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Abstract. We determine periodic and aperiodic points of certain
piecewise affine maps in the Euclidean plane. Using these maps, we
prove for /€ e % \/5’ +v2,+v/3} that all integer sequences (k)i ez
satisfying 0 < a;_1 + Aap + ap4) < 1 are periodic.

1. Introduction

In the past few decades, discontinuous piecewise affine maps have found
considerable interest in the theory of dynamical systems. For an overview, we
refer the reader to [1, 7, 12, 13, 17, 18], for particular instances to [29, 16, 25]
(polygonal dual billiards), [15] (polygonal exchange transformations), [10, 31, 11,
8] (digital filters) and [19, 21, 22] (propagation of round-off errors in linear
systems). The present paper deals with a conjecture on the periodicity of a certain
kind of these maps:

CoONJECTURE 1.1 [4, 27].  For every real A with |A| <2, all integer sequences
(@k) ez satisfying

(1.1) O0<ar 1+ Aar +ary <1

for all k e Z are periodic.

This conjecture originated on the one hand from a discretization process in a
rounding-off scheme occurring in computer simulation of dynamical systems (we
refer the reader to [19, 27] and the literature quoted there), and on the other hand
in the study of shift radix systems (see [4, 2] for details). Extensive numerical
evidence on the periodicity of integer sequences satisfying (1.1) was first observed
in [26].
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We summarize the situation of the Conjecture 1.1. Since we have approx-

()= (25

and the eigenvalues of the matrix are exp(+6ri) with 0 € [0, 1], the sequence may

imately

be viewed as a discretized rotation on Z2, and it is natural to parametrize
—A=2cos(0n). There are five different classes of 1 of apparently increasing
difficulty:

(1) 6 is rational and A is rational.

(2) 6 is rational and A is quadratic.

(3) 6 is rational and A is cubic or of higher degree.

(4) 6 is irrational and A is rational.

(5) None of the above.

The first case consists of the three values 41 = —1,0, 1, where the conjecture is
trivially true. Already in case (2) the problem is far from trivial. A computer

assisted proof for —1 = @ was given by Lowenstein, Hatjispyros and Vivaldi

[19].1 A short proof (without use of computers) of the golden mean case 1 = #
was given by the authors [3]. The main goal of this paper is to settle the

conjecture for all the cases of (2), i.e., the quadratic parameters

+144/3
z:%,i\/ﬂi\/}

The proofs are sensitive to the choice of 4, and we have to work tirelessly in
computation and drawings, especially in the last case ++v/3. However, an im-
portant feature of our proof is that it can basically be checked by hand. The
(easiest) case # in Section 2 gives a prototype of our discussion and should
help the reader to understand the idea for the remaining values.

For case (3), it is possible that Conjecture 1.1 can be proved using the

same method, which involves a map on [0,1)% 2

, where d denotes the degree
of A. However, it seems to be difficult in case d >3 to find self inducing
structures, which are essential for this method. In [22], a similar embedding
into a higher dimensional torus is used for efficient orbit computations. Goetz
[12, 13, 14] found a piecewise 7/7 rotation on an isosceles triangle in a cubic case
having a self inducing structure, but we do not see a direct connection to our

problem.

!Indeed, they showed that all trajectories of the map (x, y) — (|[(=4)x| — y,x) on Z? are periodic.
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The problem currently seems hopeless for cases (4) and (5). However, a nice
observation on rational values of A with prime-power denominator p” is exhibited
in [9]. The authors show that the dynamical system given by (1.1) can be
embedded into a p-adic rotation dynamics, by multiplying a p-adic unit. These
investigations were extended in [30]. Furthermore, in [27] the case 1 = ¢/p with p
prime was related to the concept of minimal modules, the lattices of minimal
complexity which support periodic orbits.

Now we come back to the content of the present paper. The proof in [19] is
based on a discontinuous non-ergodic piecewise affine map on the unit square,
which dates back to Adler, Kitchens and Tresser [1]. Let A* =bA+ ¢ with
b,ceZ. Set x ={lar_,} and y = {Ja;}, where {z} =z — |z] denotes the frac-
tional part of z. Then we have a;,; = —ar_| — Zax + y and

a1y = {=dar1 — XPap + Ay} = {—x+ (A= b)y}
={-x+cp/i} ={-x-1"y},

where A’ is the algebraic conjugate of A. Therefore we are interested in the map
T:[0,1)> = [0,1)* given by T(x, y) = (y,{—x — A'y}). Obviously, it suffices to
study the periodicity of (7%(z)), ., for points z = (x, y) € (Z[A] N0, 1))? in order

to prove the conjecture. Using this map, Kouptsov, Lowenstein and Vivaldi
£1+45
2 ’

"

[18] showed for all quadratic 4 corresponding to rational rotations 1 =
+4/2, +1/3 that the trajectories of almost all points are periodic, by heavy use of
computers. Of course, such metric results do not settle Conjecture 1.1, which
deals with countably many points in [0, 1)2, which may be exceptional. The main
goal of this article is to show that no point with aperiodic trajectory has
coordinates in Z[4], which proves Conjecture 1.1 for these eight values of A.

This number theoretical problem is solved by introducing a map S, which is
the composition of the first hitting map to the image of a suitably chosen self
inducing domain under a (contracting) scaling map and the inverse of the scaling
map. A crucial fact is that the inverse of the scaling constant is a Pisot unit in the
quadratic number field Q(4). This number theoretical argument greatly reduces
the classification problem of periodic orbits, see e.g. Theorem 2.1. All possible
period lengths can be determined explicitly and one can even construct concrete
aperiodic points in (Q(2)N[0,1))*. We can associate to each aperiodic orbit a
kind of f-expansion with respect to the scaling constant. Note that the set of
aperiodic points can be constructed similarly to a Cantor set, and that it is an
open question of Mabhler [23] whether there exist algebraic points in the triadic
Cantor set.
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The paper is organized as follows. In Section 2, we reprove the conjecture for
the simplest non-trivial case, i.e., where A equals the golden mean. An exposition
of our domain exchange method is given in Section 3, where the ideas of Section
2 are extended to a general setting. In the subsequent seven sections we prove
the conjecture for the cases 4 = —y, +1/y, +v/2, +1/3. Some parts of the proofs
for A= ++/3 are put into the Appendix. We conclude this paper by an ob-
servation relating the famous Thue-Morse sequence to the trajectory of points for
A=y, +1/y,V3.

2. The Case i:y:#:—Zcos%”

We consider first the golden mean A =y = 1+Tﬁ, 4% =+ 1. Note that T is

given by

(2.1)

T(Dy)

Figure 2.1. The piecewise affine map 7 and the set #, 1=y = #5

Therefore, we have T'(x,y) = (x,y)4 if y>yx and T(z) =zA4+ (0,1) for the
other points z € [0, 1)2, see Figure 2.1. A particular role is played by the set
A ={(x,y)€[0,1)”: y <px,x+y>1,x < 7} U{(0,0)}.

If ze®, z#(0,0), then we have T*"(z)=Tk(z)4+(0,1) for all ke
{0,1,2,3,4}, hence

T3(z) = z4° + (0,1)(4* + A* + 42 + 4" + 4°)

=z4(0,1)(4° — A% (A4 -4 =2
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since 4° = A°. It can be easily verified that the minimal period length is 5
for all ze # except (y,/%,%) and (0,0), which are fixed points of T.
Therefore, it is sufficient to consider the domain & = [0,1)*\# in the following.
According to the action of T, we partition & into two sets Dy and D;, with
Do={(x.2) €[0.1)’ s y = 7x}\{(0,0)}.

