Tohoku Math. J.
53 (2001), 319-335

CONFLUENCE PROCESSES IN DEFINING MANIFOLDS
FOR PAINLEVE SYSTEMS

Dedicated to Professor Norio Shimakura on his sixtieth birthday

KYOICHI TAKANO

(Received September 13, 1999, revised May 26, 2000)

Abstract. For each Painlevé system, we have a manifold, called the defining mani-
fold, on which the system defines a uniform foliation. In this paper, we describe confluence
processes in these manifolds as deformations of manifolds compatible to those in Painlevé
systems.

1. Introduction. The purpose of this paper is to describe confluence processes in the
defining manifolds for Painlevé systems, namely, to show a hierarchy of these manifolds.

Each Painlevé equation P; (J = VI, V, ..., 1) is equivalent to a Hamiltonian system
(Hy) :dx/dt =0H;/dy,dy/dt = —dH;/dx, where H; is a polynomial of x and y whose
coefficients are rational functions of ¢. Thus the Hamiltonian system (H) is called the J-th
Painlevé system.

For each Painlevé system, there is a manifold E, called the defining manifold for the
J -th Painlevé system, on which the system defines a uniform foliation. The manifold E; is
a fiber space over the t-space B; = P — {the fixed singular points} (P denotes the complex
projective line), containing as a fiber subspace the trivial fiber space C> x B (3 (x, y, t)) on
which the system (H;) defines a nonsingular foliation. It should be noted that the foliation
on C2 x B;(> (x, y, 1)) is not uniform because the solution of (H;) may have movable
singularities, but that on E; is uniform, namely, (i) every leaf is transversal to fibers, (ii) for
every Py € Ej, any curve in B; with the starting point 7;(Py) (7; denotes the projection
from E; onto Bj) can be lifted on the leaf passing through the point Py ([4]). Each fiber
E;(t) over t € By, called the space of initial conditions, consists of mutually disjoint c?
and several divisors each of which is isomorphic to C ([4]). The manifold E; (J # I) is
described as a patching of several copies of C> x Bj by certain birational and symplectic
identifications, and the Hamiltonian on each chart V;(¥) = C? x By 3 (x(x), y(%),t) is a
polynomial of x(*) and y(*) whose coefficients are rational functions of ¢ holomorphic in B
([6], [7]). The Hamiltonian system defined on the whole manifold E is called the extended
J-th Painlevé system. Note that the space of initial conditions is not compact, but there is no
other Hamiltonian system holomorphic on E; and meromorphic on some compactification of
Ej than the extended J-th Painlevé system ([6], [8]).
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On the other hand, we know certain confluence processes in Painlevé systems ([1]).
Thus it is natural to ask if there exist confluence processes in the defining manifolds E;’s
compatible to those in Painlevé systems. In this paper, we establish them as deformations of
manifolds.

This paper is organized as follows. Section 2 is devoted to some preliminaries which are
relevant to state and prove our results. The main results of this paper are given in Section 3,
and proved in the following sections.

2. Preliminaries. In this section, we recall some known facts and recall a lemma

which is used in the proofs of our results.
2.1.  We first review the forms of the Hamiltonian functions for Painlevé systems ([1]):

x(x — D(x — )y* — {ko(x — D(x — 1)

1
H LV, 1) =
vilx,y,1) D

+rx(x—t)+ & — Dx(x — D}y +«(x —1)]
1
(x = (ko + w1 + 1 — 1)? - x;,]) ,
1
Hy (x, y,8) =—[x(x — 1)2y? — {ko(x — )% +ix(x — 1) — ex}y + (x — 1)]

1
(K :=Z{(K0 +K)? — /cgo}) ,
Hyy(x,y,t) =2)Cy2 — {2+ 2ex + 2k0}y + KooX,

1 1
Hypp(x,y,1) =;[x2y2 — {Noox? + Kox — 1ot }y + 5 eo(k0 + Koo)x] ,

1
Hipr(x, y,1) =;[2x2y2 — (2n00tx? + (20 + 1)x — 2101}y + Noo(ko + koo)tx],

1 t 1
Hip(x,y,1) =5y2 - <x2+ E)y - (a+ E)X’

1
Hi(x,y,t) =§y2 —2x3 —tx.

Here x, y, and ¢ are variables and the other Greek letters stand for complex constants.

2.2. We next give descriptions of the defining manifolds E;’s (J # I) ([6], [7]). In
the following, we distinguish several coordinate systems by labels such as 00,000,100 and so
on. The coordinate system (x(00), y(00), t) = (x, y, t) is the original one of V(00) x B; =
C? x B; on which the Hamiltonian system (H;) is defined. We note that (x(000), y(000)),
for example, is a coordinate system which is appropriate to observe a 1-parameter family of
leaves passing through the point (x, y) = (0, 00).

