P or Q satisfies A;. Then, by (i) a (P) or (Q) modular inequality is
satisfied. Since P < CQ, we get the (P, Q) modular inequality in either case.
Conversely, if we apply the (P, Q) modular inequality to the functions f(x) = 1 x(0,1)(x),

we get
! 1
/ P (tlog —) dx <CQ(@),
0 X

and with z = 7 log(1/x), we obtain

1 1 o] 1 1
-P() < —/ P()e ¥dz < / P (t log —) dx < CQ(1). g0
e t t 0 X

Theorem 2.1(i) and Theorem 4.6 now yields a characterization of a (P, Q) modular
inequality for the Hilbert transform.

COROLLARY 4.7. Suppose either P or Q satisfies the Ay condition. Then, the (P, Q)
modular inequality for the Hilbert transform

@n fRP(le(x)Ddx < CfRQ(If(x)l)dx

is satisfied for f € Lo(dx) ifand only if P < CQ and

(22) t/ P9 4s < cowy.
o S

PROOF. Clearly (21) is equivalent to

/O P((HF)*(x))dx < C fo O(f*(x))dx.

But, since (see [S])

1 X o0
(Hf)*(x)fcl[ /O Fr0di + f

X

f *t(t)dt] < CH(HF*Y (x)

it follows that (21) is satisfied if and only if

[ P[l / xf*(t)dt]deC [ ouranax.
0 X Jo 0

/OOP UOO f*(t)dt] dx < cfoo O(F*(x))dx
0 x 1 0

is satisfied. Then, by Theorem 2.1(i) and Theorem 4.5 (ii), this holds if and only if P < CQ
and (22) holds. 0

and

Finally, we give a short proof of an interpolation theorem proved by Miyamoto in [M] in
the case where P is continuous, P € Aj and P(x) = 0 if and only if x = 0. As we shall see,
these conditions can be removed.



MODULAR INEQUALITIES FOR CALDERON OPERATOR 45

THEOREM 4.8. Let T be a quasilinear operator such that T is of weak type (a, a) and
(b, b), where 0 < a < b < oo. Then, T satisfies a (P, Q) modular inequality for every
measurable function f with

"P(s) [ PGs)
Q(t) = max ([a‘/o ;‘a—HdS,t [ Fds) .
PROOF. It follows from the definition of Q that

PO _ oy 20

lim =0.

-0 19 t—>oc0 tb

Now, fix y > 0 and write f = fi+ f2, where fij(x) = f(x)if | f(x)| > y and zero otherwise.
Then, by assumption

Mo (7)< Ay 0/ QKD) + A (3/(2K))

a b
SC[/ (If(x)l> dWH/ (lf(x)l) du(x)],
{If()>y} y {If(x)l<y} y
and therefore
| parsconaven = [ g, 00ape)
N 0

00 a b
SC/ [/ (If(x)l) dM(X)+f (lf(X)I) du(x)]dp(y)
0 {If(x)|>y} y {If(x)]<y} y

1@l gp o 4p
:CU reor [ Zanco+ [ 1rwp [ iy)du(x)]
M 0 Yy M Ifx) Y

=C[IL + I].

Since P(t) < bQ(t), using an integration by parts, we obtain that

P @ p
n=| If(x)l“[ (17D +a | a(f.)dy} auex) =€ [ 0Ufwhane).
M 0 y M

Lf ol

The estimate for /I, follows similarly. O
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