In Figure 2.2, we scale Dy and D; by the factor 1/y?> and follow their
T-trajectory until the return to &/y%. Let 2 be the set of points in & which are

not eventually mapped to Z/y2, ie.,
? =D,UT(D,)UDsUT(Ds)UT?*(Dy),

where D, is the closed pentagon {(x,y)eDyo:y>1/y ,x+y <1,y < (1 +x)/y}
and Dy is the open pentagon #/y*\{(0,0)}. (In Figure 2.2, D, is split up into
{T"(Ds) : k €{0,2,4,6,8}}, and Dy is split up into {T*(D;) : k € {0,3,6,9,12}}.)
All points in & are periodic (with minimal period lengths 2, 3, 10 or 15). Figures
2.1 and 2.2 show that the action of the first return map on Z/y? is similar to the
action of 7 on &, more precisely,

T(z) T(z/y*) if ze Dy,
(2.2) L=
Y T°(z/y*) if zeDy.
For z e 2\2, let 5(z) = min{m > 0: T"(z) € Z/y*}. (Figure 2.2 shows s(z) < 5.)
By the map

S: NP — D, z— P’TC)(z),

we can completely characterize the periodic points. For z € [0, 1)%, denote by 7(z)
the minimal period length if (T*(z)),., is periodic and set n(z) = o else.

TueoreM 2.1. (TX(z)),., is periodic if and only if ze R or S"(z) e P for
some n > 0.

We postpone the proof to Section 3, where the more general Proposition
3.3 and Theorem 3.4 are proved (with U(z) =z/y?, R(z) =1z, T(z)=T(z),
#i(z) =n(z), and ze Dy or T(z) e Dy for all ze 9, |¢"(1)] — oo, see below).
(2.2) and Figure 2.2 suggest to define a substitution (or morphism) ¢ on the
alphabet .« = {0, 1}, i.e., a map ¢ : &/ — /" (where .o/* denotes the set of words
with letters in /), by
c:0—0 1~ 101101

in order to code the trajectory of the scaled domains until their return to Z/y%:
We have T%1(D,/y?) = Dy and T°V)l(z/y?) = T(z)/y? for all z € D, where
wlk] denotes the k-th letter of the word w and |w| denotes its length. Fur-
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thermore, we have T*(D,/y*)N%2/y*> = & for 1 <k < |o(¢)|. Extend the defi-
nition of ¢ naturally to words in «/* by setting o(vw) = o(v)a(w), where vw
denotes the concatenation of v and w. Then we get the following lemma, which
resembles Proposition 1 by Poggiaspalla [24].

Figure 2.2. The trajectory of the scaled domains and the (gray) set 2, 2 = y. (f* stands for T* (Dg).)

LemMa 2.2.  For every integer n >0 and every ¢ € {0,1}, we have
< TI"Ol(z/y?") = T(2)/y*" for all z e Dy,

. Tkil(D//yzn) = Do-n(/)[k] Sfor all k, 1 <k <" (¢)|

« TK(D )y N2 )y*" = & for all k, 1 <k < |a"(/)|.

The proof is again postponed to Section 3, Lemma 3.1. This lemma allows to
determine the minimal period lengths: If z € D,, then
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T\a”(OlOlOlOlOl)\(Z/yZn) — T\U”(101010101)|(T(Z)/VZn) .= TIO(Z)/yZM — Z/y2n

for all n > 0. The only points of the form 7*(z/y*"), 1 <k < 5|¢"(01)|, which lie
in 7/y*" are the points T"(z)/y*", 1 <m <9, which are all different from z/y*"
if 7(z) = 10. Therefore, we obtain 7(z/y*") = 5|¢"(01)| in this case. A point Z lies
in the trajectory of z/y*" if and only if $"(Z) = T™(z) for some meZ, see
Lemma 3.2. This implies 7(Z) = 5|¢”(01)| for these Z as well. The period lengths
of all points are given by the following theorem.

THEOREM 2.3. If A=, then the minimal period lengths n(z) of (T*(2))icq
are

o (7 7
1 le—(OO)OVZ—(m,m)

s g0 (5 5)

0)
(5-4+1)/3 if §"(z)=T"(H,

(z) y2+1}i for some n>0, me{0,1}
5(5-4"+1)/3 if S"(z)e T’”(D“ {(}1 Vlﬁ)}) for some n>0, me{0,1}
(10-4" —1)/3 if S"(z) = Tm( A 2+1) for some n=0, me{0,1,2}
51047 — 1)/3 if S"(z) e T”’(D/;\{( +1»;21+1>}) for some n>0, me{0,1,2}

00 if S"(z)e 2\? for all n>0.

The minimal period length of (ay), .4 is n({yar-1},{yar}) (which does not depend
on k).

Proor. By Theorem 2.1, Proposition 3.3 and the remarks preceding the
theorem, it suffices to calculate |¢"(0)| and |6"(1)|. Clearly, we have |¢"(0)| = 1
for all » >0 and thus

la"(1)] = |6""1(101101)| = 4|a" ' (1)| +2 =4(5-4""1 —=2)/3 +2=(5-4" - 2)/3.

If S"(z) e T™(D,), then n(z) =|¢"(01)| and =n(z) = 5|¢"(01)| respectively. If
S"(z) e T™(Dg), then n(z) = |¢"(101)| and =(z) = 5|¢"(101)| respectively. O

Now consider aperiodic points z € [0,1)?, i.e., S"(z) € Z\# for all n > 0. We
can write
S(z) = T°O(2) = y*(24"7 + 1(2))

for some #(z) by using (2.1). Note that 7(z) =zA for ze Dy and T(z) =
z4+(0,1) for ze Dy. For ze Z/y*, we have s(z) =0 and #(z) =0. For z e
T*(Dy/y?), 1 <k <5, we have s(z) =6 —k,
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1(z) =< (0,1)4% + (0,1) = (1/y,1/9?) if s(z) =3,
(0,1)4% + (0,1)4% + (0,1) = (0,—1/y) if s(z) € {4, 5}.

We obtain inductively

n—

S (Z) _ yZnZAs(z)+s(S(z))+~»+s(S”"(z)) + yZ(nfk)t(Sk(Z))As(S"‘ '(z))+w+3(S""(:)).
0

=
i

If ze Q(y)?, then we have

(ZAs(z)+s(S(:))+~~~+S(S"’l(z)))/ n—1 (Z<Sk(2))AS(S/"l(z))+~-~+s(S”’l(z)))/

(5"(2))' = s

y2n — '})2(”*1‘)
. max;cz||(z4")’ A maxez, e a2l (((w)4")|
18", < e 2 4 T =,

> =0

where z/ = (x/, p’) if z=(x,y) and x’, y’ are the algebraic conjugates of x, y.
Since

I<Z)Ah € {(070)7 (07 1)7 (17 l/y)7 (1/V7 _I/V)7 (_1/V7 _1)7 (_170)7
(1/}), 1/))2)’ (1/})2, _1/y2)7 (—1/))2, _l/y)7 (—1/}),0), (07 1/}))7
(0,=1/7), (=1/7,=1/7%), (=1/7*,1/9%), (1/9*,1/),(1/7,0)}

and zA" takes only the values z, zA, z4> zA> and z4* we obtain

U g0
(8"l < =204 3y < 7

for some constant C(z). If ze (lZ[ ])2 for some integer O >1, then
S™(z) € (éZ[ ]) Since there exist only finitely many points w € ( Z[y|Nnjo, 1))
with ||w'[|,, < C(z) +7, we must have ||(S"(z))’
proves the following proposition.