2.2.1. The manifold Ey; for the VI-th Painlevé system is obtained by glueing six
copies V (x) x Byy > (x(x), y(*), t) of C?x By via the following symplectic identifications:

x(00) = y(000) (k0 — x(000)y(00)),  y(00) = 1/y(0c0),
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x(00) =1 + y(1oo)(k; — x(1o0)y(100)), y(00) = 1/y(100),
x(00) =t + y(too)(k; — x(to0)y(to0)), y(00) = 1/y(toc0),
x(00) = 1/x(000+), y(00) = x(000+)(k (+) — x(000+)y(000+)) ,
x(000+) = y(000—) (koo — x(000—-)y(000—)),  y(000+) = 1/y(000-),
where
By;=C—{0,1}, «(+)=(ko+k1+« —1+ks0)/2,
and V(00) x By is the original space on which the Hamiltonian function Hy(x, y,t) is
defined.
2.2.2. The manifold Ey for the V-th Painlevé system in the case n # O is obtained by

glueing five copies V(*) X By > (x(%), y(*),t) of C? x By via the following symplectic
identifications:

x(00) = y(000) (kg — x(000)y(0c0)), y(00) =1/y(0c0),

nt ke + 1
_ 100),
21002 T xiooy T 1%

x(00) = 1/x(000+), y(00) = x(000+)(k (4+) — x(000+)y(c00+)) ,
x(000+4) = y(000—) (koo — x(000—)y(c00-)), y(000+) = 1/y(c00-),

x(00) =1+ x(1c0), y(00)=

where
By =C—{0}, «(+)=(ko+k:+keo)/2,
and V(00) x By is the original space on which the Hamiltonian function Hy (x, y, ) is de-
fined.
2.2.3. The manifold E;y for the IV-th Painlevé system is obtained by glueing four
copies V (x) x Bry o (x(x), y(x), t) of C? x B;y viathe following symplectic identifications:

x(00) = y(000) (ko — x(000)y(000)),  y(00) = 1/y(000),
x(00) = 1/x(c00),  y(00) = x(000) (Koo — x(000)y(c00)) ,

1/2 t 2Kk00 — ko + 1

x(000) = x(0000),  y(000) = T x(0000)3  x(0000)2 x(0000)

+ y(0000) ,

where B;jy = C and V(00) x Bjy is the original space on which the Hamiltonian function
Hyy(x, y,t) is defined.

2.2.4. The manifold E;; for the modified III-rd Painlevé system in the case 7g7 # 0
is obtained by glueing four copies V(x) x By 3 (x(x), y(%),t) of C? x By via the
following symplectic identifications:

not Ko+ 1
T 30002 T x(000) T 70
x(00) = 1/x(000), y(00) = x(000)((ko + Koo)/2 — x(000)y(000)) ,
Noo 00
x(0onea) | x(0omee)

x(00) = x(0c0), y(00) =

x(000) = x(070), y(000) = —

+ y(00n0)
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where Bj;;r = C — {0} and V(00) x By is the original space on which the Hamiltonian
function Hy;p (x, y, t) is defined.

2.2.5. The manifold E;;; for the IlI-rd Painlevé system in the case none # 0 is ob-
tained by glueing four copies V() x By; 3 (x(%), y(x),t) of C? x Byj; via the following
symplectic identifications:

not ko + 1
Tx000 T x(0s0) T2
x(00) = 1/x(000),  y(00) = x(000)((ko + Ko0)/2 — x(000)y(c00)) ,

Nool + Koo
x(00N00t)?  x(00N0ot)
where B;j; = C — {0} and V(00) x By is the original space on which the Hamiltonian
function Hyyy(x, y, t) is defined.

2.2.6. The manifold E;; for the II-nd Painlevé system is obtained by glueing three
copies V(x) X Byy 3 (x(x), y(x), t) of C? x B;; via the following symplectic identifications:

x(00) = x(0c0), y(00) =

x(000) = x(00net), y(000) = — + y(0oneot) ,

x(00) = 1/x(c00), y(00) = x(000)(—a — 1/2 — x(000) y(c00)),
A 2 t 2a
x(0000)*  x(0000)2  x(0000)
where B;; = C and V(00) x By; is the original space on which the Hamiltonian function
H;;(x,y,t) is defined.

2.2.7. We remark that each Hamiltonian function H;(*) on the chart V(x) x By is a
polynomial of x(x) and y(x).

2.3.  We now give the confluence processes in Painlevé systems ([1], pp. 142-144).

2.3.1. The confluence process from the VI-th Painlevé system (Hy;) to the V-th one
(Hy) is given by the following diagram:

x(000) = x(0000), y(000) = — + y(0000),

K| — ns_l+/c,+1, Kt — —ns"l,

(x,y, Hyr,t) = (x,y, e "Hy v (e), 1 +et).

