
Tohoku Math. J.
56 (2004), 531–551

INTERSECTION NUMBERS FOR LOADED CYCLES ASSOCIATED
WITH SELBERG-TYPE INTEGRALS

Dedicated to Professor Atsushi Inoue on his sixtieth birthday

KATSUHISA MIMACHI , KATSUYOSHI OHARA AND MASAAKI YOSHIDA

(Received March 27, 2003)

Abstract. We evaluate the intersection numbers of loaded cycles associated with an
n-fold Selberg-type integral. We proceed inductively using high-dimensional local systems.

Introduction. We evaluate the intersection numbers of loaded cycles associated with
then-fold Selberg-type integral∫

u(t) dt1 ∧ · · · ∧ dtn, u =
n∏

i=1

∏
(i<) j

(ti − tj )
αij ,

wheretj (n < j) are mutually distinct parameters. LetL = L+ be the local system defined
by the integrandu on

Xn = {t = (t1, . . . , tn) ∈ Cn | ti �= tj , 1 ≤ i ≤ n, 1 ≤ j �= i} ,

andL− its dual, i.e., the local system onX defined byu−1. Whentj (n < j) are real, the
real locusXn

R of Xn breaks into disjointn-cells. We load each cell, say∆, with u±1 in the
standard way (see §1.4) and make it loaded cycles∆±, that is, elements of thelocally finite
n-th homology groupH lf

n (X,L±) with coefficients inL±. There is a natural dual pairing

H lf
n (X,L) × Hn(X,L−) → C

called theintersection pairing. Throughout this paper we assume that the exponentsαij are
sufficiently generic so that the natural map

Hn(X,L) → H lf
n (X,L)

is an isomorphism; the inverse map is called theregularization and is denoted by reg. For
general background, refer to [Yo].

The main purpose of this paper is the evaluation of the intersection numbers of these
cycles. The so-called half-turn formula for these cycles plays a crucial role; this formula is
important for its own sake. To help the reader’s understanding, we present the context in
n = 1, 2, 3 before stating in generaln.
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We proceed inductively by utilizing a fibre bundle structure of the spaceXn. In order to
fit the notation of the coordinates and the points to induction, we fix them as follows. For each
positive integern and a sequence of mutually distinct numbers

t0, tn+1, tn+2, . . . ,

we consider a domain inCn defined by

X1···n
t0,tn+1,...

:= {(t1, . . . , tn) ∈ Cn | ti �= tj , 1 ≤ i ≤ n, 0 ≤ j �= i} .

The local systemL (of rank 1) onX1···n
t0,tn+1,...

is defined by the function

u :=
n∏

i=1

(ti − t0)
αi0

∏
(i<) j

(ti − tj )
aij

onX1···n
t0,tn+1,···. Via the projection

π : X1···n
t0,tn+1,...

� (t1, . . . , tn) �−→ tn ∈ Xn
t0,tn+1,...

:= {tn | tn �= t0, tn+1, . . . } ,

the spaceX1···n
t0,tn+1

can be regarded as a fibre bundle over the 1-dimensional spaceXn
t0,tn+1,...

with fibre

π−1(tn) = X
1···(n−1)
t0,tn,... = {(t1, . . . , tn−1) | ti �= tj , 1 ≤ i ≤ n − 1, 0 ≤ j } .

Making use of this fibre bundle structure, we express the intersection numbers ofn-dimen-
sional cycles onX1···n

t0,tn+1,...
in terms of those ofk-dimensional cycles onX1···k

t0,tk+1,...
for 1 ≤ k ≤

n − 1.
We name the cycles onX1···(n−1)

t0,tn,... in §1, and the half-turn formula, which is the key of
our method, is given in §2. Finally in §3, we give formulae for the intersection numbers. An
application of these formulae is given in §4. §5 recalls a fundamental structure of twisted
(co)homology groups of fibre bundles stated in [OST].

1. Coding the cycles. For indeterminatest0, t1, . . . , we consider domains in realt-
spaces.

1.1 1D case. On the realt1-space, we fixt0 < t2 < t3 < · · · and name the intervals
(see Figure 1)

D01̃2··· = D01̃2 := {t1 ∈ R | t0 < t1 < t2}, D021̃3··· = D21̃3 := {t1 | t2 < t1 < t3}, . . . .

(1̃ indicates thatt1 is a variable, i.e., not fixed.) We array these intervals as

D1
023··· := t (D01̃2,D21̃3,D31̃4, . . . ) .

FIGURE 1. Coding the intervals.
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1.2 2D case. On the real(t1, t2)-space, we fixt0 < t3 < t4 < · · · and name the
domains (see Figure 2)

D01̃2̃3:={(t1, t2) ∈ R2 | t0 < t1 < t2 < t3} , D02̃1̃3:={(t1, t2) | t0 < t2 < t1 < t3} ,
D02̃31̃4:={(t1, t2) | t0 < t2 < t3 < t1 < t4} , D01̃32̃4:={(t1, t2) | t0 < t1 < t3 < t2 < t4} , . . . .

(1̃ and2̃ indicate thatt1 andt2 are variables, i.e., not fixed.) We array these domains as

D12
034··· := t (D1

02̃34···,D
1
032̃4···,D

1
0342̃5···, . . . ) ,

where

D1
02̃34··· := t (D01̃2̃3,D02̃1̃3,D02̃31̃4,D02̃341̃5, . . . ) , . . . .