<y for some n >0, which

e

2
PROPOSITION 2.4. Let z € (Q [y]NJo, 1)) be an aperiodic point. Then there
2
exists an aperiodic point Z € (éZ[y]) Ng with ||Z'||., <7y
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Figure 2.3. Aperiodic points, 1 = j. Figure 2.4. Aperiodic points, 1 = —1/.

For every denominator Q > 1, it is therefore sufficient to check the peri-
odicity of the (finite set of) points z € (éZ[y]) NZ with |Z'||, <y in order to

2
determine if all points in (éZ[y] nIo, 1)) are periodic.

For Q0 =1, we have to consider z = (x,y) € 2 with x,yeZ[y]N[0,1) and
x|, [y’'| <7, hence (x, y) € {0,1/y}%. Since (0,0) and (1/7,1/y) are in £, it only
remains to check the periodicity of (0,1/y) and (1/y,0). These two points lie in
2, thus Conjecture 1.1 is proved for 4 =y.

For Q =2, a short inspection shows that all points z € (1 Z[y] N0, 1))2 are
periodic as well. The situation is completely different for Q =3, and we have

S(0.1/3) = (0,72/3),  S(0,5%/3) = *((0,7*/3)4° + (0, =1/y)) = (0,2/3),
5(0,2/3) = ((0,2/3)4° + (0,~1/)) = (0,1/(3)),
§40,1/3) = S(0,1/(3%)) = (0,1/3).
This implies S$"(0,1/3) € 2\ for all n > 0 and #(0,1/3) = oo by Theorem 2.3.
THEOREM 2.5. 7(z) is finite for all points ze (Z[|N[0,1))% but
(T*(0,1/3)),oq is aperiodic.
3. General Description of the Method

In this section, we generalize the method presented in Section 2 in order to
make it applicable for 4= —y, +1/y, +v2, +V/3.
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For the moment, we only need that 7 : X — X is a bijective map on a set X.
Fix 2 < X, let
R={zeX:T"(z)¢ 2 for all m >0}

set r(z) =min{m >0:T"(z) e Z} for ze X\#, and
R:X\% — 2, R(z)=T"9(z).
Let T be the first return map (of the iterates by T) on Z, ie.,
T:2— 9, T(z)=RT(z)=T"T* (),

in particular T'(z) = T(z) if T(z) € 2. Let ./ be a finite set, {D;:/ e .o/} a
partition of & and define a coding map 1: Z — /% by 1(z) = (14(2)), . such that
TH(z)e D, for all keZ. Let U: 2 — 7, ee {—1,1} and & a substitution on
</ such that, for every /€ .o/ and z € Dy,

UT(z) = TP U(2),
T%U(z) ¢ U(2Z) for all k, 1 <k < |o(/)|, and

o) — {ZO(U(Z))ZI(U(Z)) lge-1(U(2)  ife=1,
/ Lo (U(2)) - 12(U(2)11(U(2)) if e=—1.

Then the following lemma holds.

LemMMa 3.1. For every integer n >0, every / € o/ and z € Dy, we have
U"T(z) = T*7" U (z),
70" (2) ¢ U(D) for all k, 1 <k < |¢"(/)|, and
0(U"(2)n(U™(z2) -+ 1gn(r 1 (U"(2)) = 6"(4) if e=1,
(U ()1 (U"(2) - tney 1 (U"(2)) = (00)"2(0) if 6= —1,8" =1,
o (U (2)) - 12 (UM (U(2)) = (08) "V 26(0) if o= —1, 6" = 1,

where G(0) = by (201 if 6(£) =002l

Proor. The lemma is trivially true for n =0, and for n=1 by the
assumptions on o. If we suppose inductively that it is true for n — 1, then let
ol)y=Ultr by ife=1,a(() =1y (201 if e=—1, and we obtain (by another
induction) for all j, 1 < j <m,

(3.1) Tl Ay ) = T Oy D U (z) = U T U(2).
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If e =1, then this follows immediately from the induction hypothesis; if e = —1,
then this follows by setting k = |¢"~!(£;)| in
(3.2) TEV* g P (T U(2)) = TEV *le D gn=1 - U (z).

Therefore, we have
T Olyn(z) = 710" Gl gi(z) = Un T U (2)
=y T4y (z) = UT(2).
If e=1, then (3.1) implies that
10(U"(2)) - tgnir)-1(U"(2)) = (10(U" ' U(2) - tgn1 (41 (U U(2)))
- ((U'T"U(2))
grig 1 (UM TNU(2)))
HA) 0" () = 6"(0);
if e=—1 and ¢" =1, then (3.1) and (3.2) provide
10(U"(2)) 101 (U"(2)) = (1-gnra (U T7HU(2)) -1 (U T U(2))
(g (U T U(2))
1 (U T7U(2)))
= (00)" (1) (66) " a(l) = (05)"(0);
if ¢e=—1 and ¢" = —1, then
L (UM(E)) -+ 11 (U (2)) = (0(U" T U)o 1 (U TU(2))
(U TU(2)) gy (U T U(2)))
= (06)" V2(0,) -+ (60)" V(1) = (06)" Va(0).

By (3.1), (3.2) and the induction hypothesis, the only points in
(TékU”( Ni<kelon(sy ying in U"'(2) are U'T7(z), 1<j<|o(/)|. Since

T9(z) ¢ U(2) for these j, the lemma is proved. O

REMARK. If 2= T7'(2) € Dy, then U"T(2) = T¢"1°"ly»(2), thus U"T'(z)
_ T ’Z‘O' |U”( )

As in Section 2, a key role will be played by the map S. Assume that U is
injective, let
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P={zeP:T"(z) ¢ UZ) for all meZ},

fix §(z) = min{m > 0: T"(z) € U(2)} or §(z) = max{m < 0: T"(z) € U(Z)} for
every ze Z\2, let s(z) € Z be such that 7°¢)(z) = T%)(z), and define

S: NP —Z, z+ U'TE () =UTO(2).

ReEMARK. Allowing s(z) and §(z) to be negative decreases the J in Prop-
osition 3.5 in some cases.

Lemma 3.2. If S"R(z) exists, then we have some m >0 such that
U"S"R(z) = T"(z), and

Z=T"(z) for some meZ if and only if S"R(Z) = T*S"R(z) for some k € Z.

ProOOF. Suppose that S"R(z) exists. Then we have
UnSnR(Z) _ UnflTﬁ(S”’lR(z))SnflR(Z) _ Tml UnflsnflR(Z)
= ... = Tm‘+‘“+m"R(z) =T"(z)

for some my,...,m,, m>0.
If S"R(z) = T*S"R(z) for some k €Z, then let my,my >0 be such that
U"S"R(z) = T™(z), U"S"R(Z) = T"™(Z), and we have

T7112(2) = U”S”R(E) = UnTkSnR(Z) _ rj—v/q UnSnR(Z) _ Tk2+i11|(z)
for some ki,kr € Z, hence z = T™(z) with m = ky + my — m;.

