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AN INDECOMPOSABLE CONTINUUM AS
SUBPOWER HIGSON CORONA

By

Yutaka IwaMOTO

Abstract. In this paper, we study topological properties of the sub-
power Higson coronas of proper metric spaces and show that the
subpower Higson corona of the half open interval with the usual
metric is an indecomposable continuum. Continuous surjections from
Higson-type coronas onto a Higson-type compactifications of the
half open interval are also constructed.

1. Introduction

Let (X,d) be a metric space with a metric d and let By(x,r) denote the
closed ball of radius r centered at x € X. A metric d on X is called proper if all
balls B,(x,r) are compact. The Higson compactification is a compactification
defined by the coarse structure of a proper metric space and plays an important
role in the large-scale geometry [14]. Also the sublinear Higson compactification
is known as a compactification defined by the sublinear coarse structure of a
proper metric space [3], [5]. There are several ways to define a Higson type
compactification, by a coarse structure [4], [5], [14], by a large scale structure
[6], and by a closed subring of the algebra of all continuous bounded real-valued
functions [10], [11]. The subpower Higson compactification was introduced in [11]
as a compactification defined by a closed subring of the algebra of all continuous
bounded real-valued functions. And the asymptotic power dimension was studied
in [12] related to the subpower Higson corona.

In this paper, we adopt the definition associated with a closed subrings of
the algebra of all continuous bounded real-valued functions and study topological
properties of the subpower Higson compactifications and their coronas. It is

2010 Mathematics Subject Classification. Primary 54D40; Secondary 54C45, 54D05, 54E40.

Key words and phrases: Higson corona; indecomposable continuum; Stone-Cech compactification.
Received March 1, 2018.

Revised November 9, 2018.



174 Yutaka IwaAaMOTO

known that a Higson-type corona vX can be realized by a discrete subspace of
a proper metric space X. The Higson corona and the subpower Higson corona
contain a copy of the Stone-Cech remainder SN\N of the natural numbers N [10],
[11]. Also it was shown that the Higson corona of the half open interval [0, c0)
with the usual metric is, like the Stone-Cech remainder f[0,0)\[0,o0) [2], an
indecomposable continuum [9]. We show that the subpower Higson corona of the
half open interval with the usual metric is also an indecomposable continuum.
Then we construct continuous surjections from Higson-type coronas onto Higson-
type compactifications of the half open interval.

2. Basic properties of the subpower Higson compactification

A (not necessarily continuous) function s: R, — R, between the set of
positive real numbers is called asymptotically subpower (resp. asymptotically sub-
linear) if for every o > 0 there exists 7y > 0 such that s(z) < ¢* (resp. s(t) < a)
whenever ¢ > ¢). The set of all asymptotically subpower functions (resp. all
asymptotically sublinear functions, all positive constant functions) is denoted by
2 (resp. &, H). Since every constant functions are asymptotically subpower and
every asymptotically subpower functions are asymptotically sublinear, it follows
that # C # C Z.

In what follows, a metric space (X,d) is assumed to have a base point xy,
and the distance d(xg,x) of x € X from x, is denoted by |x|. For a subset 4 of
X, the diameter of A is denoted by diam, A, that is, diamy; 4 = sup{d(x, y) |
x,yeA}.

Let (X,d) and (Y,p) be proper metric spaces. A map f : X — Y is called
Higson subpower (resp. Higson sublinear, Higson) provided that
(+)] limdiam, /(By(x,s(1x))) = 0
for each se€ 2 (resp. se€ &, se #). Hence, a map f: X — Y is Higson sub-
power if and only if, given asymptotically subpower function s and ¢ > 0, there
exists a compact subset K C X such that diam, f(By(x,s(|x])) < & whenever
xe X\K.

Let C*(X) be the set of all bounded real-valued continuous functions on
X. For a subset F of C*(X), let ep: X — [[,.pls, where Iy = [inf f,sup f],
f €F, be the evaluation map of F defined by (er(x)), = f(x) for every x e X.
It is known that if F C C*(X) separates points from closed sets, then er is an
embedding [15, 8.16]. Identifying X with er(X), the closure ex(X) of ep(X) in
[IycrIr gives a compactification of X.
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For a proper metric space X, we consider the following three subsets of
C*(X):

Cu(X) = {f e C*(X)| f satisfies () for every se #},

Cp(X) = {f e C*(X)| f satisfies (x)/ for every se 2},

s

CL(X)={feC*(X)|[ satisfies (x)/ for every se #}.

S

Then they are closed subrings of C*(X) with respect to the sup-metric. Also,
they contain all constant maps and separate points from closed sets. Hence the
subrings Cy(X), Cp(X) and Cp(X) determine compactifications of X. Since # C
P C &, it follows that Cr(X) C Cp(X) C Cy(X) (cf. [L1]).