1.3 3D case. On the real(t1, t2, t3)-space, we fixt0 < t4 < t5 < · · · and name the
domains

D01̃2̃3̃4··· := {(t1, t2, t3) ∈ R2 | t0 < t1 < t2 < t3 < t4} , . . . .

(1̃, 2̃, 3̃ indicate thatt1, t2, t3 are variables, i.e., not fixed.) We array these intervals as

D123
045··· := t (D12

03̃4···,D
12
043̃5···,D

12
0453̃6···, . . . ) , . . . ,

where

D12
03̃4··· := t (D1

02̃3̃4···,D
1
03̃2̃4···,D

1
03̃42̃5···, · · · ) , . . .

and

D1
02̃3̃4··· := t (D01̃2̃3̃4,D02̃1̃3̃4,D02̃3̃1̃4,D02̃3̃41̃5, · · · ) , . . . .

1.4 nD case. Now the reader can easily imagine what the authors would like to define.
For notational simplicity, we put

′′n := n − 2 , ′n := n − 1 , n′ := n + 1 , n′′ := n + 2 .

On the real(t1, . . . , tn)-space, we fixt0 < tn′ < tn′′ < · · · and name the domains

D01̃···ñn′··· := {(t1, . . . , tn) ∈ Rn | t0 < t1 < · · · < tn < tn′ } , . . . .

FIGURE 2. Coding the 2-domains.
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(1̃, . . . , ñ indicate thatt1, . . . , tn are variables, i.e., not fixed.) We array these intervals induc-
tively as

D1···n
0n′n′′··· := t (D1···′n

0ñn′···,D
1···′n
0n′ñn′′···,D

1···′n
0n′n′′ñ···, . . . ) , . . .

...

D1
02̃···ñn′··· := t (D01̃2̃···ñn′ ,D02̃1̃···ñn′ ,D02̃3̃1̃···ñn′ , . . . ,D02̃3̃···ñ1̃n′ , . . . ) , . . . .

In this subsection, the numerals with tildes among the sub-indices ofD indicate that the
corresponding points are free (not fixed). When it is clear which points are fixed and which
points are free, we often omit the tildes, later.

1.5 Standard loading. For complex constantsaij ∈ C − Z, we consider the multi-
valued fuction

u :=
n∏

i=1

(ti − t0)
αi0

∏
(i<) j

(ti − tj )
aij ,

and the local systemL defined byu. We load each domainD with the function

u :=
n∏

i=1

{εD
i0(ti − t0)}αi0

∏
(i<) j

{εD
ij (ti − tj )}aij ,

whereεD
i0, ε

D
ij = ±1 are so chosen thatεD

i0(ti−t0) andεD
ij (ti−tj ) are positive on the domainD

(arguments of positve numbers are 0), and regard the domain as aloaded cycle. This loading
is said to bestandard. A standardly loaded cycle will often be called just by the name of the
domain which supports the cycle.

1.6 Notation of the exponents.

aij = aji , rij := expπ
√−1aij ,

rijk := rij · rjk · rki , rij ···k :=
∏

{p,q}⊂{i,j,...,k}
rpq ,

cij := r2
ij , cij ···k := r2

ij ···k ,

dij := cij − 1 , dijk := cijk − 1, . . . , dij ·pq := cij · cpq − 1, . . . .

2. The half-turn formulae. Let ta < tb be adjacent points in the sequencet0 <

tn+1 < · · · . The two pointsta andtb were fixed when we defined then-dimensional domains
in §1 such asD01̃2̃···ñn′ , D02̃1̃···ñn′ , . . . . In this section we movetb in the complex plane in the
counterclockwise direction aroundta. Accordingly the domains deform, and so do the loaded
cycles. We describe the happening when the travel oftb is halfway completed, andta and
tb have exchanged positions. We assume that the resulting interval[tb, ta] contains no other
points in{t0, tn+1, . . . }. Each of the (standardly loaded) cycles with respect to the sequence

t0 < tn+1 < · · · < ta < tb < · · ·
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is transformed into a linear combination of the (standardly loaded) cycles with respect to the
sequence

t0 < tn+1 < · · · < tb < ta < · · · .

This transformation is called the (positive)half-turn H(ab) with respect to the pointsta < tb.
If tb continues traveling back to the original position, by applying the half-turn transformation
(do not forget to exchange the corresponding exponents) again, we get thefull-turn transfor-
mationF(ab).

2.1 1D case. Letta < tb be adjacent points in the sequencet0 < t2 < t3 < · · · . The
half-turnH(ab) with respect to the pointsta < tb transforms the cycles as

D1ab → rab(D1ba + r1bDb1a) ,

Da1b → −ra1bDb1a ,

Dab1 → rab(Dba1 + ra1Db1a) ,

other intervalsD···ab··· being sent torabD···ba···. (See Figure 3.) In this subsection, the tilde
on the letter 1 is omitted.

2.2 2D case. Letta < tb be adjacent points in the sequencet0 < t3 < t4 < · · · . The
half-turnH(ab) with respect to the pointsta < tb transforms the cycles as

D12ab → rab(D12ba + r2bD1b2a + r2br1bDb12a) ,

D1a2b → −ra2b(D1b2a + r1bDb12a + r1br12Db21a) ,

D1ab2 → rab(D1ba2 + r1bDb1a2 + ra2D1b2a + r1bra2Db12a + r1bra2r12Db21a) ,

Da12b → ra12bDb21a ,

Da1b2 → −ra1b(Db1a2 + ra2Db12a + ra2r12Db21a) ,

Dab12 → rab(Dba12 + ra1Db1a2 + ra1ra2Db12a) .