If 2= T"(z) for some me Z and n =0, then we have S"R(Z) = T S"R(z)
for some k, € Z. If we suppose inductively that this is true for n — 1, then

S"R(2) = STA18" 1 R(z) = STk =5" " RE) Y™ R(z)
= SUT*S"R(z) = T*S"R(z)

for some k, 1,k, € Z, and the statement is proved. O

If rT is constant on every D,, /€ .o/, then we can define 7:.o/ — N by
7(/) = r(T(z))+ 1 for ze D, (cf. the definition of T) and extend 7 naturally to
words we /" by (w) = ¥, wl,7(0).

Let 7(z), 7(z) be the minimal period lengths of (T*(z)),., and (T%(z)),.,
respectively, with n(z) = oo, 7#(z) = oo if the sequences are aperiodic. Then the
following proposition holds.
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ProPOSITION 3.3, If (S"R(z)) = pand ¢\ --- £, = 19(S"R(2)) - - - 1,-1(S"R(2)),
then we have

A(R(2)) = 6" (L1t ---4,)| and n(z) =1(a"((1l2---4y)) (if T is well defined).

ProOF. Since U"S"R(z) = T™(z) = T"R(z) for some m,r € Z, and
7" L) ynStR(z) = TI7" 020l ynS " R(z) = U'TPS"R(z) = U"S"R(z),

we have 7(R(z)) < |6"(¢1---¢,)| and 7n(z) < 1(c"(¢1---4,)) (if 7 exists). Since p
is minimal, we can show similarly to the proof of Lemma 3.1 that these period
lengths are minimal. |

We obtain the following characterization of periodic points z ¢ %Z. Note that
all points in UZ are periodic in our cases, hence the characterization is
complete.

THEOREM 3.4. Let R, S, T, 9, P, R, a be as in the preceding paragraphs of
this section. Assume that 7(z) is finite for all z € 2, and that for every z € Z\P
there exist me Z, { € o/, such that T"(z) € D, and |c"(/)| — oo for n — . Then
we have for z ¢ X:

(T (2)),.q is periodic if and only if S"R(z)e P for some n = 0.

Proor. If S"R(z) € 2, then we have #(R(z)) =7(S"R(z)) < oo, which
implies 7(z) < oo.

Suppose now that S"R(z) € Z\#? for all n > 0. Then we have m, € Z and
/, € o such that T S"R(z) € D;, and |6"(/,)| — oo for n — oo (because .o is
finite). We have U"T"™S"R(z) = T™U"S"R(z) € U"(D,) for some i, € Z,
hence T™**U"S"R(z) ¢ U"(%) for all k, 1<k < |o"(/,)], which implies
n(z) = #(R(z)) = #A(U"S"R(z)) = |6"(/,)| for all n >0, thus n(z) = co. N

Assume now ie{i\/i,#,iﬁ}, let A’ be its algebraic conjugate,
T:[0,1) = [0,1)%

(3.3) T(x,y)=(x,»)A+ (0,[x+2A"y]) with 4 = (? __j/)a

Uz) =V 1'(kV(2)

with 0 <« < 1, k € Z[2], |xx’| = 1, and V(z) = +x"(z — v) some v € Z[/]*, n e Z.
Let
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1(z) = V(T*9(z)) — V(2)4*®)
for ze 2\2. Since U~!(z) = V- (V(z)/x), we have

SG) = U TO(2) = - (V(z)As:) + t(z)).

Note that A" = 4° for some ke {5,8,10,12},

!
T (x, ) = (x, )47 + ([Ax + »],0) with 47" = (_/11 (1)>
and T '(x,y) = (X, 7) with (3,X) = T(y,x). Since |§(z)| < max,c.|a(¢)|, there
exists only a finite number of values for #(z), and we obtain the following
proposition.

ProposITION 3.5. Let T, V, Kk be as above and the assumptions of Theorem

2
3.4 be satisfied. Suppose that 7(z) = oo for some z € (éZ[)} nio, 1)) \%, where Q
2

is a positive integer. Then there exists an aperiodic point Z € (éZ[/I]) ND with
max{||(#(z)4")

'l
o0

:z2€ 9\P,n(z) = 0, he L}

Ive) o

<90, where d=

l
o0

Proor. First note that J exists since #(z) %nd A" take only finitely many
values. If 7(z) = co for some z € (éZ[/ﬂ nio, 1)) \%, then S"R(z) € 2\# for all
n>0 by Theorem 3.4. In particular, S"R(z) is aperiodic as well. We use the
abbreviations s, = s(S"R(z)) and t, = t(S"R(z)). Then we obtain inductively, for
n>1,

VsnflR A5 ta VR Aso+s1+~<+s,,,1 n—1 ZCAS"“JFWH”’]
VS”R(Z) — (Z) + 1 — (Z) + /7

n n—k
K K =0 K

If we look at the algebraic conjugates, then note that |x’| > 1, and we obtain

|(VR(z) 4+

!
(V"R e

thus ||(VS"R(z))||,, <6 for some n >0 (as in Section 2), and we can choose
z=S"R(z). O

REMARKS.

- The last proof shows that, for every z e (Q(4)N[0,1))*\Z with 7(z) = o,
there are only finitely many possibilities for V'S”R(z), hence (S"R(z)), is
eventually periodic.
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+ For every z € & with n(z) = oo, we have

n—1 0
V(Z) _ (VS”(Z)KM _ Z tkAsk+1+..4+s,,1Kk> AT TSl — Z tkA*Z;{:OS(Sf(Z))Kk7
k=0

k=0

which is a x-expansion (x < 1) of V(z) with (two-dimensional) “digits”
_tkA_SO_Sl—”'—Sk_

+ As a consequence of Lemma 3.2 and the definition of U, for every
aperiodic point z € [0,1)?\# and every ¢ > 0, there exists some m € Z such
that ||7™(z) —v||, < c.

+ In all our cases, we have ¢ = xx'.

4. The Case A= —l/y:%ﬁ: —2cos &

Now we apply the method of Section 3 for A= —1/y, ie., ' =y. To this
end, set

2 ={(x,»)€l0,1)’:x+y=3—7y} =DyUD,

with Dy ={(x,y)eZ:x+yy>2}, Di={(x,y)eP:x+yy <2}. Figure 4.1
shows that 7 is given by T'(z) = T")(z) if ze D,, / € o = {0,1}, with 7(0) = 1
and (1) =4. The set which is left out by the iterates of Dy and D; is
% = {(0,0)}UD,UDp, with

Dy={ze[0,1)*: T*'(2) = T¥(2)4 + (0,1) for all k >0},

Dp={ze[0,1): TF(z) = T*(z)4 + (0,2) for all k > 0}.

15}

Dy

T2(D1)\

Figure 4.1. The map T, T(Dy) = T(Dy), T(Dy) = T*(Dy), and the (gray) set #, .= —1/y.
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Figure 4.2. The trajectory of the scaled domains and 2, . = —1/y. (/* stands for T¥U(D,).)

As in Section 2, we have T°(z) =z for all ze Z. If we set

11 (1,1) -z

Viz)=(1,1)—z, k=1/y% e=1, and

g:0—010 1+~ 01110
then Figure 4.2 shows that ¢ satisfies the conditions in Section 3, and 2 = D, U Dy
with D, = U(D,), Dy = U(Dg). All points in Z are periodic and |¢"(¢)| — o as
n — oo for all / € /. Therefore, all conditions of Proposition 3.3 and Theorem
3.4 are satisfied, and we obtain the following theorem.