This means the following: By the change of parameters, variables, and functions

x=X, y=Y, HV]=8_1HV]__)v, t=1+¢T,

the VI-th Painlevé system dx/dt = 0Hy;/dy, dy/dt = —dHy/dx is changed to a Hamil-
tonian system d X /dT = 0Hy ;v /dY, dY/dT = —0Hy;_v /90X, because

dyNndx —dHy; Adt =dY ANdX —dHy;v NdT.

The new Hamiltonian Hy;_,v is a function of X, ¥, T depending also on parameters k;, Ky,
Koo, 1, €. The above diagram implies that the new Hamiltonian in which X, Y, T, k; is rewrit-
tenby x, y, t, k;, respectively, is equal to the function e Hy;, where x, y, t, k|, k; are replaced
by x,y, 1 +et,ne~! + 1, 4+ 1, —ne~!, respectively.
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We see
Hyisy(e) = ————[x(x — D(x — 1 —en)y? — {ko(x — 1)(x — 1 — &1)
+hex(x — 1) — (n + ek + e)tx}y + k(e)(x — 1 —er)],

where k(&) := [(kg + K,)2 — Kooz] /4. Notice that Hy;_, v (¢) is a polynomial of x and y, and
it tends to Hy as ¢ — 0. This property holds in each of the following processes.

2.3.2. The confluence process from (Hy) to (Hyy) is given by:
2 2

n—o —&°, Kk — s_2+2xoo—xo, Koo = —& <,
(x,y, Hy,1) - <%x gy, —J%Hvé,v(e), 1+ «/Est) .
2.3.3. The confluence process from (Hy) to (Hjj ) is given by:
Ko —> noos"', Ky —> Ko, Koo —> —noos_l + Koos 71— MoE,
(x,y, Hy, 1) = (L +ex, 67"y, Hyppp(e). 1) .
2.3.4. The confluence process from (H;y) to (Hjy) is given by:
Ko —> .9_6/2, Koo > —a — 1/2,
(x,y, Hiv, 1) = (e73(1 +2%36%x), 272 ey, 22P¢ " Hyy L 1(e), —e 3 + 27 3¢r).
2.3.5. The confluence process from (Hjs) to (Hyy) is given by:
no—> —e /4, N0 = £7/4,
Ko — —8_3/2 —2a—1, Koo — 5"3/2,
(. y, Hio ) = (L 26x, (671 /2)y, e 2 Hipro 11(), 1+ 6%).
2.4. The following simple lemma will be used in Sections 4 through 8.

LEMMA 1. Let S or T be manifolds by glueing two copies (x, y)-space and (u, v)-
space or (z, w)-space of C? via the identification x = 1/u, y = u(a —uv) orx = z +
a/w, y = w, where a is a complex constant. Then S is isomorphic to T provided a # 0.

3. Main results. We define manifolds £;_, x’s each of which describes the conflu-
ence process from the defining manifold E; to that Ex. The manifold £;_, ¢ is by definition
a complex analytic family of complex manifolds:

Ejsk = U51—>K(8) X €.
eeC
Recall that the manifold E; depends on some parameters. Let us denote by E;(g) for which
the papameters are chosen as in Subsection 2.3 depending on &, for example, Ey;(¢) is a
manifold given in 2.2.1, where only the parameters are replaced as in 2.3.1. The manifold
€7k is constructed so that £;_, x (¢) for each ¢ # 0 is isomorphic to E;(¢) and £;_, g (0)
is isomorphic to Ex. Although the latter assertion is easy to see, the former is not trivial.
Therefore we will verify it in Sections 4 through 8.
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Every fiber £,k (e, t) of £;x(¢) over ¢ is a disjoint union of a complex plane c?
and several complex lines C’s. Each confluence process is understood as a collision of two
complex lines. In the following theorems, we use (#, v) as a coordinate system of a special
chart appropriate to see the collision. In the identification of (#, v) with another coordinate
system, we observe a phenomenon such as a generation of a pole of order m +n by a collision

or confluence of two poles of order m and n.
We notice that these confluence processes are compatible with those given in Section 2.

THEOREM 1. Letn # 0. Then Ev v (¢) is obtained by glueing five copies of C* x
By -, v (€) via the following symplectic identifications:

x(00) = y(000) (ko — x(000)y(00)),  y(00) = 1/y(0c0),
-1

-1
1 —
X(00)=1+u, yooy=1_Frtl —me
U u—¢&t
De)t 1
__(+ Gk + De) +Kt+ .
u(u — et) u— st

x(00) = 1/x(000+), y(00) = x(000+)(k (+) — x(000+)y(000+)) ,
x(000+4) = y(000—) (koo — x(000—)y(000—-)), y(000+) = 1/y(c00-),

where

K(+) = (ko + Kt +Ko0)/2,  Byvimv(e) =C—{0, -7},
and (x(00), y(00)) is the coordinate system of the original chart on which the Hamiltonian
Sfunction Hy |,y (¢) (given in 2.3.1) is defined.