(See Figure 4.) If 1 or 2 is away froma andb, then the move reduces to the 1D-case. In this
subsection, the tildes on the letters 1 and 2 are omitted.

FIGURE 3. Half-turn ofD1ab.
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FIGURE 4. Half-turn ofD1ab2.

2.3 3D case. Letta < tb be adjacent points in the sequencet0 < t4 < t5 < · · · . The
half-turnH(ab) with respect to the pointsta < tb transforms the cycles as

D123ab → rab(D123ba + r3bD12b3a + r3br2bD1b23a + r3br2br1bDb123a) ,

D12a3b → −ra3b(D12b3a + r2bD1b23a + r2br23D1b32a + r2br1bDb123a + r2br1br23Db132a

+r2br1br23r13Db312a) ,

D12ab3 → rab(D12ba3 + r2bD1b2a3 + r2br3aD1b23a + r2br3ar32D1b32a + r2br1bDb12a3

+r2br1br3aDb123a + r2br1br3ar32Db132a + r2br1br3ar32r31Db312a) ,

D1a23b → ra23b(D1b23a + r1bDb123a + r1br12Db213a + r1br12r31Db231a) ,

D1a2b3 → −ra2b(D1b2a3 + r1bDb12a3 + ra3D1b23a

+r1bra3
∑

σ Db1σ 2σ 3σ a (σ : permutations of 123) ,

Da123b → −ra123bDb321a ,

Da12b3 , Da1b23 , Dab123: as above.

If 1, 2 or 3 is away froma, b andc, then the move reduces to the 2D-case. In this subsection,
the tildes on the letters 1, 2 and 3 are omitted.

2.4 nD case. By the examples above, we hope that the reader can imagine what will
happen in high-dimensional cases. Since the situation is fairly complicated, we state the action
of half-turn properly.

A shuffle of the three ordered sets

X = {. . . , xi, xi+1, . . . } , Y = {. . . , yj , yj+1, . . . } , Z = {. . . , zk, zk+1, . . . }
is a permutaion of the elements ofX ∪ Y ∪ Z such that the order of the elements ofX, the
order of the elements ofY , and the order of the elements ofZ are preserved. The set of such
shuffles is denoted byS(X, Y,Z). For example, if

X = {x1, x2} , Y = {y1, y2} , Z = ∅ ,

then

S(X, Y,Z) = {x1x2y1y2, x1y1x2y2, x1y1y2x2, y1x1x2y2, y1x1y2x2, y1y2x1x2} .

For two membersx andy of a shuffles, if x is on the left side ofy, we denote ‘x ≺ y in s’.
Let Y−1 be the order reversed set ofY , that is,

Y−1 = {. . . , yj+1, yj , . . . } .
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FIGURE 5. Half-turnH(a, b) .

For a shuffles ∈ S(X, Y−1, Z), defineεs(·, ·) as

εs(xi, yj ) :=
{

0 if xi ≺ yj in s ,

1 if xi � yj in s ,
εs(yj , zk) :=

{
0 if yj ≺ zk in s ,

1 if yj � zk in s ,

and

εs(xi, zk) :=
{

0 if xi ≺ zk in s ,

1 if xi � zk in s .

Consider ann-dimensional domainD∗∗∗ defined in §1.4. Recall that it is coded by
an arrangement ofn moving pointst1, . . . , tn in the real line divided by fixed onest0 <

tn+1 < · · · . Let ta < tb be adjacent points in the sequencet0 < tn+1 < · · · , andta′ be the
left-adjacent point (if any) tota , andtb′ the right-adjacent point totb. Let tX, tY ′ andtZ be the
ordered subsets of{t0, . . . , tn} situated in the interval[ta′, ta], [ta, tb] and[tb, tb′ ], respectively.
The indices of the points intX, tY ′ andtZ define ordered subsetsX,Y ′ andZ of {0, . . . , n};
put Y = {a, Y ′, b}. Thus the domainD∗∗∗ has the codingD···XYZ···. Now we are ready to
state the move of the half-turn.

PROPOSITION 1. Let a be the left extreme element of Y , and b the right extreme. Sup-
pose that X ∪ (Y − {a, b}) ∪ Z ⊂ {1, . . . , n}. Then the half-turn H(ab) with respect to the
points ta < tb transforms the cycles

D···XYZ··· = D...xixi+1...a...yj yj+1...b...zkzk+1...

into
(−)#Y rY

∑
s∈S(X,Y−1,Z)

r(s)D···s··· ,

where
r(s) =

∏
i,j,k

r
εs(xi,yj )
xiyj

r
εs(yj ,zk)
yj zk

rεs(xi,zk)
xizk

, rY =
∏

{p,q}⊂Y

rpq .

PROOF. See Figure 5. Remember thatxi move on the left-side ofa, yj betweena and
b, andzk on the right-side ofb. After the half-turn ofb arounda, let us regard

. . . xixi+1 . . . b . . . yj+1yj . . . a . . . zkzk+1 . . .

as the ground state. Starting from this ground state, the very right one among{xi} can pass
b and theyj ’s, the very left one among{zk} can passa and theyj ’s; then the next right one
among{xi} and so on, and we get shuffles ofX,Y−1 andZ. Each time whenxi passesyj ,
the argument oftxi − tyj increases byπ , sorxiyj is multiplied. This is also the case whenxi

passeszk, andzk passesyj .
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Since the moves ofyj are reversed, for the orientation reason, we have the overall factor
(−)#Y . The other overall factorrY comes from the factors∏

p<q

(typ − tyq )
αypyq

of u; note that the half-turn increases the argument of every factor byπ . �

3. Intersection numbers. Consider for each positive integern and a sequence of
mutually distinct numbers

t0 , tn+1 , tn+2, . . . ,

a domain inCn defined by

X1···n
t0,tn+1,...