THEOREM 4.1. If 1= —1/y, then the period lengths n(z) are
! i 2e{(0,0), (75.50): (79 )
5 for the other points of the pentagons D, and Dg
2 2
2(5-4"4+1)/3 if SnR(z):<72}ﬁ,y2}ﬁ) Sfor some n >0
10(5-4"+1)/3  for the other points with S"R(z) € D, for some n >0
(5-4"-2)/3 if S"R(z) = (yzil ’y23+1) for some n >0
5(5-4"—=2)/3  for the other points with S"R(z) € Dg for some n >0
o0 if S"R(z) e D\Z for all n>0.

PrOOF. We ecasily calculate

(o) =+ () + (i) () =+ G) + (302)
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hence 7(c"(0)) =34" -3, 7(¢"(1)) =24"+2. If S"R(z)eD,, then =n(z) =
7(6"(1)) and =n(z) =1(c”(11111)) respectively; if S”R(z) e D, then =n(z) =
7(6”(0)) and z(z) = 5t(¢"(0)) respectively. O

For ze U(Z), we have §(z) =s(z) =0 and #(z) =(0,0). For the other
ze Z\?, we choose §(z) as follows and obtain the following s(z), #(z):

ze T*U(D))UT?*U(Dy) : §(z) = =2, s(z) = =5, t(z) = V(T %(2)) — V(2)
= (=1/7%,0)
zeTUD) :8(z) = =1, s(2) = —1, 1(z) = V(T7'(2)) = V(2)4™"
= (1/7,0)

zeT*UD)) : 5(z) =1, s(z) = 1, 1(z) = V(T (2)) — V(2)4 = (0,1/y)

ze TUD)UTU(Dy) : §(z) =2, s(z) = 5, t(z) = V(T*(2)) — V(z) = (0,—1/9%)

Observe the symmetry between positive and negative $(z) which is due to the
symmetry of T(x,y) and T7!'(y,x) and the symmetry of %. With

{(l/yv O)Ah the Z} = {(l/yv 0)7 (07 _l/y)v (—1/’)/, 1)7 (17 _1)a (_L 1/]/)},
we obtain ¢ < max{||(t(2)4")'||,, :z€ P\P,he Z}/y = (1/y*)'/y =7, as in Sec-
tion 2. The following theorem shows that aperiodic points with #(z) = (—1/y2,0)
exist, hence 0 = y.

THEOREM 4.2. 7(z) is finite for all ze (Z[|N[0,1))% bur =(1—1/(3y),
1-2/(3)) =

PROOF. By Proposition 3.5, we have to show that all ze Z[}]*NZ with
|V (2)'||l, <y are periodic. Since V(2) = {(x,y) : x>0,y >0,x+ y < 1/y}, we
have to consider x,ye Z[y]N(0,1/y) with |x'|,|y’| <y. No such x, y exist,
hence the conjecture is proved for A= —1/y. Note that n(z) is finite for all
ze($Z[yINJo, 1))2 as well. If V(z) = (1/(3y),2/(3y)), then we have

VS(z) = p*(V(2)A” + (0, —1/7%)) = (/3,1/(37%))
VS*(z) = p2(VS(2)A> + (—1/7,0)) = (2/(37),1/(37))
VS (2) = p*(VS*(2)A7> + (0, =1/7%)) = (1/(37%),7/3))

VSH(z) = (VS ()4 + (0, ~1/7%) = (1/(31),2/(37)) = V(2),
hence S"(z) e Z\# for all n >0 and n(z) = co by Theorem 4.1. O
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23

I~

4

PR,

05

A3

Figure 5.1. The map T and the set %, 2 =/2. (/* stands for T*(D,).)

5. The Case /1:\/———20034
Let A=+2 (A= —v2) and set
Z={(x,y)e[0,1)*:V2-2<x—-V2y<0,0<V2x—y<V2-2}
= U/eﬂ:{0,172,3} Dy
Do={(x,9)eZ:x<V2—1}, Di={(x,y)eZ:x>V2—1,y<V2-1},
Dy={(x,))eZ:x>V2—1,y>V2—-1}, Di={(x,9)eZ:x=v2—-1}.

Figure 5.1 shows that T'(z) = T°)(z) if z € D,, with 7(0) = 5, 7(1) =9, 7(2) =
7(3) =11, and # = {(OO}UUkOTkDA UUkO T*(Dg) with DAf{(O,y)
1-1/vV2<y<1/vV2}, Dp={(0,1/V2)}. If we set U(z) = (V2 — 1)z, V(z) =z,
k=v2-1, e=—1, and

g:0—010 1—000 2—0 3+ 030,

then Figure 5.2 shows that ¢ satisfies the conditions in Section 3, and
P={(x,y)eZ:x,y>V2—1} =D,UDgUT(Dg)UD;

with D, =Dy, Dg={(x,v2-1):vV2-1<x<2-+2} and D;={(vV2—
V2 —1)}. All points in 2 are periodic and |¢"(¢)] — o0 as n — oo for all / € .«/.
Therefore, all conditions of Proposition 3.3 and Theorem 3.4 are satisfied, and we
obtain the following theorem.
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21

Figure 5.2. The trajectory of the scaled domains and 2, 1= +/2. (/¥ stands for T5U(D,).)

THEOREM 5.1. If ). = /2, then the minimal period length n(z) is

if z=1(0,0)
if z=T1"(0,1/2), 0<m<3
for the other points of T™(D4), 0<m<3
6 if z=T"0,1/v2), 0<m<5
2-3" 4 (=1)" if S"R(z)=(1/v2,1/v2), n>0
8(2-3"+ (—=1)")  for the other points with S"R(z) € D,
43" 1+ (=) if S"R(z) € {(1/2,vV2—1),(vV2—1,1/2)}, n =0
83" 4 1+ (=1)") for the other points with S"R(z) € DyU T(Dp)
2.3 4 (=) if S"R(z)=(V2-1,V/2-1), n>0
0 if S"R(z) e P\P for all n > 0.

© K~ =

ProOOF. We casily calculate
=) ()
)= ) e ()
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and obtain 7(¢"(0)) =2-3" — (=1)", 7(¢"(3)) = t(c"" 1(030)) =231 444
(—=1)". If S"R(z) € D, and n > 1, then 7(z) = t(¢"(2)) = 7(¢"~'(0)) and n(z) =
87(a"~1(0)) respectively; if S"R(z) € Dp, then n(z) = (¢"(13)) = 7(¢"~1(000030))
and 7(z) = 2¢(¢"'(000030)) respectively; if S"R(z) = (v2—1,v/2—1), then
n(z) = 1(¢"(3)). The given 7(z) hold for n =0 as well. O

For ze 2\(U(2)U2), we choose §(z) as follows and obtain the following
s(z), 1(2):
ze T2UDGUD UD3) : §(z) = —1, s(z) = =5, t(z) = T (z) — 247>

= (V2-1,2-V2)
zeT'UDYUDIUD;) :§(z) =1, 5(2) =5, 1(z) = T(z) —z4° = 2 —V2,V2 - 1)
This gives 6 = (2 +v2)/V2= V2 +1 since
{1(2)4" : ze D\?,h e Z} = +{(0,0), 2 —V2,vV2 - 1), (V2 —1,0), (0,1 — V2),
(1-v2,vV2-2)}.

THEOREM  52. n(z) is finite for all ze(Z[V2]N[0,1))%,  but
(Tk (#,#) )keZ is aperiodic.

PROOF. We have to consider z € Z[v2]*N < with ||z']|, <6 =+v2+ 1. The
only such point is (v2 —1,v/2—1) = Dy, hence Conjecture 1.1 holds for 4 = v/2.