THEOREM 2. Ey_,v(e) is obtained by glueing four copies ofC2 X By_, v (€) via the

following symplectic identifications:

x(00) = y(000) (ko — x(000)y(000)),  y(00) = 1/y(000),

x(00) = 1/x(000),  y(00) = x(000) (koo — x(000)y(000)),

2 g7V2 2+ Koo — 1
2(000) = . y(ooO):—g——e N2+t e 4 200 — Ko +

+
U (u—e/V2)? u—e/J2
_ 1/2 t 2K00 — ko + 1

T uu—e/VD? (u—e/V2)? M e/V2

+v

+v,

where
By 1v(e) = C—{—¢"'/v2},
and (x(00), y(00)) is the coordinate system of the original chart on which the Hamiltonian
Sunction Hy _, 1y (¢) (given in 2.3.2) is defined.
THEOREM 3. Let noneo # 0. Then Ey_ 1117(€) is obtained by glueing four copies of
C? x By_,;1(¢) via the following symplectic identifications:
not ko +1

T30002 T x(0o0y T Y0

x(00) = x(0c0), y(00) =
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x(00) = 1/x(000),  y(00) = x(000)((ko + koo)/2 — x(c00) y(c00))

-1 -1
—TNook K £
x(000) =u, y(o00) = oo + °°+n°° +v
u u-+e
_ —MNoo T Koo€ Koo

u(u+e¢) u+e

+v,

where
By y11(e) = C— {0},
and (x(00), y(00)) is the coordinate system of the original chart on which the Hamiltonian
function Hy _, 111 (€) (given in 2.3.3) is defined.
THEOREM 4. &;y_(€) is obtained by glueing three copies ofC2 X Bry—r1(€) via
the following symplectic identifications:

x(00) = 1/x(000),  y(00) = x(000)(—a — 1/2 — x(000)y(000))

2132 N 271Bg=* —t 2a+4¢79)2 £76/2

u3 u? u uy 22 Y

x(000) =u, y(oo0)=—
wd(u 422362y w2
where
Biv-11(e) =C,
and (x(00), y(00)) is the coordinate system of the original chart on which the Hamiltonian
Sfunction Hyy_, 1;(€) (given in 2.3.4) is defined.

THEOREM 5. &;y1-1;(€) is obtained by glueing three copies ofC2 X Brrr—11(8) via
the following symplectic identifications:

x(00) = 1/x(000), y(00) = x(000)(—ax — 1/2 — x(000)y(c00)),

x(000) =u, y(00)=—

E}

€24+0/2 €732 (1402 3242
T T Ty T wt20?  ut2e
2 t/2 )2 2a
ST Rwt2? wt20f 2 a2V

where
Brii1i(e) = C—{—e7%},
and (x(00), y(00)) is the coordinate system of the original chart on which the Hamiltonian
Sfunction Hyji—11(€) (given in 2.3.5) is defined.
The following theorem is verified by calculation.

THEOREM 6. Each Hamiltonian function Hj_, g (¢, *) on each x-chart of £5 k (€) is
a polynomial of x(x) and y(x), and it tends to the Hamiltonian function Hg (x) defined on the
x-chart of Ex as ¢ — 0.
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4. Proof of Theorem 1. Let Ey;(¢) be a manifold given in 2.2.1, where only the
parameters are changed as in 2.3.1. The purpose of this section is to show that Ey,(¢) is
isomorphic to £y, vy (¢) for each sufficiently small ¢ # 0.

Consider a change of time variable t: + — 1 + &t, according to 2.3.1. Then Evy;(¢g) is
described as a patching of six copies of C? x Byi-v(€) by the identifications:

.1 x(00) = y(000) (kg — x(000)y(000)) ,  ¥(00) = 1/y(000),
@2 x(00) = 1+ y(100)(ne™! +k; + 1 — x(100)y(100)),  y(00) = 1/y(100),
(4.3) x(00) = 1+et +y*(—ne™' —x*y"), y(00) = 1/y*,

4.4) x(00) = 1/x(000+),  y(00) = x(000+)((ko + k¢ + Koo)/2 — x(000+)y(000+)) ,

4.5) x(000+4+) = y(000—) (koo — x(000—)y(c00-)), y(000+) = 1/y(c00—).

Here (x*, y*) is used in place of (x(t00), y(t00)).
The fiber Ey (e, t) of Eyy(g) overt € By(€) is a disjoint union of C? 5 (x(00), y(00))
and five complex lines:

Evi(g, 1) = C* U Dooo(t) U Dioo(t) U Dieroo(t) U Doco+ (1) U Dogo—(1) ,

where Dooo(t) := {y(000) = 0}, Dixo(t) := {y(100) = 0}, Ditero(t) := {y* = 0},
Dooo+(t) := {x(000+) = 0} and Dooo—(2) := {y(c00—) = 0}. As ¢ — O, the divisor
D1 46100 (2) is going to collide with the divisor D} (?). In the following, we choose an appro-
priate coordinate system to observe the collision.