Let ¢;X and ¢, X be compactifications of X. We say ¢; X > ¢, X provided
that there is a continuous map f :c¢1 X — ;X such that f|, =idy. We note
that a continuous map f : ;X — ;X with f|, = idy is unique and surjective. If
X <X and | X = ¢p X, then we say that ¢; X and ¢, X are equivalent.

The Higson compactification hy(X), the subpower Higson compactification
hp(X) and the sublinear Higson compactification hp(X) are compactifications
defined by closed subrings Cy(X), Cp(X) and Cr(X) respectively, that is, /14(X)
is equivalent to ec,(X), where 4 € {H, P, L} and C4 = C4(X). Their coronas are
defined by v4X = hy(X)\X for each 4 e {H,P,L}. These three compactifica-
tions are referred to as the Higson type compactifications. We note that iy (X) <
/’lp(X) = hH(X) since CL(X) C CP(X) - CH(X)

One of the basic property of the Higson type compactifications is the
following:

(1) A bounded continuous map f : X — R has an extension f : h4(X) — R

if and only if f e C4(X),
where 4 € {H, P, L}. This condition holds for any closed subring of C*(X) which
contains all constant maps and separates points from closed sets [7, Problem
3.12.22(e)]. See [1] for a comprehensive and detailed description of this property.

In this section, we shall derive some basic properties concerning the Higson
subpower compactifications using the basic ideas of [4], [5] and [10].

The following proposition is a fundamental property of the Higson type
compactification which is derived from the property (fj) and can be shown by a
similar argument to that in [10, Proposition 1].

ProposITION 2.1 (cf. [10]). Let X be a proper metric space. Then the sub-
power (resp. sublinear) Higson compactification is the unique compactification of
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X such that if 'Y is any compact metric space and f : X — Y is continuous, then
f has a continuous extension f : hp(X) — Y (resp. f:hp(X) — Y) if and only if
[ satisfies (*){ for any s€ P (resp. for any s€ &).

Let (X,d) be a metric space. We call a finite system E,...,E, of closed
subsets of X diverges as a power function if there exist o > 0 and ry > 0 such
that max{d(x, E;) |1 <i <n} > |x|* whenever |x| > ro. If a finite system E,...,
E, diverge as a power function then (., E;) N (X\Bu(xo,r)) = & for some
r> 0. As in the case of Higson compactification [4, Lemma 2.2], we have the
following:

LemmA 2.2 (cf. [4]). Let (X,d) be a non-compact proper metric space. Let
E\,...,E, be a finite system of closed subsets of X such that (\_, E; = &. Let
fi : X — Ry be the map defined by fi(x) =d(x,E;), | <i<nandlet F=Y ", f.
If the system E\, ..., E, diverges as a power function then the map g; = f;/F : X —
[0,1] is Higson subpower.

Proor. First we note that the well-definedness of ¢g; follows from the as-
sumption (., E; = &. Let o,r; > 0 be positive numbers such that max{d(x, E;) |
1 <i<n}>|x|* whenever |x|>r. Then F(x)> |x|** whenever |x| >r. Let
s: Ry — Ry be an asymptotically subpower function. Then there exists », > 0
such that s(¢) < ¢* for every ¢ > r,. Given ¢ >0, we can take r; > 0 so that
(n+1)/t* < ¢/2 for every t > r3.

Put rp = max{ri,r2,r3}. Let x be a point with |x|>r) and let ye
Bi(x,s(|x])). Then we have

) i) filx) = fi(y) | fi(y) F(y) — F(x)
l9:(x) —4i(»)] = F<x>‘F<y>H ) TFy)  F
d(x, )| | [F() = F)| _ (n+ Ds(lx])
S‘ F(x) M F&)|© FW)
(sl _ (ot DIt 1) e
R FEE LR

Hence, diam g;(B,(x,s(|]x|))) <& whenever |x| > ro. Thus g¢; is Higson subpower
for every 1 <i <n. [

For a subset 4 of a proper metric space X, A denotes the closure of 4 in the
subpower Higson compactification #pX of X. As in case of the Higson corona
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[4, Proposition 2.3] and of the sublinear Higson corona [5, Lemma 2.3], we have
the following.

ProposiTiON 2.3 (cf. [4], [5]). Let (X,d) be a non-compact proper metric

space. For a system E\, ..., E, of closed subsets of X, the following conditions are
equivalent:

(1) veX N (N B = &

(2) the system E\,...,E, diverges as a power function.