:= {(t1, . . . , tn) ∈ Cn | ti �= tj , 1 ≤ i ≤ n, 0 ≤ j �= i} .

The local systemL (of rank 1) is defined by the function

u :=
n∏

i=1

(ti − t0)
αi0

∏
(i<) j

(ti − tj )
aij

onX1···n
t0,tn+1

. Via the projection

π : X1···n
t0,tn+1,...

� (t1, . . . , tn) �−→ tn ∈ Xn
t0,tn+1,...

:= {tn | tn �= t0, tn+1, . . . } ,

the spaceX1···n
t0,tn+1

can be regarded as a fibre bundle over the 1-dimensional spaceXn
t0,tn+1,...

with fibre
π−1(tn) = X

1···(n−1)
t0,tn,... .

As explained in §5, we have the isomorphism

Hn(X
1···n
t0,tn+1,...

,L) ∼= H1(X
n
t0,tn+1,...

,Hn−1) ,

whereHn−1 is the locally constant sheaf of germs of locally flat sections of the bundle⋃
tn∈Xn

t0,tn+1,...

Hn−1(X
1···(n−1)
t0,tn,... , ι∗L) ,

whereι : X
1···(n−1)
t0,tn,... → X1···n

t0,tn+1,...
is the inclusion.

When t0 < tn+1 < tn+2 < · · · , the setD1···n
0(n+1)··· of loaded cycles form a basis of

H lf
n (X1···n

t0,tn+1,...
,L). Assume that the(n − 1)-dimensional intersection numbers of the cycles

in D
1···(n−1)
0n··· and their duals are already known. Then the intersection numbers of the cycles

FIGURE 6. regIab.
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in D1...n
0(n+1)··· and their duals can be evaluated as follows. For adjacent pointsta < tb (a, b ∈

{0, n + 1, . . . }) in tn-space, consider the intervalIab := (ta, tb) ⊂ Xn
t0,tn+1,··· and load it with

a sectionσ of Hlf
n−1 to be an elementIab ⊗ σ of H lf

1 (Xn
t0,tn+1,...

,Hlf
n−1). We regularize the

cycleIab ⊗ σ as

regIab ⊗ σ := S(a; a + ε) ⊗ (F (an) − id)−1σ + (a + ε, b − ε) ⊗ σ

− S(b; b − ε) ⊗ (F (nb) − id)−1σ ,

whereS(a; a + ε) is a positively oriented circle with centera and radiusε starting and ending
ata + ε (see Figure 6). Also,

F(nb) : H lf
n−1(X

1···(n−1)
t0,...,ta,tn,tb,...

, ι∗L) → H lf
n−1(X

1···(n−1)
t0,...,ta,tn,tb,...

, ι∗L)

is the full-turn operator with respect to the move of the pointtn along the circleS(b; b − ε).
For adjacent pointstc < td in the tn-space, consider the loaded cycleIcd ⊗ σ̌ with

support on the interval(tc, td ) and loaded with a sectioňσ of Ȟlf
n−1 to be an element of

H lf
1 (Xn

t0,tn+1,...
, Ȟlf

n−1). If (a, b) = (c, d), then the intersection number(Iab ⊗ σ) • (Icd ⊗ σ̌ )

is given (§5) by

(regIab ⊗ σ) • (Icd ⊗ σ̌ ) =−{(F (an) − id)−1σ } • σ̌ |tn=a+ε

−σ • σ̌ |tn=(a+b)/2 − {(F (nb) − id)−1σ } • σ̌ |tn=b−ε ;
recall that we assumed that the(n − 1)-dimensional intersection numbers are already known.
If b = c, then(Iab ⊗ σ) • (Icd ⊗ σ̌ ) is given by

{(F (nb) − id)−1H(nb)σ } • σ̌ |tn=b+ε ,

where
H(nb) : H lf

n−1(X
1···(n−1)
t0,...,ta,tn,tb,...

, ι∗L) → H lf
n−1(X

1···(n−1)
t0,...,ta,tb,tn,...

, ι∗L)

is the half-turn operator with respect to the move of the pointtn along the half of the circle
S(b, b − ε) (note thatF(nb) = H(nb)H(bn)); if d = a, then(Iab ⊗ σ) • (Icd ⊗ σ̌ ) is given
by

{(F (an) − id)−1H(an)}σ • σ̌ |tn=a−ε ,

otherwise 0.
The following examples show the actual process. We represent the half-turn and full-turn

operatorsH(··) andF(··) by matrices, which will be denoted by roman letters H(··) and F(··),
respectively.

FIGURE 7. (regIab ⊗ σ) • (Iab ⊗ σ̌ ).
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FIGURE 8. (regIab ⊗ σ) • (Ibd ⊗ σ̌ ). FIGURE 9. (regIab ⊗ σ) • (Ica ⊗ σ̌ ).