It can be shown that all points in (Z[v2]N[0, 1)) and (1Z[v2]N]o, l)) are
3-V2 2%5—1

periodic as well. For z :( ), we have

S(z) = (z4°+ (2 —-V2,V2 - 1))/

(ﬁ+1)<9 WERV j)

(3\/53 3\/§>
7 :

S2(2) = (S()A°+ 2 =V2,V2 = 1)) /i
(ﬁ+1)< 3\f\/— ) (2\/2—13—x/§>

4

4 4

S4(Z):<3—4\/§,2\/§4— 1)22' -

S3z) = (S*2)A>+ (V2 -1,2-V2)) /x < *f3f_3> and
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Figure 5.3. Aperiodic points, 1 = v/2. Figure 5.4. Aperiodic points, 1 = —/2.

6. The Case .= —\2=-2cosZ
Let 2=—v2 (' =+v2) and set
7 ={(x, ) el0,1)>: V2x+y>2 or x+ V2 >2 =, (012 D

with Do={(x,y)eZ:x+V2y>2} and D, ={(x,y)eZ:x+2p<2}.
Figure 6.1 shows that 7(z) = T™)(z) if zeD,, with «(0)=1, (1) =21,
7(2) =31, and

% ={(0,00}UD4UDgUJ;_, T*(Dr)UJ,_, T¥(Da),
Dy={(x,9):0<x,y<3-2V21\{(0,0),(3-2v2,3 - 2V2)},

Dg={ze[0,1)>: T*"(z) = T*(z)4 + (0,1) for all k € Z},

(
Dr={ze[0,1)*: TF!(z) = T¥(z)4 + (0,2) for all k € Z},
Dx={(1/v2,0)}. Set k =v2—1, V(z) = ((1,1) —2)/x = (V2 + 1)((1,1) — 2),

ie.,
Uiz)=(1,1) = (V2-1)((1,1) —2) = (V2= Dz + (2 - V2,2 - V2).
Then Figure 6.2 shows that the conditions in Section 3 are satisfied by
6:0— 010 1+ 000 2+~ 020

with e = —1 and 2 = D,U{J;_, T*(Ds) U;_, TH(D;) with

D, ={ze[0,1): TF(z) = T*(z)4 + (0,3) for all k € Z},
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Figure 6.2. The trajectory of the scaled domains and 2, A = —v2. (/¥ stands for T-%U(D,).)
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Dp={(x2-V2x):5-3V2<x<2V/2-2} and D;={(8-5V2,8-5V2)}.
All points in £ are periodic and |¢" (/)| — o0 as n — oo for all / € o/. Therefore,
all conditions of Proposition 3.3 and Theorem 3.4 are satisfied, and we obtain the
following theorem.

THEOREM 6.1. If A= —+/2, then the minimal period length n(z) is

1 if z€{(0,0),(1/v2,1/v2),(2-+2,2-+2)}

4 if z=T"(3/2—+2,3/2—+2) for some me{0,1,2,3}
10 if z=T"(1/v2,0) for some me{0,1,...,9}

8 for the other points in R

2.3 _5(—1)"  if S"R(z) = (3 -3/v2,3—3/2) for some n>0

8(2-3"1 —5(—1)")  for the other points with S"R(z) € D,

4(3m2 45— 5(=1)") if S"R(z) = T"((9 —5v2)/2,5—3V2) for some
me{0,...,5}, n>0

8(3™2 +5—5(—1)") for the other points with S"R(z) € T"(Dp)

2.3"2 420 — 5(=1)" if S"R(z) = T™(8 — 5v/2,8 — 5\/2) for some
me{0,1,2}, n>0

o0 if S"R(z)e P\? for all n>0.

PrOOF. As for 1= +/2, we have

6" O)o\ _ n(3/4\ Ly 14
(oo ) = (i) = 0 (L)
0" Wl _ n (34N L _qynf —3/4
(o) = ()= o (')
hence 7(¢"(0)) =231 —5(—1)" and (¢"(2)) = 7(¢""'(020)) = 2 - 3"+ 420+
5(=1)". For S"R(z) € D,, we have n(z) = 7(¢"(0)) and =(z) = 87(¢"(0)) respec-
tively; if S"R(z) € T’”(D/;)i then 7(z) = 7(¢"(002000)) and n(z) = 27(¢"(002000))
respectively; if S"R(z) = T™(Dy), then n(z) = 7(¢"(020)). O

For ze 2\(U(2)U2), we choose §(z) as follows and obtain the following
s(z), t(z):
ze T2U(DyUD UD,) : §(z) = —1, s(z) = —1, t(z) = V(T7'(2)) = V(2)4™!

zeT'UDYUDIUD,) :5(z) =1, 5(z) = 1, t(z) = V(T(z)) — V(2)4 = (0, 1)
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This gives 0 = v/2/v/2 =1 since
{1(2)A" . z€e 2\?,h e Z} = +{(0,0),(1,0),(0,1), (1, —V2), (—V2,1)}.

THEOREM 6.2. 7(z) is finite for all z € (Z]v/2)N[0,1)), but (Tk (%,5’4—‘/5> )k .
is aperiodic. ©

ProOF. Since V(2)={(x,¥):x>0,y>0,x+V2y <1 or V2x+ y < 1},
there exists no zeZ[V2)?NZ with |(V(z))],, <1. Therefore Conjecture
1.1 holds for 2= —+/2. It can be shown that all points in (IZ[\/E]H[O,l))2
and (%Z[\/E]H[O,l))2 are periodic as well. For z—( 3=

V) =(519).

i ) , we have

VS(z) = (V2+ 1)(V(2)A+(0,1)) = (V2 + 1 )<4 2\[)

4
(V241 V21
T 1)
VS2(z) = (l,f:l), VS3(Z)—<ﬁ4_l,ﬁ4+1> and
VSH(z) = (@%) =V(z) 0

7. The Case 2 =1/y=—2cos ¥
Let A=1/y (A = —y) and set
7 ={(x,»)el0,)?:yx—1<y<x/p}= Usew—o1.23 D
with Dy, D;, D,, Ds satisfying the (in)equalities
Dy | D | D, | D3
vy x-1/2 [ 0<y<x— 12 | y=x—12 | y=0, 12 <x<1/y
Figure 7.1 shows that T'(z) = T*“)(z) if z € D;, with 7(0) = 6, (1) =4, 7(2) =7,
7(3) =5, and Z = {(0,0)}. If we set U(z) =z/y%, V(z) =z, k = 1/y*, e =1, and
6:0—~010 1—01110 2~ 012 3+— 01112

then Figure 7.2 shows that ¢ satisfies the conditions in Section 3, and
2 =D,UDsUlJ._, T"(D)UDyUL,_, TH(D,)UD,

with D, ={ze%:T*(z)e D, for all keZ}, Dy={ze%:T*(z)e D, for all
keZ}, Dr={(x,0):1/y*<x<1/y*}, D,=Ds, Dg={(1/7%0)} and D, =
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Figure 7.1. The map T, 2= 1/y. (/¥ stands for T*(D,).)

Figure 7.2. The trajectory of the scaled domains and 2, A= 1/y. (/¥ stands for T*U(D,).)

{(1/y%,0)}. All points in 2 are periodic and |¢"(/)| — oo as n — oo for all
¢ € of/. Therefore, all conditions of Proposition 3.3 and Theorem 3.4 are satisfied,
and we obtain the following theorem.