Since 1 # 0 by assumption, ne ' + k; + 1 # 0 for sufficiently small & # 0, and hence
a space obtained by patching two copies of C? xt, t € By v(e), via (4.2) is isomorphic to
the one obtained by the patching

(4.6) x(00) =1+u/, y(00)=me™" +k +1)/u' +0

on account of Lemma 1. We see that D () = {y(100) = 0} = {u’ = 0}, and (x(100), 0)
and (0, v’) represent the same point on D (¢) if x(100) = —(176_l + Kk + V.

We also see that a space obtained by patching two copies of C2 x ¢ via (4.3) is isomorphic
to the one obtained by the patching

@.7 x(00) =1+et+u”, y©00)=—ne'/u" +0".

It is easy to see that Dj4¢100(t) = {y* = 0} = {u” = 0}, and (x*, 0) and (0, v") represent the
same point on D ¢ro0 () if x* = ne~ 10",

By observing (4.6) and (4.7), we find that a space obtained by patching three copies of
C? x t via (4.2) and (4.3) is isomorphic to a space obtained by patching two copies of C2 x ¢
via a relation

-1 1 -
(4.8) X(00)=1+u, yooy=T_Frtl —ne
u u— ¢t

It should be noticed that Do (t) = {u = 0} and D} ygr00(t) = {u = €t}.
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5. Proof of Theorem 2. We prove that Ey (¢) is isomorphic to Ey_, v (¢) for each
e #0.

Let us replace the variables as
x(00) — (¢/+/2)x(00), y(00) > (v/2/e)y(00), 1t — 1+ ~/2¢t,

according to the known confluence process given in 2.3.2. Corresponding to this, we further
make the following replacements:

x(000) = (V/2/£)x(000),  y(000) — (£/+/2)y(000),
x(0004) = (v/2/€)x(000),  y(0004) — (g/+/2)y(000),
x(000=) = (£/4/2)x(000—),  y(000—) = (v/2/€)y(c00—).

Then we have another description of Ey (¢) as a patching of five copies of C2 x By v(e)
by

(5.1) x(00) = y(000) (ko — x(000)y(000)),  y(00) = 1/y(0c0),

(6/v/2)x(00) = 1 + x(100),

(5.2)
. (4 V2e)e™? 7+ 2600 — Ko + 1
V2T O00) = x(100) (oo,
(5.3) x(00) = 1/x(c00), y(00) = x(000) (koo — x(000)y(0c00)),

(5.4 x(000) = y(000—)(—£~2 — x(000—)y(000-)),  y(000) = 1/y(000-).

The fiber Ey (e, t) of Ey(g) overt € By(¢) is a disjoint union of s (x(00), y(00))
and four complex lines:

Ey(e, ) = C* U Dooo(t) U D s5,-1 o (t) U Docp U Dooo (1) U Dooo—(1) ,

where Dooo(t) := {y(0o0) = 0}, Dﬁe—'oo(’) = {x(100) = 0}, Dooo(t) := {x(cx0) = 0}
and Dyoo—(t) := {y(0c00—) = 0}. To see that the divisors D /5,1, (t) and Dooo—(#) collide
with each other as ¢ — 0, we look for a coordinate system which is suitable to see the
collision.

We first note that a space obtained by patching two copies of C2 x ¢ via (5.4) is isomorphic
to the one via a relation

(5.5) x(000) = u’,  y(000) = —72/u' + ',
by Lemma 1, and that Dgog_(¢) = {y(000—) = 0} = {u’ = 0}, and (x(c00—), 0) and (0, v")
are the same point on Do (¢) if x(000—) = v'/g?.

We next study how one can choose an appropriate coordinate system near the divisor

D Ve-Too(1) SO that the identification of the system with (x(c00), y(000)) is of simple form.
From (5.2) and (5.3), it follows that

x(000) = (£/+/2)/(1 4 x(100)).
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Considering x(000) = &/+/2 when x(100) = 0, we introduce a coodinate u” by
(5.6) x(000) = g/+/2 +u" .

Let us obtain the expression of y(co0) in terms of u” and y(100) by (5.2), (5.3), and (5.6).
By a careful calculation, we have

3*1/«/§+t +8—2+2K00—K0+1

4

y(OOO) = — u//2 .