ProoFr. Suppose that the condition (2) does not hold. Then there exists
a sequence (x;);2, in X such that lim;_.|x;| = 00, |x;] < |xi+1| and d(x;, Ex) <
|xi|1/ " for every ie N and 1 <k <n. Let p be a cluster point of the sequence
(x:)Z,. Then p evpX. Put #; = |x;| for each i e N. Let s: R, — R, be the (non-
continuous) function defined by s(r) = |x;|'/* when 7€ [t;,1;41) and s(r) = 1 when
te0,71). It is easy to see that s is an asymptotically subpower function and
d(x;i, Ex) < s(]x;|) for every ie N and | < k < n. Hence, if f is any element of
Cp(X), the condition (x)/ implies that the distance between f(x;) and f(Ex)
tends to zero as i tends to infinity. Considering the evaluation map ec,x): X —
Iyecpx) Iy, it follows from this fact that peE; for every 1 <k <n. Thus
peveX N (N, Ex) # &

Suppose that the system FE,...,E, diverges as a power function. Then
we have (N,_, Ex) N (X\Ba(xo,7)) = & for some r > 0. Put F, = cly(Ex\Ba(xo,
r+1)) for each k=1,...,n. Then the system Fj,...,F, diverges as a power
function and (;_, Fx = . Note that Fy NvpX = Ex NvpX for every 1 <k <n.
By Lemma 2.2 there exist Higson subpower maps gi : X — [0,1], 1 < k < n, such
that F C g 1(0) and > i_1 gk = 1. By Proposition 2.1, there exists an extension
Gy : hpX — [0,1] of g. Then Y/, G =1 and F; C G,:l(O). However, the con-
dition >/, Gx =1 leads that vpX N (N;_; Ex) C Ny Fr € Niey GH(0) = &,

U

We note that the implication (1) = (2) for the case n =2 of the above
proposition was in fact shown by Kucab and Zarichnyi in [13].

ProposITION 2.4 (cf. [10]). Let X be a proper metric space and let Y
be a closed subset of X with the induced metric from X. Then the closure Y
of Y in hp(X) is equivalent to the subpower Higson compactification hp(Y)
of Y.
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Proor. By [7, Theorem 3.5.5], it suffices to show cly,x) 4 Ncly,x) B= & if
and only if cl;,y)y ANcly,y) B= J for every pair 4, B of closed subsets of Y.
It follows from Proposition 2.3 that the condition cl;,x) 4 Ncly,x) B= ¢ if and
only if the system A, B diverges as a power function in X and 4 N B = (J. This is
equivalent to the condition that the system A, B diverges as a power function in
Y and 4N B = (J since the metric on Y is inherited from X. O

Let (X,d) be a metric space. For any R >0, a subset ¥ of X is called
R-dense in X if By(x,R)NY # & for every x€ X.

COROLLARY 2.5 (cf. [10])). Let (X,d) be a proper metric space and let Y be a
subset of X. If Y is R-dense in X for some R >0 then Y\Y = vpX. In particular,
vpY is homeomorphic to vpX.

ProoF. Let xevpX. Let U and V be open neighborhoods of x in /ip(X)
such that xe V.C V. C U. Put E= XN (hp(X)\U) and F =X NV. By Prop-
osition 2.3, the system E, F diverges as a power function since vpX NENF = .
Thus, there are o,r >0 such that d(y,E) > |y|* whenever ye F and |y| > r.
Since V' NvpX # & and X is a proper metric space, we can take z € F so that
|z] > r. We may assume that R < r*. Then By(z,R)NE = (J, i.e., By(z,R) C U.
Since Y is R-dense in X, @& # Y N By(z,R) C Y N U. This fact leads that xe Y
since we can take U as an arbitrarily small neighborhood of x. Hence vpX is
contained in Y\Y, ie., Y\Y = vpX. By Proposition 2.4, Y\Y is homeomorphic
to vpY. Thus vpY is homeomorphic to vpX. O

3. Continua as subpower Higson coronas of [0, o)

Throughout this section, 0 is assumed to be the base point of the half-open
interval [0, c0), that is, xo = 0 € [0, 0). A metric d on [0, o0) defined by d(x, y) =
\/(x=y)? is called the usual metric on [0,0). For notational simplicity, we
identify ¢ with |¢| = d(xo, ?) for every ¢ € [0, c0) when we consider the usual metric
on [0,00). A continuum is a nonempty, compact and connected Hausdorff space.
A subcontinuum is a continuum which is a subset of a continuum. A con-
tinuum is called decomposable if it can be represented as the union of two of
its proper subcontinua. A continuum which is not decomposable is said to be
indecomposable.

Let X =[0,00) be the half open interval with the usual metric. The inde-
composability of the Stone-Cech remainder SX\X and the Higson corona vy X
was proved in [2] and in [9] respectively. We show here that the subpower Higson
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corona vpX is also an indecomposable continuum. Let K be a proper closed
subset of fX\X with non-empty interior in fX\X. To see the indecomposability
of fX\X, Bellamy [2] constructed a continuous map f :X — [0,1] such that
f*(K)=1{0,1}, where f*:pX — [0,1] is the extension of f. Hence K is dis-
connected. We note that such the extension f* to the Stone-Cech compactifi-
cation always exists since f is a bounded continuous map. And then he con-
structed a continuous surjection from a given non-degenerate subcontinuum of
PX\X onto a given metric continuum. Our strategy is essentially the same as
the Bellamy’s. To see the indecomposability of vpX, we will construct a map
W : X — [0,1] such that y*(K’) ={0,1} for a given proper closed subset K’ of
vpX with non-empty interior in vpX, where y* : 1pX — [0, 1] is the extension of
Y. In order to ensure that a map ¥ : X — [0,1] has the extension " : hpX —
[0,1], we will carefully construct y to be Higson subpower (cf. Proposition 2.1).
Then we will construct a continuous surjection from vpX onto the Higson type
compactification /14(X) for each 4 € {H,P,L}.