3.1 1D case. The half-turnH(1a) of t1 aroundta is represented by the scalar H(1a) =
r1a, and the full-turnF(1a) by the scalar F(1a) = c1a = r2

1a. For adjacentta < tb, we have

−(ca1 − 1)−1 − 1 − (c1b − 1)−1 = − da1·1j

da1d1b

, (c1b − 1)−1r1b = r1b

d1b

.

The intersection matix is given as

I1
02··· := D1

02··· • Ď1
02··· =




− d01·12

d01d12

r12

d12
0 · · ·

r21

d21
− d21·13

d21d13

r13

d13
0

0
r31

d31
− d31·14

d31d14

. . .

... 0
. . .

. . .




3.2 2D case. For adjacentta < t2 < tb, let us represent the half-turns and the full-
turns of t2 aroundta and tb by matrices with respect to the column vectorsD1···a2b··· and
D1···2ab··· as

H(a2)D1···a2b··· = H(a2)D1···2ab··· , F (a2)D1···a2b··· = F(a2)D1···a2b··· ,
H(2b)D1···a2b··· = H(2b)D1···ab2··· , F (2b)D1···a2b··· = F(2b)D1···a2b··· .

Our convention on the product of operators is from the left to the right; for example,F(a2) =
H(a2)H(2a) operatesH(a2) first and thenH(2a); so we have F(a2) = H(a2)H(2a). Put

F(a2b) := −(F(a2) − id)−1 − id − (F(2b) − id)−1 ,

G(2b) := (F(2b) − id)−1H(2b) .
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The 2D-intersection matrix is given as

I12
03··· := D12

03··· • Ď12
03··· =




D1
02̃3···

D1
032̃4···
...


 • (t Ď1

02̃3···,
t Ď1

032̃4···, . . . )

=




F(023) G(23) 0 · · ·
G(32) F(324) G(24) 0

0 G(42) F(425)
. . .

... 0
. . .

. . .







I1
023··· 0 0 · · ·
0 I1

0324··· 0 0

0 0 I1
03425···

. . .

... 0
. . .

. . .




,

whereI1∗∗ are already evaluated 1D-intersection matrices:

I1
023··· =




D01̃2···
D021̃3···

...


 • (t Ď01̃2···, . . . ) , I1

0324··· =



D01̃324···
D031̃24···

...


 • (t Ď01̃324···, . . . ) , . . . .

3.3 3D case. For adjacentta < t3 < tb, let us represent the half-turns and the full-
turns of t3 aroundta and tb by matrices with respect to the column vectorsD12···a3b··· and
D12···3ab···:

H(a3)D12···a3b··· = H(a3)D12···3ab··· , F (a3)D12···a3b··· = F(a3)D12···a3b··· ,

H(3b)D12···a3b··· = H(3b)D12···ab3··· , F (3b)D12···a3b··· = F(3b)D12···a3b··· .
Put

F(a3b) := −(F(a3) − id)−1 − id − (F(3b) − id)−1 ,

G(3b) := (F(3b) − id)−1H(3b) .

The 3D-intersection matrix is given as

I123
04··· := D123

04··· • Ď123
04··· =




D12
03̃4···

D12
043̃5···
...


 • (t Ď12

03̃4···,
t Ď12

043̃5···, . . . )

=




F(034) G(34) 0 · · ·
G(43) F(435) G(35) 0

0 G(53) F(536)
. . .

... 0
. . .

. . .







I12
034··· 0 0 · · ·
0 I12

0435··· 0 0

0 0 I12
04536···

. . .

... 0
. . .

. . .




,

whereI12∗∗ are already evaluated 2D-intersection matrices.
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3.4 nD case. Now the reader can easily imagine what will happen in high-dimensional
cases. For adjacentta < tn < tb, let us represent the half-turns and the full-turns oftn around
ta andtb by matrices with respect to the column vectorsD1···n′

···anb··· andD1···n′
···nab··· :

H(an)D1···n′
···anb··· = H(an)D1···n′

···nab··· , F (an)D1···n′
···anb··· = F(an)D1···n′

···anb··· ,

H(nb)D1···n′
···anb··· = H(nb)D1···n′

···abn··· , F (nb)D1···n′
···anb··· = F(nb)D1···n′

···anb··· .
Put

F(anb) := −(F(an) − id)−1 − id − (F(nb) − id)−1 ,

G(4b) := (F(4b) − id)−1H(4b) .

PROPOSITION 2. The nD-intersection matrix is given as

I12···n
0n′··· := D12···n

0n′··· • Ď12···n
0n′··· =




D1···′n
0ñn′···

D1···′n
0n′ñn′′···

...


 • (t Ď1···′n

0ñn′···,
t Ď1···′n

0n′ñn′′···, . . . )

=




F(0nn′) G(nn′) 0 · · ·
G(n′n) F(n′nn′′) G(nn′′) 0

0 G(n′′n) F(n′′nn′′′) . . .

... 0
. . .

. . .







I1···′n
0nn′··· 0 0 · · ·

0 I1···′n
0n′nn′′··· 0 0

0 0 I1···′n
0n′n′′nn′′′···

. . .

... 0
. . .

. . .




,

where I1···′n∗∗ are already evaluated (n − 1)D-intersection matrices.

4. An application to the Selberg integral. To show that our inductive method can
serve as practical use, we derive the result obtained in [MiY1] and [MiY2] as applications of
our method in 1,2 and 3-dimensional cases.