_e‘2+xoo—xo+l

&
e/N2+u ﬁ(€/ﬁ+u”)2y

and then take a coordinate v” by

(1o0),

" _ €72 + koo — ko + 1

&
T eVItw VReNIruwR

(100),

which is equivalent to
y(100) = =267 (/N2 +u")?v" = V267 (7% 4 koo — ko + 1)(e/v/2 +u").
The relation between (x(000), y(000)) and (1", v”) is

x(000) = &/v2 +u”,
e_l/ﬁ +t+e_2 + 2K00 — ko + 1

u//z u

5.7
+ vl/ .

y(000) = —

From these relations, it follows that a space obtained by patching (x(000), y(000))-space
and (x(100), y(loo))-space via the relation derived from (5.2) and (5.3) is isomorphic to
the one obtained by patching (x(c00), y(c00))-space and (u”, v”)-space via (5.7). We can
verify that D _s5,-1,,(t) = {x(loo) = 0} = {u” = 0} and that (0, y(100)) and (0, v") with
y(loo) = —(e/ﬁ)v" — (672 + koo — ko + 1) are the same point on Dﬁa~'oo(’)'

By observing (5.5) and (5.7), we introduce a coordinate system (u, v) by

x(000) =u,

-2 -1 -2 2 _ 1
y(000)=—8——8 /ﬁ+t+e + 2Kk00 — Ko + +v

u (u — e//2)? u—=e/v?2
We can verify that the space obtained by patching (x(000), y(00)), (x(c00-), y(c00-)),

and (x(100), y(100))-spaces is isomorphic to that obtained by patching (x (c00), y(c00)) and
(u, v)-spaces via (5.8), and that Dogo—(t) = {u = 0}, D s3,-1,,(t) = {u = £/~/2}.

(5.8)

6. Proof of Theorem 3. We prove that Ey (¢) is isomorphic to Ey_, ;7 (¢) for suffi-
ciently small ¢ # 0. Notice that this Ey (¢) is different from that in Section 5.
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Since neoe ™!, —noe ™! + koo # O for sufficiently small & # 0 by assumption 7o7eo # 0,

Evy (e) is described as a patching of five copies of C2 x By_1(¢) via
x(00) =27/,  y(00) = neoe™ /7 +w',
noet ko+1

71002 T x(log) T71°):

x(00) = 1/x(000+),  y(00) = x(000+)((ko + Koo)/2 — x(000+)y(000+)) ,
x(0004) = 7",  y(0004) = (—10e™" + koo) /2" + w”

x(00) = 1+ x(1oo), y(00) = —

by Lemma 1.
In accordance with the process in 2.3.3, we consider the replacement

x(00) — 1+¢x(00), y(00) — &~ 'y(00),
and coresponding to this, we make the following replacements:
x(10o) = ex(000), y(1oo) = &~ y(000),
x(000+) = x(000)/(g + x(c0)) ,
¥(000+) = (1 + ™" x(000))[— (k0 + Ko0)/2 + (& + x(000)) y(000)] .
Then we have another description of Ey (¢) as a patching of five copies via
(6.1) 146x(00) =2, &7 'y(00) = nooe™! /7 +w',

not ko+ 1
—_ 0 s
20002 T x000) 710

(6.2) x(00) = x(00c0),  y(00) =

(6.3)  x(00) =1/x(000), y(00) = x(c00)((k0 + Koo0)/2 — x(000) y(000)) ,

x(000)/(e 4+ x(000)) = 7",
6.4)
Ko + Koo

|
+ (e +x(ooO))y(ooO)i| — M +w".

Zl/

(14 &' x(000)) [—

The fiber Ey (g, t) of Ey (g) over ¢ is a disjoint union of c?> (x(00), y(00)) and four complex
lines
Ey (g, 1) = C* U D_;-155(t) U Doo(t) U Dogo(t) U Dogo—(t) ,

where D_,-1,,(?) := {z/ = 0}, Dooo(?) := {x(000) = 0}, Doop(?) := {x(000) = 0} and
Doco—(t) := {z” = 0}. As & — 0, the divisors D_,-1,(¢) and Dooo— (t) are going to collide
with each other, and thus we must look for a coodinate system suitable to see the collision.
We first seek a coordinate system for D_ -1, (¢) simply related to the system (x(c00),
y(000)). By (6.1) and (6.3), we have
x(000) = ¢/(—1+7),
and x(000) = —¢ if 7/ = 0. Therefore we introduce u’ by

(6.5) x(000) = —e +u’.



330 KYOICHI TAKANO

A careful calculation by means of (6.1),(6.3) and (6.5) shows

-1 -1
Noo€ —Noo€™ " + (Ko + Koo)/2 € /
0) = — .
¥(200) W T —e+u (—et+u) "
Then, introducing v’ by
) ~Moot”! 4 (K0 + Keo) /2 £ /
v = - w,
—e4u (—& +u')?
we have
’Ioog—l
(6.6) x(000) = —g +u', y(000) = —— + .
u

Note that D_,-1,(t) = {z’ = 0} = {u’ = 0}, and that (0, w’) and (0, v’) related by
w + eV = Nooe ! + (ko + koo)/2

represent the same point on D_ -1, (t).
We next choose a suitable coordinate system for the divisor Dooo— () = {z” = 0} which
is simply related to the coordinate system (x(000), y(c00)). By (6.4), we have

x(000) = ez"/(1 = 2"),
and x (000) = 0 if z”/ = 0. Therefore we introduce u” by
6.7) x(000) = u” .