The following lemma plays an essential role to analyze the subpower Higson
corona of the half-open interval [0, c0).

LemMa 3.1. Let X =[0,00) be the half open interval with the usual metric d.
Let U and V be non-empty disjoint open subsets of hp(X) such that U NvpX #
and V NvpX # . Then there exist a natural number k > 3 and sequences (ay),-
and (by),, with 0 =by < a; < by < --+ < b,_| < a, < b, <--- satisfying the fol-
lowing conditions:

(1) (@) > 2",

(2) byt + (bu- )l/k<an,
(3) bu-1,a] N U # B,

4) by =ay+ (an)2/k>

(S) [an,bn) CVNX,

(6) ay — by > 2" (a,) "%,

(7) by —a, > 2"(b,) "',

ProoF. Let z be a point in V' NvpX and let W be an open neighborhood
of z in hpX such that ze W c W C V. Then

vp X N(X\(VNX)N(WNX)CvpX N (hp(X)\V)NW = .

By Proposition 2.3, the system X\ (V' N X), W N X diverges as a power function.
Hence, there exist o > 0 and ryp > 0 such that

d(t, X\(V N X)) >t* whenever te WNX and ¢ > ro.
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Take a natural number k > 3 so that « > 2/k. Then the condition above implies
that

(A) By(t,/*) c VN X whenever te WNX and > r.

Then we consider the following two inequalities:

k
® (o
x> 2%(x + x*").

Since k > 3, there is #; > 2 such that x satisfies (B) whenever x > #;. Then we
take a; € W N X so that a; > max{ro, (1;)*}. This is possible since the set W N X
is cofinal in X by the condition W NvpX # (. Hence, a; satisfies the condi-
tions (1) and (2). Also, the condition U NvpX # & allows us to make «a; satisfy
the condition (3). Then we define b; by (4). Since a; € WNX and d(ay,by) =
(a1)¥*, we have by € By(ay,(a))”*) C VN X by (A). Then the condition (5)
follows from the fact that the metric d is geodesic. To see that a; and b; satisfy
the conditions (6) and (7), put a; = x. Then b; = x + x> by (4). Since a; > 1,
we have (a; —bo)" = x* > x = ((a))"/")* and (b — a))* = x? > 2F(x + x¥/k) =
(2(b1)"/*)* by (B). Thus the conditions (6) and (7) are satisfied.

Suppose that b;_; < a; < b; have been constructed for i < n. Then we con-
sider the following two inequalities:

(©) (x— bnfl)k > 2(n—1)kx’
X2 > 2nk(x+x2/k)'

Since k > 3, there exists 7, > 2" such that x satisfies (C) whenever x > f,. As
in the first step, we can take a, € WNX with a, > max{r, (ln)k} so that the
conditions (1)—(3) are satisfied. Then we define b, by (4). The condition (5)
follows from (A) and the fact that the metric d is geodesic. Finally, to see the
conditions (6) and (7), we put a, = x. Then b, = x + x*/¥ by (4). Since a, > t,, it
follows from (C) that (a, — by_1)* = (x — by_1)* > 20Dk x = (27 1(g,)¥)* and
(by — an)* = x? > 2" (x + x2/k) = (2"(h,)"/)*. The conditions (6) and (7) are
satisfied. O

PROPOSITION 3.2. Let X =[0,00) be the half open interval with the usual
metric d. If K is a proper closed subset of vpX with non-empty interior in vpX then
K is disconnected.

Proor. Let xelnt,,x K and yevpX\K. Let U be an open neighbor-
hood of x in hpX such that UNvpX C K. Since y¢ U, we can take an
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open neighborhood ¥ of y in hpX such that yeV C V ChpX\(KUU).
By Lemma 3.1, there exist a natural number k >3 and sequences (a,),—, and
(bu),—y With 0=by < a; <by <--- < b,y <ay, <b, <--- satisfying the follow-
ing conditions:

(1) (@) > 2",

(2) by + (bn- 1)1/ < dp,
(3) [bu-1,an) N U # &,

@) by =an+ (an)z/kv

(5) lan, byl C VN X,

(6) an—bar > 2" ()",
(7) by — ay > 2"(b,) /¥

Cram 3.2.1. Let ue By(t,t'/%). Then we have the following:
() If telay,by) then ue (by_1,a,:1).
(i) If t e [by,any1) then u e (ay, byir).