So far, we considered infinitely manyti ’s, and the exponentsαij were independent. Now
we work in(t1, . . . , tn)-space with the three kinds of hyperplanes

(t0 =) 0 = tj , tj = 1 (= tn+1) , ti = tj (1 ≤ i, j ≤ n)

with respective exponents

c01 = · · · = c0n = a , c1(n+1) = · · · = cn(n+1) = b , rij = g (1 ≤ i, j ≤ n) .

The integral in question is the Selberg integral∫
u

dt1 ∧ · · · ∧ dtn∏n
i=1 ti(1 − ti )

, u =
n∏

i=1

tai (1 − ti )
b

∏
1≤i<j≤n

|ti − tj |2g .

The symmetric group acts on the coordinatest1, . . . , tn of

Xn = {(t1, . . . , tn) ∈ Cn | ti �= 0, 1, tj (i �= j)} .
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So it acts also on the homology groupH lf
n (Xn,L). ItsSn-invariant subspace is 1-dimensional,

and is generated by
Cn :=

∑
σ∈Sn

D01̃σ 2̃σ ···ñσ (n+1) .

Note thatD01̃σ 2̃σ ···ñσ (n+1) is a standardly loaded cycle with support on the simplex

{(t1, . . . , tn) ∈ Rn | 0 < t1σ < · · · < tnσ < 1} .

In this section we evaluate thenD-intersection numberJn := Cn • Čn for n = 1, 2, 3.
4.1 1D case.

J1 = D01̃2 • Ď01̃2 = − d01·12

d01d12
= 1 − ab

(1 − a)(1 − b)
.

4.2 2D case. We evaluateJ2 = (D01̃2̃3 + D02̃1̃3) • (Ď01̃2̃3 + Ď02̃1̃3). Recall that these
intersection numbers are computed as

I12
03 := D12

03 • Ď12
03 = D1

02̃3
• t Ď1

02̃3
=

(
D01̃2̃3

D02̃1̃3

)
• (Ď01̃2̃3, Ď02̃1̃3)

= F(023)I1
023,

where

I1
023 := D1

023• t Ď1
023 =

(
D01̃23

D021̃3

)
• (Ď01̃23, Ď021̃3) = −




d01·12

d01d12
− r12

d12

− r21

d21

d21·13

d21d13


 ,

and

F(02) := H(02)H(20) =
( −r012 0

r02r01 r02

) ( −r012 0
r20r12 r20

)
,

F(023) : = −(F(02) − id)−1 − id − (F(23) − id)−1

= −
(

c012− 1 0
−c02r12d01 c02 − 1

)−1

− id −
(

c23 − 1 −c23r12d13
0 c123− 1

)−1

= −




1

d012
+ 1 + 1

d23

c23r12d13

d23d123

c02r12d01

d012d02

1

d02
+ 1 + 1

d123


 = −




d012·23

d012d23

c23r12d13

d23d123

c02r12d01

d012d02

d02·123

d02d123


 .

Now put
c01 = c02 = a , c13 = c23 = b , r12 = g ,

and add the entries of

F(023) =




1 − a2g2b

(1 − a2g2)(1 − b)

gb

1 − g2b2

ag

1 − a2g2

1 − ag2b2

(1 − a)(1 − g2b2)
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vertically:

(f1, f2) :=
(

1 − agb

(1 − ag)(1 − b)
,

1 − agb

(1 − a)(1 − gb)

)
,

and add the entries of

I1
023 =




1 − ag2

(1 − a)(1 − g2)
− g

1 − g2

− g

1 − g2

1 − g2b

(1 − g2)(1 − b)




horizontally:

t (g1, g2) :=
t(

ag + 1

(1 − a)(g + 1)
,

gb + 1

(g + 1)(1 − b)

)
.

We thus have

J2 = f1g1 + f2g2 = 1 − agb

(1 − a)(1 − b)(g + 1)

(
ag + 1

ag − 1
+ gb + 1

1 − gb

)

= 2 (1 − agb)(1 − ag2b)

(1 − a)(1 − ag)(1 − b)(1 − gb)(g + 1)
,

which agrees with the result in [MiY1].
4.3 3D case. We evaluateJ3 := C3 • Č3, whereC3 = ∑

σ∈S3
D01̃σ 2̃σ 3̃σ 4. Recall that

these intersection numbers are computed as

I123
04 : = D123

04 • Ď123
04 = D12

03̃4
• t Ď12

03̃4
=

( D1
02̃3̃4

D1
03̃2̃4

)
• (t Ď1

02̃3̃4
, t Ď1

03̃2̃4
)

=




D01̃2̃3̃4
D02̃1̃3̃4
D02̃3̃1̃4
D01̃3̃2̃4
D03̃1̃2̃4
D03̃2̃1̃4




• (Ď01̃2̃3̃4, Ď02̃1̃3̃4, Ď02̃3̃1̃4, Ď01̃3̃2̃4, Ď03̃1̃2̃4, Ď03̃2̃1̃4)

= F(034)I12
034 .
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All data needed are evaluated already; we repeat them as follows. The action of the half-turn
H(03) : D12

034 → D12
304 is given by

D01̃2̃34 → r0123D32̃1̃04,

D02̃1̃34 → r0213D31̃2̃04,

D02̃31̃4 → −r023(D32̃01̃4 + r01D32̃1̃04 + r01r21D31̃2̃04) ,

D01̃32̃4 → −r013(D31̃02̃4 + r02D31̃2̃04 + r02r12D32̃1̃04) ,

D031̃2̃4 → r03(D301̃2̃4 + r01D31̃02̃4 + r01r02D31̃2̃04) ,

D032̃1̃4 → r03(D302̃1̃4 + r02D32̃01̃4 + r02r01D32̃3̃04) ,

the full-turnF(03) : D12
034 → D12

034 by the matrix F(03) = H(03)H(30):




c0123 0 0 0 0 0

0 c0213 0 0 0 0

−c023r31r21d01 −c023r31d01·21 c023 0 0 0

−c013r32d02·12 −c013r32r12d02 0 c013 0 0

−c03r31r32d01 c03c01r123d02 0 −c03r31d01 c03 0

c03c02r213d01 −c03r32r31d02 −c03r32d02 0 0 c03




.