By making use of (6.4) and (6.7), we have

—Vlooé"—l + Koo + 77005_1 + (K0 — Koo) /2 € w”
u" e+u” (8 + u//)2
Therefore, introducing v” by

y(000) =

V! = '7005_l + (ko — K00)/2 € w”
£ +u// (8 _,_u//)z
we obtain a coordinate system («”, v”'), which is related to (x(000), y(c00)) by
_ -1
(6.8) x(000) = 1, y(000) = —E%i—@ +v”.

We can verify that Do (¢) = {z” = 0} = {1 = 0}, and that (0, w”) and (0, v"”) related by
—w” 4 ev" = neoe ™! + (ko + Koo0) /2

represent the same point on Dgo— (2).
Observing (6.5) and (6.8), we introduce a coordinate system (u, v) by

~Noo€ ™! + Koo N Moot ™!

u-+e
It is verified that D_, -1 (t) = {u = —¢} and Doeo—(t) = {u = 0}.

(6.9) x(000) =u, y(co0) = +v.

7. Proof of Theorem 4. In this section, we show that E;y(¢) is isomorphic to
Erv-11(¢e) foreach e # 0.
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By Lemma 1, Ey () is described as a patching of four copies of C2 x By _;(¢) via
x(00) =7, y(00) = (7%/2)/7 +w',
x(00) = 1/x(000), y(00) = x(000)(—ax — 1/2 — x(000)y(cc0)),
x(000) = x(0000),
1/2 — 3427t 792422
x(0000)?  x(c000)2  x(0000)
In accordance with the process in 2.3.4, we make the replacement

x(00) = £73(1 4 2232x(00)),  y(00) — 273&y(00),

y(000) = —

and corresponding to this,
£3x(000)
22/3g2 4 x(000) ’

y(000) — 2723=3(223¢% 4 x(000)){ar + 1/2 + (2%36% + x(000)) y(000)} .

x(000) -

Then we have another description of E;y (¢) by patching four copies of C? x Biy_(¢e) via

(7.1) e 31 +223e2x00)) = 2/, 272ey(00) = (¢7%/2)/7 +w',
(7.2) x(00) = 1/x(000),  y(00) = x(000)(—a — 1/2 — x(000) y(c00))
£3x(000)
25362 4 x(000) = x(0000) ,
(7.3) 2723e73(223¢? 4 x(000){er + 1/2 + (22/3€% + x(000)) y(000)}
1/2 — 34272t 792422
- T x(000)?  x(0oo0)2  x(0000) + (0000).

We see that the fiber E;y (¢, t) of E;y () over ¢ is a disjoint union of C? > (x(00), y(00))
and three complex lines:

Erv(e, 1) = C*U D_y-23,-205 (1) U Dogo(t) U Doooo(t) ,

where D_,-2/3,-2,(t) := {2’ = 0}, Dooo(t) := {x(000) = 0} and Dooo(t) := {x(0000) =
0}. In order to see that two divisors D_y-2/3,-25,(¢) and Deoeo(2) collide with each other as
& — 0, we are going to choose an appropriate coordinate system to describe the collision.

First, we seek a coordinate system to describe the divisor D_,-2/3,-2,,(¢) so that it is
simply related to (x (000), y(c00)). From (7.1) and (7.2), it follows that

x(000) = 22362 /(=1 + &37)),

and x(000) = —22/3¢2 if in particular z’ = 0. Hence we take u’ as
(7.4) x(000) = —223¢2 4 /.
From (7.1), (7.2) and (7.4), it follows that
e %2 e %24a+1)2 22/3¢-1
y(000) =

U7V IS BRSO v T PO R Al
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Therefore, introducing v’ as

. e 2ta+1/2 22/3g—1
T B tw | (2P yu
we have
23,2 2
(75 x(000) = =22 +u/,  y(000) = ——= +v',
u

We can verify that D_,-2/3,-25,(t) = {z/ = 0} = {u’ = 0}, and that the points (0, w’) and
(0, v') related by
w 42235 =372+ a +1/2)
represent the same point on D_,-2/3,-2,(1).
Secondly, we choose a coordinate system for the divisor Dooeo(?) simply related to
(x(000), y(000)). Taking the first equation of (7.3) into account, we choose a variable u”
as

(7.6) x(000) = u”.
Notice that x(c0o0) = 0 corresponds to u” = 0. By making use of (7.3) and (7.6), we obtain

218372 2=1B3g=% ¢t £76/2 42
y(ooO) == u//3 + u//2 - u

e %2 4+a—1/2 22/3¢3
22/3g2 + u” (22/382 + u”)

5 ¥(0000) .