ProOF OF CLAM 3.2.1. Suppose that 7 € [a,, b,). If u < ¢ then u >t —t'/% >

a, — (an)l/ k> a, — 2"*1(an)1/ ks b,_1 by the monotone increasing-property of

the correspondence s~ s —s'/¥ on (1,00) and (6). If ¢ <u then u <t+t'/* <
by + (bn)l/ ¥ < a,.1 by (2). Thus the condition (i) is satisfied.

Next suppose that € [b,,a,41). If u <t then, as above, using (7), u >

t— 1k > b, — (b)"* > b, — 2"(b,1)1/k >a, If u>t then u<t+ "% <a,. +

(ani1)"* < @iy + (ani))?* = by by (4). Thus the condition (ii) is satisfied.

&

We define ¢ : X — [0, 1] by

()7 if b2n,2 <t<ay-i,
1 — axy—1 .
7"7 if -1 <t < b2n—17
_ ) b —am
w(r) = :
1, if by <t < agy,
b2n —1

ﬁ, if ay <t < bzn.
2n — U2n

Then it is easy to see that the function  is well-defined and continuous. Now
we shall evaluate the diameter of /(B,(t,t'/%)).

Cramm 322, If a, <t<ap then [Y(t)—y(u)| <1/2" for every ue
By(t,117%).
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PrOOF OF CrLamM 3.2.2. Let ue By(t,t'/F). By the definition of , we
check the claim by dividing it into four cases, ¢ € [a2,—1, ban—1), t € [Pan—1,a), t €
[@2n, b2n) and t € [boy, az,+1). We show here the first two cases. The other two
cases can be shown in a similar fashion.

Suppose that ¢ € [ay,—1,b2,—1). By Claim 3.2.1, it suffices to consider the
three cases that wue (by,—2,d2,-1), U € [am—1,b24—1) and wu € [br,_1,a2,). If ue
(b2n—2,a2,-1) then, using (7),

|¢(Z) - lﬁ(u)| = w([) [ —ay— < t—u

by —azp—1 T bou—1 — a1
1/k
(1/k (ban_1) /
< <
by—1 —am—1 b1 — a1

(ban-1)"* 1
2211 by, _y)/E 22

If uelamy_1,b2-1) then we have

_ 1/k
W) — )| = :

= < < .
by — a1 = by —az, 2271

If ue [by—1,a,) then we have

t— axy—1 by —t
(@) =y )l v () b1 — arp—1 by—1 — az—i
u—t 1k 1
<

T byt —am-1 T by —ag, 22!

Thus |y(f) — y(u)| < 1/22"~1 whenever ¢ € [az,_1,bm-1).

Next suppose ? € [by,—1,a2,). By Claim 3.2.1, it suffices to consider the three
cases that u € (az—1,ban—1), U € [bay—1,a2,) and u € [az,, bay). Let u € (az—1,b2m-1)-
Since u >t — 1k > by, ¢ — (bz,l,l)l/k, it follows that

(1) byt — u < (bau) "/ .
So, using (7) and (f), we have

u—ay 1 by —u

(1) —y()] =1 —y(u) =1

b1 —ap—1 b1 — azp1

(ban1)"* (ban_1)"/* 1
< b2n—1 — dyp—1 22"71(1)2”,1)1/]‘ 22n-1"
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If uelby_1,a2) then |Y(f) — Y (u)| =1—1=0. Finally, let u € [a,, b2n). Then,
using (4) and (1), we have

u—t tl/k l‘l/k
<

b2n — Ay - bZn — dyy (aZn)

(ax)'/* 1 1 1

<5 < 22n—1"

< g
(a)™* (ax)'* 2

Thus [y(7) — y(u)| < 1/2*~! whenever t € [ba,_1,a2). O
CrAamM 3.2.3. The map  : X — [0,1] is Higson subpower.

PrOOF OF CLamm 3.2.3. Let ¢ >0 and let s: X — R, be an asymptotically
subpower function. Then there exists r > 0 such that s(¢) < t'/% for every ¢ > r.
Let m be a natural number such that 1/2" < ¢/2. Put ty = max{r,a,}. Then, for
every ¢ > to and u € By(t,1'/%), we have By(t,5(t)) C Ba(t,t"/%) and |y(t) — y(u)|
< 1/2" by Claim 3.2.2. Thus diam y(B,(t,s(¢))) < diam y(By(t, 1'/%)) < 2/2" <
¢ for every t > ty. Hence y is Higson subpower. &