THEOREM 7.1. If A= 1]y, then the minimal period length n(z) is

1 if z=(0,0)
2(5-4" +4)/3 if S"R(z) = (yzy+1 7y12/+y1> Jor some n =0
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10(5-4"+4)/3  for the other points with S"R(z) € D,

4(5-4"-2)/3 if SnR(Z)_(LZH’ 2+1) for some n >0
20(5-4"—2)/3  for the other points with S"R(z) € Dg

541 —1)/3  if S"R(z) =(0,1/2) for some n >0
104" —1)/3  for the other points with S"R(z) € Dy
5241 47)/3  if S"R(z) = T"(1/(2y),0) for some me {0,1,2,3} and
n>0

10(2-4"1 +7)/3  for the other points with S"R(z) e T™(D;)
(10-4"+11)/3 if S"R(z) = (1/9%,0) for some n >0

(5-4"1 £19)/3 if S"R(z) = T™(1/93,0) for some me {0,1} and n >0

o0 if S"R(z) e P\? for all n>0.

Proor. As for 1= —1/y, we have

|7"(0)]o o 1/3 2/3 7" (1)]o n(2/3 —2/3
(oot )= () = (o) (oea) =)+ ()
hence 7(¢"(0)) = 13—04” —|—§, 7(o"(1)) = 204” - —, 7(6"(2)) = 047

D4n — 3. For S"R(z) € D,, we have n( ) =1(¢"(0)) and n(z) = 57(¢"(0)) re-
spectively; if S”R(z) € Dg, then n(z) =1t(¢"(1)) and 5t(c”(1)) respectively; if
S"R(z) € Dy, then n(z) = 7(¢"(3)) and 27(c"(3)) respectively; if S"R(z) € Dy, then
n(z) = 7(¢"(0002)) and 27(¢"(0002)) respectively; if S"R(z) = T"(1/73,0), then
n(z) = (6" (02)); if S"R(z) = (1/y%,0), then n(z) = t(c"(2)). O

Note that T"U(D;) plays no role in the calculation of & since
U(D;) c U(?) and thus z(z) < oo for all ze T™U(D;). For the other
ze Z\(PUU(2)), we choose §(z) as follows:

ze T*U(DyUD;UDy) : §(z) = =2, s(z) = —10, t(z) = T7%(z) — z
= (=1/7,-1/7%)
zeTUDIUDy) :§(z) = —1, s(z) = =6, t(z) = T~ ' (2) + 247" = (1,1/y)
zeT*U(Dy) :5(z) = 1, 5(2) = 6, t(z) = T(z) + z4 = (1/7,0)
ze TUD))UT3U(Dy) : §(z) =2, s(z) = 10, 1(z) = T*(z) — z = (=1/9%,0)
This gives again § = y2/y =y since

{(1/7,004" : he Z} = £{(1/7,0),(0,1/),(1/. 1), (1,1), (1, 1/7)}.
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Figure 7.3. Aperiodic points, 1 =1/y. Figure 7.4. Aperiodic points, 1= —y.

TuEOREM 7.2. n(z) is finite for all ze(Z[|N[0,1))?, but (T*(1/4,1/
(49*)))ez is aperiodic.

Proor. Conjecture 1.1 holds for A =1/y since no ze Z[y]>NZ satisfies
||2'||, < 7. It can be shown that all points in ($Z[y] N[0, 1))2 and (3Z[y| N[0, 1))2
are periodic as well. If z = (1/4,1/(4y%)), then we have S(z) = (y*/4,1/(4y)),
§*(2) = 7*(S(2) = (1/97,0)) = (37 = 2) /4,7/4) and §*(z) = »*(S*(z) — (1/,1/7%))
= (1/4,1/&%) == O

8. The Case A= —y=—2cos%
Let A=—y (A =1/y) and set
@:{(x,y)e[o,l)z:x<y,yx—|—y24—y}=D0UD1

with Dy ={(x,y)eZ:x>1-1/y°}, Di={(x,y)eZ:x<1-1/y°}. Figure
8.1 shows that T(z) = T™“)(z) if ze D,, with 7(0) =42, 7(1) =28, and

# = {(0,0)}UD,UDzUJ;_, T*(Dr)UJ,_, T¥(Da)
U, T"(De) U, TH(D2)

with Dy ={z: T""(2) = TK(z)4 + (0,1) for all ke Z}, Dp={z:T"(2)
= Tk(2)4 + (0,2)}, Dy ={ze[0,1)%: T*¥(2) = T*(2)4 + (0,2), T*(z) =
T?~1(z)A +(0,1) for all ke Z}, Dr={(x,y):0<x,y<1/51{(0,0),
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Figure 8.1. The map T and the set %, 1= —y. (/* stands for T*(D;).)

(/94 1/9HY, Dep={(x,x): 1 =1/p° <x <1}, Dz ={(1—=1/p°,1 —1/7%)}. Set
k=1/7% V() =y"(1,1) - 2), ie.

UGz)=(1,1) = ((1L,1) =2)/y* =z/7* + 1/, 1/y).
Then Figure 8.2 shows that the conditions in Section 3 are satisfied by ¢ = 1 and

0:0~ 010 1+~ 01110.

All points in 2 = D,U Dy are periodic, with D, = {z€ Z: T*(z) € Dy for all
keZ}, Dp={zeZ:T"z)eD, for all keZ}. Since |¢"(/)] — © as n— o
for all / € ./, all conditions of Proposition 3.3 and Theorem 3.4 are satisfied, and
we obtain the following theorem.
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Figure 8.2. The trajectory of the scaled domains and 2, 1= —y. (/¥ stands for T*U(D,).)

THEOREM 8.1. If A= —y, then the minimal period length n(z) is

1 if ze{(0,0), (1/%%,1/9%),(2/7%,2/7*)}
" 2 2 _
2 a3 2). (45)
5 if z="T"(1/(29%),1/(2y")) for some me {0,1,2,3,4}
10 for the other points of D4, D, T™(Dr), T™(Dp)
11 if z=T"(1—1/y%,1—1/9%) for some me{0,1,...,10}
25 if z="T"(1—1/(29%),1—1/(29%)) for some
me{0,1,...,24}
50 for the other points of T™(Dg)

2(35-4"+28)/3 if S"R(z) is the center of D,
10(35-4" +28)/3  for the other points of D,
4(35-4" —14)/3 if S"R(z) is the center of Dpg
20(35-4" —14)/3 for the other points of Dg

o0 if S"R(z)e I\? for all n >0

Proor. As for A= —1/y and 1= 1/y, we have

o 1/3 2/3 la"(Dlo\  ,.(2/3 -2/3
J=(n)+(a) Goan)=+(Ga) ()
hence 7(¢"(0)) = (70 - 4" + 56)/3, z(c"(1)) = (140 - 4" — 56)/3. For S"R(z) € D,,

we have 7n(z) =1(¢"(0)) and 5t(¢"(0)) respectively; if S”R(z)e Dg, then
n(z) = t(¢"(1)) and 5t(¢"(1)) respectively. O

(IG”(O)IO
|a"(0)1;

We choose §(z) as follows and obtain the following s(z), #(z):

ze T*U(DyUDy) : §(z) = =2, s(z) = =70, t(z) = V(T7%(2)) — V(z)
= (=1/7%, =1/
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zeTUD)) 1 §(z) = —1, s(z) = =42, 1(z) = V(T7'(2)) — V(2)4?
= (1/7,1/y)
ze T*U(Dy) : §(z) = 1, s(z) = 42, 1(z) = V(T(2)) — V(2)4* = (1,0)
ze TU(D))UT3U(Dy) : §(z) =2, s(z) =70, t(z) = V(T?(2)) — V(2) = (=1/7,0)
This gives again d = y%/y =y since

{(1,0)4" s he Z} = +{(1,0), (0, 1), (1,=1/7),(1/7,1/7), (1/7, = 1)}.