The full-turn matrix F(34) can be expressed in a similar way:




c34 0 0 −c34r23d24 −c34r23r13d24 c34c24r123d14

0 c34 −c34r13d14 0 c34c14r123d24 −c34r13r23d14

0 0 c314 0 −c314r23r21d24 −c314r23d24·21

0 0 0 c324 −c324r13d14·12 −c324r13r12d14

0 0 0 0 c3124 0

0 0 0 0 0 c3214




.

Since they are triangular matrices,

F(034) = −(F(03) − id)−1 − id − (F(34) − id)−1
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can be computed without much difficulty as

−




d0123·34

d0123d34
0 0

0
d0123·34

d0123d34

c34r13d14

d34d134

c023r13r12d01

d023d0123

c023r13d01·12

d023d0123

d023·314

d023d314

c013r23d02·12

d013d0123

c013r23r12d02

d013d0123
0

d01d013·02·12c03r13r23

d03d013d0123
− r123d02d03·13c01c03

d03d013d0123
0

− r123d01d23·03c02c03

d03d023d0123

d02d023·01·12c03r13r23

d03d023d0123

c03r23d02

d03d023

c34r23d24

d34d234

d24d234·12·14c34r23r13

d34d234d1234
− r123d14d23·34c24c34

d34d234d1234

0 − r123d24d13·34c34c14

d34d134d1234

d14d134·12·24c34r23r13

d34d134d1234

0
c134r23r12d24

d134d1234

c134r23d24·12

d134d1234

d013·324

d013d324

c234r13d14·12

d234d1234

c234r13r12d14

d234d1234

c03r13d01

d03d013

d03·3124

d03d3124
0

0 0
d03·3214

d03d3214




.

The intersection matrixI12
034 can be computed by

I12
034 =

(
F(023) G(23)
G(32) F(324)

) (
I1
0234 0
0 I1

0324

)
,
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where

I1
0234=




− d01·12

d01d12

r12

d12
0

r21

d21
− d21·13

d21d13

r13

d13

0
r31

d31
− d31·14

d31d14




, I1
0324 : exchange 2 and 3 ,

and the matrix-representation of the operators

F(023) : D1
0234 → D1

0234, G(23) = (F (23) − id)−1H(23) : D1
0234 → D1

0324

are given as follows.

H(02) H(20)

D01̃234 → −r012D21̃034 → c012D01̃234,

D021̃34 → r02(D201̃34 + r01D01̃234) → c02D021̃34 − c02r21d01D01̃234,

D0231̃4 → r02D2031̃4 → c02D0231̃4 ,

H(23) H(32)
D01̃234 → r23(D01̃324+ r13D031̃24) → c23D01̃234− c23r12d13D021̃34,

D021̃34 → −r213D031̃24 → c213D021̃34,

D0231̃4 → r23(D0321̃4 + r12D031̃24) → c23D0231̃4 − c23r31d12D021̃34,

F(023) =

 d012 0 0

−c02r12d01 d02 0
0 0 d02


−1

+ id +

 d23 −c23r12d13 0

0 d123 0
0 −c23r31d12 d23


−1

=




d012·23

d012d23

c23r12d13

d23d123
0

c02r21d01

d012d02

d02·123

d02d123
0

0
c23r31d12

d123d23

d02·23

d02d23




,
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−G(23)= (H(23)H(32) − id)−1H(23) = {H(32) − H(23)−1}−1

=




r32 − 1

r23
r32r12 − 1

r23r21
0

0 −r32r31r12 + 1

r23r21r13
0

0 r32r13 − 1

r23r13
r32 − 1

r23




−1

=




r23

d23

d23·21r123

r12d23d123
0

0 − r123

d123
0

0
d23·13r123

r13d23d123

r23

d23




.

The matrix-representation of the operators

F(324) : D1
0324 → D1

0324, G(32) = (F (32) − id)−1H(32) : D1
0324 → D1

0234

are given as follows.

H(32) H(23)
D01̃324 → r32(D01̃234+ r12D021̃34) → c32D01̃324− c32r13d12D031̃24,

D031̃24 → −r312D021̃34 → c312D031̃24,

D0321̃4 → r32(D0231̃4 + r13D021̃34) → c32D0321̃4 − c32r21d31D031̃24,

H(24) H(42)
D01̃324 → r24D01̃342 → c24D01̃324,

D031̃24 → r24(D031̃42 + r14D0341̃2) → c24D031̃24 − c24r12d14D0321̃4,

D0321̃4 → −r214D0341̃2 → c214D0321̃4,

F(324)=

 d23 −c23r13d12 0

0 d312 0
0 −c32r21d31 d23


−1

+ id +

 d24 0 0

0 d24 −c24r12d14
0 0 d214


−1

=




d23·24

d23d24

c23r13d12

d23d312
0

0
d312·24

d312d24

c24r12d14

d24d214

0
c32r21d31

d312d23

d23·214

d23d214




,

G(32) being obtained from G(23) by exchanging 2 and 3.
Now we put

c01 = c02 = c03 = a , c14 = c24 = c34 = c , r12 = r23 = r31 = g .
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The vertical sums of the entries of F(034) are(f1, f1, f2, f2, f3, f3), where

(f1, f2, f3) := (1 − ag2b)

(
1

(1 − ag2)(1 − b)
,

1

(1 − ag)(1 − gb)
,

1

(1 − a)(1 − g2b)

)
.