By Claim 3.2.3 and Proposition 2.1, there exists an extension ¥ :/hpX —
[0,1] of . By (3), we obtain a sequence (c,),, such that b, < ¢, < a,+1 and
¢y € U. Then ¥(cz,) =0 and Y(cau—1) =1 for every n. Let zp and z; be cluster
points of the sequences (cz,),—, and (c2-1),—,
zy are contained in UNvpX C K. It follows from the continuity of ¥ that
W(zp) =0 and W(z;) = 1. Hence z0 e ¥ "1 (0)NK # Fand z; e ¥ (1) NK # .
However, ¥~ !((0,1)) N K = &&. Indeed, if there exists z e K such that ¥(z) =
te(0,1) then z has a neighborhood W C hpX such that ¥(W) C (0,1).
Since KNV =&, we may assume W NV = . Then we have ¥(WNX) =
Y(WNX)cC(0,1), ie, WNX Cy'((0,1)). On the other hand, y~'((0,1)) C
V' N X by (5) and our construction of . So we have & # W NX C VN X which
implies that W NV # ¢, a contradiction. Thus ¥(K) = {0,1}, i.e,, K is dis-
connected. |

respectively. Then both z; and

As we have seen, the function y: X — [0,1] constructed above is Higson
0

subpower. However it is not Higson sublinear. Indeed, take sequences (a,),;,
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(bu),—, and k > 3 as in Proposition 3.2. Let ¢ : Ry — R, be the function defined
by &(t) = ¥k, Since k > 3, it follows that & is an asymptotically sublinear func-
tion. Since b, = a, + (a,,)z/ k, the closed ball By(a,,&(a,)) contains at least two
points a, and b,. By our construction of i, we have (y(a,),¥(b,)) € {(0,1),
(1,0)}, ie., diam y(Bg(ay,&(ay))) =1 for every n. Hence, y is not Higson
sublinear.

THEOREM 3.3. Let X = [0, 00) be the half open interval with the usual metric.
Then the subpower Higson corona vpX is a non-metrizable indecomposable con-
tinuum.

PrOOF. Let 4, = [n,00) C X. Then 4, is a continuum and 4, D A4, for
every n e N. Note that vpX =", A,. Thus vpX is a continuum as the inter-
section of the decreasing sequence (4,), of continua. Non-metrizability of vpX
follows from the fact that vpX contains a copy of SN\N [11] which has the
cardinality 2¢ [8]. Finally, if vpX is expressed as the union of two non-degenerate
proper closed subsets K and L of vpX then both of K and L must have non-
empty interiors in vpX. Thus both K and L are disconnected by Proposition 3.2.

O

The following is an example, given in [9], of a proper metric on [0, co) which
derives a decomposable Higson corona. We show that the same example also
derives a decomposable subpower Higson corona.

ExaMpPLE 3.4. There exists a proper metric p on the half open interval
[0,00) such that the Higson subpower corona is a decomposable continuum.
Indeed, let f:[0,0) — R*> be the embedding given by f(¢) = (t,zsin¢) and
let X = £([0,0)). Let p be the metric on X inherited from R?. We shall show
that the Higson subpower corona vpX of (X,p) is a decomposable continuum.
Put

Y ={(x,y)eX|y=0},
Z=A{(x,y)e X[y =<0},
A={(x»)eR*|x20, |y <x},
B={(x,y)ed|y=0},

C={(x,y)ed|y=<0}.
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Then X =YUZ, A=BUC, Y C Band Z C C. For each 4 C X, A denotes the
closure of A4 in the subpower Higson compactification sp(X) of X.
First we note that

ypX = X\X = (Y\Y) U (2\2).

Indeed, X\X D (YUZ)\(YUZ)=(Y\Y)U(Z\Z). If ze X\X has an open
neighborhood U with UN Y = & then every neighborhood of z must intersect
with Z by the density of X in X, ie., ze Z\Z.

Next we shall show that both Y\Y and Z\Z are subcontinua of vpX.
By Proposition 2.4, Y\Y is homeomorphic to vpY (notation: Y\Y xvpY) and
Z\Z ~vpZ. It is easy to see that Y is R-dense in B for some R > 0. Hence vpY
is homeomorphic to vpB by Corollary 2.5. Thus, we have Y\Y x vpB. Similarly,
we have Z\Z ~ vpC. For each neN, let B, = {(x,y) € B|x > n}. Then vpB =
N2, cl,,5(B,). Hence vpB is a continuum as the intersection of the decreasing
sequence (cl,,5(By,)),—, of continua. Similarly, it follows that vpC is a continuum.
Thus, both Y\Y and Z\Z are subcontinua of vpX.

Finally, we shall show that both Y\Y and Z\Z are proper subcontinua of
vpX. Let D={f(¢)|t=7n/2+2nn,ne N} and E = {f(¢)|t = 3n/2+ 2nn, ne N}.
Then Y\Y D D\D # . It is easy to see that the systems D, Z diverges as
a power function. Hence we have DNZNvpX = & by Proposition 2.3, i.e.,
(Y\Y)\(Z\Z) > D\D # . Similarly, we have (Z\Z)\(Y\Y) D E\E # . Thus,
both Y\Y and Z\Z are proper subcontinua of vpX with vpX = (Y\Y) U (Z\Z).
Hence vpX is a decomposable continuum.

Let K C X be a continuum and let a,b € K be distinct two points. If there
is no proper subcontinuum of K containing both ¢ and b then K is said to be
irreducible between a and b.

The following lemma was proved by Bellamy [2, Lemma 1] for the Stone-
Cech compactification of [0, c0). The proof is valid for any compactification of
[0,00). Here we give a proof for the reader’s sake.