Therefore, by introducing v” by

g €924 a—1/2 22/3¢5 (6000)
22362 1 (22732 4 q)2” (0%
we have .
21/3,-2 2—1/3—4 _ =624 9
17 x(000) =u", yool) = ——0s 4= ¢ _E2 e

u//3 u//2 u!
It is verified that Doooo(f) = {x(0c000) = 0} = {u” = 0}, and the points (0, y(cooco)) and
(0, v") related by
y(0000) — 2% = —3 (762 +a — 1/2)
represent the same point on Do (7).
Lastly, by observing (7.5) and (7.7), we introduce a coordinate system (u, v) by
x(000) =u,

(7.8) 2Bg=2 =134 -6 -6
_ e —t £7°/24 2« e7°/2
y(000) = — 3 + ) - - + PR YTER +v.

We can verify that D_,_2/3,-2,5(t) = {u = —2%/36?} and Doooo(t) = {u = 0).

8. Proof of Theorem 5. We show that E;;(¢) is isomorphic to &7, 7;(¢) for each

e #0.
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The manifold E;;;(¢) is described as a patching of four copies of C? x Byji(¢) via
e3t/4 7324 20

x(00) = 1/x(c00), y(00) = x(000)(—a — 1/2 — x(000)y(c00)),
e 31/4 e32
x(000) = x(00neot), y(000) = — + y(0oneot) .

x(00net)?  x(00Noot)
Acoording to the confluence process given in 2.3.5, we make the replacements

x(00) > 1+2ex(00), y(00) — y(00)/(2e), t— 1+¢&t

and corresponding to this,

_ X0 0y ZEFEO0) a4 26 4 x(000) y(000)]
2e + x(000)

x(000) — %

Then we have another description of Ej;;(¢) by patching of four copies of C? x Biio11(8)
via

1 + 2ex(00) = x(000) ,

CRY) e3(1 +620)/4  £73/242a
y(00)/(2¢) = 2(000)? - (050)

+ y(000) ,

(8.2) x(00) = 1/x(0c00), y(00) = x(c00)(—a — 1/2 — x(000)y(000)),

_ x(000) = x*, w[a +1/2 4+ (2& 4+ x(000)) y (000)]
83 2¢e + x(000) 2¢
e+ 32
== *2 + * Ty
X X

Here (x*, y*) 1= (x(00n00t), y(00Nc0t)).
We see that the fiber E;;; (¢, t) of E;7y(¢) overt is a disjoint union of C? 5 (x(00), y(00))
and three complex lines:

Erri(e.t) = C*UD_-1500(t) U Doo0(t) U D=3, 4(1) |

where D_-1 /300 (1) 1= {x(000) = 0}, Dooo(?) := {x(000) = 0} and Dooe_a,/4(t) = {x* =
0}. As ¢ tends to 0, the divisors D_,-1 5, (¢) and D3, /4(t) collide with each other. In the
following, we look for an appropriate coodinate system which is suitable to see the collision
Of D_,-1)30(t) and Dy-3;4(2).

We first obtain an coodinate system of a neighborhood of D_,-15,,(t), so that it is
related with (x(000), y(0c0)) in simple form. Since the right-hand side of

x(000) = 2¢/(—1 4+ x(000))
is —2¢ if x(000) = 0, we introduce a variable u’ by

(8.4) x(000) = —2¢ +u'.
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We see that
(€ 2410)/2 €32 42
y(000) = — 72 - /
u u
€32 +a—1/2 2e
/ ’ / - / 2 y(ow) ’
-2e+4u (—2e+u')
and then introduce a variable v’ by
-3
2 —1/2 2
o= 2+a—172 £ y(000) .
—2e+u’ (=2 +u')?

The relation between (x(000), y(000)) and (#/, v') is given by

2402 €732 42
(8 +)/_8/+a+v/

8.5)  x(000) = —26+u', y(000) = — : ,
u? u

and D_,-1 550 (t) = {x(000) = 0} = {u’ = 0}.
We next obtain an appropriate coodinate system of a neighborhood of D -3, 4(). Since
the right-hand side of
. x(000) = 2ex™/(1 — x¥)

is 0 if x* = 0, we introduce a variable u” by

(8.6) x(000) = u” .
Then we have
€ 24+0)/2 €32 32 4+a+1)2 2e
0) = — _ *
y(oo ) u//2 + u” 2e + u (28 + u//)Zy

Therefore, introducing a variable v” by

o &2 4+a+1/2 2e »
26 +u’ Qe +u")?”
we have
2402 32
@.7) x(000) = u",  y(ool) = — & tD2 T2

u//2
Now, observing (8.5) and (8.7), we take a coordinate system (u, v) defined by

x(000) =u ,

8.8) € 24+0/2 €32 ?+0/2 3242
y(000) = — 3 + - - +v
u u (u + 2¢)? u+2e¢
Then we can verify

D_-1 jpoo(t) = (= =26}, Doopsysa(t) = {u = 0}.
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