Let us honestly compute

(h1, . . . , h6) := (f1, f1, . . . , f3)

(
F(023) G(23)
G(32) F(324)

)
.

Then we have

h1 = − (1 − ag2b)(1 − ag3b)

(1 − ag)(1 − ag2)(1 − b)(1 − gb)(g + 1)
,

h2 =

− (1 − ag2b)(1 − ag3b)(abg4 − (a + b)g3 + 2abg3 − (a + b)g2 − (a + b)g + 2g + 1)

(1 − a)(1 − ag)(1 − ag2)(1 − b)(1 − gb)(1 − g2b)(g + 1)(g2 + g + 1)
,

h3 = − (1 − ag2b)(1 − ag3b)

(1 − a)(1 − ag)(1 − gb)(1 − g2b)(g + 1)
,

h4 = h1, h5 = h2, h6 = h3 .

On the other hand, the horizontal sums of the entries ofI1
0234are

(I1, I2, I3) = 1

g + 1

(
ag + 1

1 − a
, 1 − g,

gb + 1

1 − b

)
.

We have

(1 − g2b)(g2 + g + 1)(ag + 1)

+ (acg4 − (a + b)g3 + 2abg3 − (a + b)g2 − (a + b)g + 2g + 1)(1 − g)

+ (1 − ag2)(g2 + g + 1)(gb + 1) = 3(1 − ag4b)(g + 1) ,

and so the sumJ3 can be computed, and factors as

J3 = − 3!(1 − g4ab)(1− g3ab)(1− g2ab)

(1 − a)(1 − ag)(1 − ag2)(1 − b)(1 − gb)(1 − g2b)(g + 1)(g2 + g + 1)
,

which agrees with the result obtained geometrically in [MiY2].

5. General theory on the twisted (co)homology groups on fibred spaces ([OST)].
Letπ : X → B be a fibre bundle, andL a local system onX. Assume pure (co)dimensionality
of the total space and the fibres:

Hi(X,L) = 0 , H i(X,L) = 0 , if i �= n := dimC X ,

Hi(π
−1(b), ι∗bL) = 0 , H i(π−1(b), ι∗bL) = 0 , if i �= f := dimC π−1(b) ,
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whereιb : π−1(b) → X is the inclusion map. Then we have the natural isomorphisms

Hn(X,L) ∼= Hn−f (B,Hf ) , Hn(X,L) ∼= Hn−f (B,Hf ) ,

whereHf andHf are local systems onB defined as the locally constant sheaves of germs of
locally flat sections of the bundles⋃

b∈B

Hf (π−1(b), ι∗bL) and
⋃
b∈B

Hf (π−1(b), ι∗bL) ,

respectively.
Let γ ∈ Hn(X,L) be represented by the finite sum∑

aiδi ⊗ ui , ai ∈ C ,

whereδi ∈ Hn−f (B,Z), andui is a section ofHf along the support|δi | of δi . Let γ ′ ∈
H lf

n (X, Ľ) be represented by the locally finite sum
∑

a′
iδ

′
i ⊗u′

i , whereδ′
i ∈ H lf

n−f (B,Z), and

u′
i is a section ofȞlf

f , which is defined as the locally constant sheaf of germs of horizonatal
sections of the bundle ⋃

b∈B

H lf
f (π−1(b), ι∗bĽ)

along the support|δ′
i | of δ′

i . Then the intersection numberγ · γ ′ is equal to∑
{b}=|δi |∩|δj |

aia
′
j (δi · δ′)(b)(ui · u′

j )(b) ,

where(δi · δ′
j )(b) is the topological intersection number atp, and(ui · u′

j )(b) is defined by

the intersection pairing betweenHf (π−1(b), ι∗bL) andH lf
f (π−1(b), ι∗bĽ).

Let f ∈ Hn
c (X,L) be represented by the finite sum∑

aigi ⊗ vi, ai ∈ C ,

wheregi is a compactly supported(n−f )-form onB andvi is a section ofHf
c , that is,vi is a

compactly supportedf -form with values inL and with parameterb on the generic fibre. Let
f ′ ∈ Hn(X, Ľ) be represented by the finite sum

∑
a′
ig

′
i ⊗ v′

i , whereg ′
i is an(n − f )-form on

B andvi is a section ofȞf , that is,vi is anf -form with values inĽ and with parameterb on
the generic fibre. The intersection numberf · f ′ is equal to∑

aia
′
j

∫
(vi · v′

j )(b)gi ∧ g ′
j ,

where (vi · vj )(b) is defined by the intersection pairing betweenHf (π−1(b), ι∗bL) and

Hf (π−1(b), ι∗bĽ).
The de Rham theorem and the Fubini theorem imply the assersion for cohomology

groups. The intersection form for homology groups is defined ([KY]) through that of co-
homology groups (this is the compatibility of the two intersection theories). So the assersion
for the cohomology groups leads to that for the homology groups.
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