LemMa 3.5.  Every compactification a([0, 0)) of the half-open interval [0, o)
is an irreducible continuum between 0 and every point z of «(]0, c0))\[0, c0).

Proor. The connectivity of «([0,c0)) is obvious. Let z € a(]0, c0))\[0, o0).
Suppose that there exists a proper closed subset K of «([0, c0)) such that 0,z € K.
Since ([0, c0))\K is a non-empty open subset of ([0, 00)), there exists a point
t€[0,00) N (a([0,00))\K). Then U =KnN[0,7) = KNJ0,7 is a non-empty closed
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and open subset of K since 0 € U. On the other hand, z € K\U # &, that is, K
1S not connected. O

THEOREM 3.6. Let X =[0,00) be the half open interval with the usual metric
d. For each A€ {H,P,L}, there exists a continuous surjection &, : vpX — hy(X)
from the subpower Higson corona vpX onto the Higson type compactification

hi(X).

Proor. We shall construct a continuous surjection &y : vpX — hy(X) from
the subpower Higson corona vpX onto the Higson compactification /Ay (X).
Then, for each 4 € {P,L}, a required surjection is obtained by the composition
all o & i vpX — hy(X) where off 1 hy(X) — hy(X) is the canonical surjection
assured by the relation Ay (X) = hy(X).

Let x and y be distinct two points in vpX. Let U and V' be open subsets
of hp(X) such that xe U, ye V and UNV = &. Then, by Lemma 3.1, there
exist a natural number k >3 and sequences (ay),—, and (b,),~, with 0 =by <
ay < by <---<b,1 <a, <b, <--- satisfying the following conditions:
1%W>y

2) by + (bpt)"* < ay,
[n 17an]ﬂU7é@
4) by = a, + (a,)*",

5) [an,b ]CVﬂX
6) ay — by > 2" (ay) "/,
(7) by — a, > 2"(b,) """
Then we define 60: X — X by

(1)
(2) b
3)
4
(5)
(6)

0, i boya <1< i,
2n — 1)(t — app— .
( n )( @ 1) if Ay St<b2n—lv
9([) _ bop—1 — a1
o1, if bat <1< an,
Cn=Dln=0 4 by
bzn — dop

Let y : X — [0,1] be the map constructed in Proposition 3.2, regarded as a map
of X into X, i.e., ¥ : X — X. Then it follows from our construction that 0(r) =
(2n — 1)y (t) whenever by, o <t < byy.

Let /: R, — Ry be a function defined by /(¢) = /2. On should note that /
is monotonically decreasing on (1/log 2, c0). In particular, lim,,,, /(¢) = 0. Then
we have the following.
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Cramm 3.6.1. Ifn >3 and t € [ay,—1,ax11) then |0(t) — O(u)| < £(2n — 1) for
every u e By(t,1V/%).

ProOF OF CraM 3.6.1. Let ue By(t,t'/%). If telay, 1,a,) then ue
(ban—2,b2,) by Claim 3.2.1. Then 0(r) = 2n— 1){(¢) and O(u) = (2n — 1)y (u).
By Claim 3.2.2, we have |0(t) — O(u)| = 2n — D)|y(1) — y(u)| < (2n —1)/2%1 =
/(2n—1).

Suppose that 7€ [az,,b2y). Then 6(r) = (2n — 1)y(¢). By Claim 3.2.1, ue
(bzn_l,a2n+1). If ue (bzn_l,bzn) then O(u) = (271 — 1)lﬁ(u) If ue [bz,,,azn+1) then
O(u) = 2n — 1)(u) since O(u) =y (u) =0. Hence, we obtain |0(r) — O(u)| <
/(2n—1) as above.

Now suppose that ¢ € [bay,a2,11). In this case, 0(¢) = y(¢) =0. So we have
0(t) = 2n— D)y (z). By Claim 3.2.1, u € (az, bayy1). If u € (azn,bay) then O(u) =
(2n— D) (u). If ue [bay,ams1) then O(u) = (2n — )y(u) since O(u) = Y(u) = 0.
Hence, we have |0(¢) — 0(u)| < /(2n — 1) as above. Finally, if u € [az, 11, b2nt1)
then, by the conditions (4) and (1), we have

10(1) — 0(u)| = () = Z2 T D@ d2t) _ 2t Dl )

bany1 — a1 (a2n+1)2/k

- Qn+ 1DV n+ Dag)*  2n+1

(azns1) (azns1) (azns1)'/*
2n+1

We note that /(2n+ 1) < /(2n—1) since 7 is decreasing on (1/log2,c0) and
2n—1>5>1/log2 = 3.3. Thus we have |0(r) — O(u)| < /(2n —1). o

CLamm 3.6.2. If n>=3 and t > ay,—; then |0(t) — 0(u)| < £/(2n — 1) for every
ue By(t, 1'/%).

ProoF oF CLAIM 3.6.2. Since ¢ is monotonically decreasing on (1/log 2, c0)
and 2n—1>35>1/log2 =3.3, this is an easy consequence of Claim 3.6.1.
&

CrLaM 3.6.3.  For every f € Cy(X), the composition f o0 : X — R is Higson
subpower.

ProOF OF CLamM 3.6.3. Let f: X — R be a continuous Higson map and
let ¢ > 0 be given. If 7> as then |0(¢) — O(u)| < /(5) for every u e By(t,t'/%) by
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Claim 3.6.2. Since f is Higson, there exists K > 0 such that
(a) diam f(B4(t,7(5))) <e¢ for every t > K.

By the compactness of the interval [0, K] and the continuity of f, we can take
0> 0 so that

(b) |f(t) = f(u)] <¢e/3 whenever te[0,K] and |t — u| < 30.

Without loss of generality, we may assume that ¢ < /(5). Since lim,_,., Z(¢) =0,
we can take an integer ng > 3 so that /(2ny — 1) < J/2.

Let s: X — R, be an asymptotically subpower function. We take #; > 0 so
that s(¢) < t'/% for every ¢ > #;. Then we put f, = max{¢,az, 1}

Let ¢ > ty. It follows from ¢ > ¢ that 0(By(t,s(1))) C 0(Ba(t,t/%)). Since
t > a1, it follows from Claim 3.6.2 that |0(¢) — O(u)| < /(2np — 1) for every
ue By(t,t'/%), ie., O(By(t,t'/%)) C By(0(),2/(2ny — 1)). Since /(2ny — 1) < /2,
we have By(0(t),2/(2ny — 1)) C B4(0(t),0). As a summary, we have

0(Ba(t,5(1))) C Ba(0(1),0).
Suppose that 6(r) < K. It follows from the condition (b) that
diam f o 0(B,(t,s(1))) < diam f(B,(0(1),6)) < e.

Now suppose that 0(¢) > K. Since J < /(5), we have B;(0(¢),0) C Ba(0(t),7(5)).
By the condition (a), we have

diam f o 0(B,(t,5(¢))) < diam f(B;(0(2),7(5))) < e.

Hence diam f o 0(By(t,5(¢))) < ¢ for every ¢ > f. o
CLamM 3.6.4. The map 0: X — X has an extension © : hp(X) — hy(X).

Proor oF Cram 3.6.4. Let ¢: X — [[;cc,x)Ir be the evaluation map.
Since sy (X) is equivalent to e(X), it suffices to see that eo 0: X — [[ ., x) I

can be extended to /ip(X) — e(X). For every f € Cy(X), the composition f o0 :
X — I is Higson subpower by Claim 3.6.3, so it can be extended to the map

fo0:hp(X)— Iy by Proposition 2.1. Hence eo ¢ can be extended to the map
eo0:hp(X) — [Iccyx) Iy so that eo0(hp(X)) C e(X). &

Let (cy),—, and (d,),”, be sequences such that ¢, € [by_2,d2,—1] and d, €

o0

[b2n—1,a2,] and let p and ¢ be cluster points of (¢,),”, and (d,),_, respectively.
Put C={c,|neN} and D = {d,|n e N}. Then the system C, D diverges as a
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power function by (1) and (7). Hence pe CNvpX and ge DNvpX are distinct
two points in vpX. By Claim 3.6.4, there exists an extension @ : sp(X) — hy(X)
of 8. Then ®(p) =0 and O(q) € vy X. Thus O(vpX) is a continuum containing 0
and O(g) e vgX. So, O(vpX) must coincide with Ay (X) by Lemma 3.5. Hence
the map &y = O|vpX : vpX — hy(X) is a required surjection. O

CorROLLARY 3.7. Let X =[0,00) be the half open interval with the usual
metric d. For each A € {H,P,L}, there exists a continuous surjection n,: vgX —
h4(X) from the Higson corona vy X onto the Higson type compactification hy(X).

Proor. Let Ae{H,P,L} and let &, :vpX — hy(X) be a continuous sur-
jection given by Theorem 3.6. By the relation /iy (X) = hp(X), there is the ca-
nonical surjection o : iy (X) — hp(X), such that a|, =idy. Since X is dense in
hy(X) and of, = idy, it follows that o(vyX) = vpX. Thus the composition 7, =
Cqoal,, x:vuX — hy(X) is a required surjection. O

QUESTION 1. Does Proposition 3.2 hold for sublinear Higson corona? In
particular, is the sublinear Higson corona of the half open interval with the usual
metric an indecomposable continuum?

Let W be a non-degenerate subcontinuum of f[0, 00)\[0, 00) and let M be a
metric continuum. It is known [2] that there exist continuous surjections f : W —
pl0,00) and g: W — M.

QUESTION 2. Let X = [0, ) be the half open interval with the usual metric d.
Let W be a non-degenerate subcontinuum of vp(X) and let M be a metric con-
tinuum. Do there exist continuous surjections f: W — hp(X) and g: W — M?
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