THEOREM 8.2. =(z) is finite for all ze (Z[)|N[0,1)% but =(1—1/(3y?),
1-1/(3%) =

Proor. Since V(2)={(x,y): x>y >0,yx+ y <y}, we have no point
zeZP)*NZ with |[V(z)'||,. <7, and Conjecture 1.1 holds for Z= —y. If
V(z) = (y*/3,1/(3y)), then we have

s =7 (v (50)) = (55)
s = (vse - (G %) ) - (ﬁ”)
v =7 (1570 - (. 5) ) = (2 g) and
s =7 (vs@) - (10)) = v 0

9. The Case 2 =/3=—2cos

The case A = /3 is much more involved than the previous cases. Therefore
we show only that all points in (Z[v/3]N[0,1))* are periodic and refrain from
calculating the period lengths. Furthermore we postpone the determination of T
and # to Appendix A. Let

”OZ:{(xay)2x_\/§y<2_\/§,2y—\/§x<2—\/§,y_\/§x
< 195 - 113V3,x — V3y < 195 - 113V/3}

and 2, = 9\%,, where 9, is defined by the inequalities
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2x —V3y > 267 —154V3, 2y —V3x >267 — 1543, y—+/3x > 98 — 57\/3,
x— 3y > 98 —57V3.

The sets &) and 2, have to be treated separately because their trajectories are
disjoint, and both sets contain aperiodic points. The trajectories of aperiodic
points in Z; come arbitrarily close to (1,1), whereas (72 — 41+/3,72 — 41/3) is a

(L1

0° 11601,1733}

(72 — 414/3,72 — 41V/3)
(73/2 — 411/3/2,73/2 — 411/3/2)

20 2{3175,3307}
}10 15593
10 i 116524
ﬁ” g
o0 0{19327,19459}

(72 — 41\/3,‘72 — 41V/3)

Figure 9.1. The first return map on %, and %, respectively, A =+/3. (/¥ stands for T*(D;).)
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limit point in %,. (Note that 72 — 41v/3 =1 — (v/3 + 1)(2 — v/3)* 2 0.9859.) The
scaling maps are

U(z) = 2= V3)z+(V3-1,V3-1) =V (xVi(z)) for ze %,
Us(z) = (2= V3)z + (113V3 = 95,113v3 — 195) = V; ' (kV»(z)) for z € Zs,

with k=2 — /3, Vi(z) = ((1,1) — 2)/x*, V3(2) = (z — (72 — 41V/3,72 — 41V/3))/
x>, Then we have

Vi(2) ={(x,y): 2x > V3p,2y > V3x,x > V3y =2,y > V3x -2},
Va(22) = {(x, ) : 2x > V3y,2p > V3x,x > V3y —2— V3, > V3x -2 — 3}

The first return map T induces a partition of &) into sets Dy,...,D9 and a
partition of %, into sets Dy, ..., Dy, as in Figure 9.1. These sets are defined by
the following (in)equalities:

Vi) | D) | Vi(D2) | Vi(Ds) | Vi(Ds)
x>V3y—1|x>V3y—1[2x>V3y+v3—-1|2y>V3x+vV3—-1|2p>V3x+V3—-1
x<2 x>2 x>2, y<2V/3-1 y>2V3-1

V1(Ds) V1(Ds) ‘ V(D7) | V1(Dg) ‘ V1(Do)
x:\/gy—l x=2 y:2\/§—1 2x:\/§y—|—\/§—1 2y:\/§x—|—\/§—l

x<3-1/V3 x>2 x>2
V2(Dy) V2(D1) | 12(D2) | Ta(Ds) | V2D
y>\/§x—l y<\/§x—l,x<\/§+l‘x>\/§+l‘y:\/§x—l‘x:\/§+l

The return times of ze D, to 2 are given by the following tables.
Dy | D, | Do | D3 | Dy | Ds | Ds | D7 | Dg | Dy
1601, 1733 ] 3175, 3307 | 3230 | 7406 | 9771 | 3021 | 3593 | 9799 [ 11473 [ 7907

D0|D1| D, |Ds|D4
19459 | 15524 | 3175, 3307 | 18171 | 3593

Note that the return times are not constant on all D,. E.g., the return time for
ze Dy is 1601 if V1(z) = (1, y) and 1733 else, see Appendix A for details. Since
we do not calculate the period lengths, it is not necessary to distinguish between
the parts of D, with different period lengths.
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9.1. The Scaling Domain %,

Figure 9.2 shows the trajectory of the open scaled sets in 2;. Here, V1(2)) is
split up into the three stripes x <v3 -1, V3 —-1<x<2 and x> 2, and D;
denotes the set given by V1(Dj) = {(x,¥) € V1(Z) : x > V3y — 1,x < 2}. We see
that

0+— 010 3 — 012100001210 5+~ 01510 7+~ 01210000500001210
g;:1— 01110 4~ 01210000000001210 6+ 01610 8+ 01210012621001210
2 — 01210 9 — 0121005001210

codes the trajectory of U(D,), / €{0,1,2,3,4}, with Ty, (z) = U, T(z) for
z € Dy. All points in D,, Dy and D, are periodic. Figure 9.4 shows that Dg, Dy,
Dj and the grey part of U;(Zj) split up further, but all their points are periodic
as well.

The trajectory of the scaled lines is depicted in Figure 9.3, where again
V1(2)) is split up into the stripes x < v3—1, v3—1<x <2 and x > 2. Here,
Dy denotes boundary lines of Dy, and Dg is given by Vi(Dg) = {(2,y) € V1(2)}.
We see that g; codes the trajectory of U;(D,), /€ {5,6,7,8,9}, as well and
satisfies the conditions in Section 3 (with respect to Z;). All points in D,, D,, D,,
D, D,, D¢ D,, D, D, (and their orbits) are periodic. The finitely many
remaining points in 2, ={ze 2, :T"(z) ¢ U,(Z2,) for all meZ} are clearly
periodic as well. Since |o] (/)| — oo for all /€ {0,...,9}, we can use Proposition
3.5 to show the following proposition.

PROPOSITION ~ 9.1. n(z) is finite for all zeZ[N3)*N2Z,, but
(Vi (V3+1/4,7/4)) = .

Proor. First we show that only Dy and D; contain aperiodic points: D3, Dy,
D7, D, Dy lie in 2. The only part of D, which is not in 2, or 7" Ui (2)), lies
in T?Uj(D,). By iterating this argument on T2U(D,), the possible set of
aperiodic points in D, becomes smaller and smaller, and converges to
Vo '(2,4/3) ¢ D,. A similar reasoning shows that all points in Ds and Ds are
periodic. Therefore it is sufficient to determine #(z) for points in the trajectories of
Ui(DyUDy).

ze TU(D)UT3U (D)) : §(z) = 2, s(z) =0 mod 12, #(z) = (1 — V3)(V/3,2)
ze T*U(D)) : §(z) = 1, s(z) = 5 mod 12, 1(z) = V1(T(z2)) — V1(2)4°

= (\/i 2)
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Figure 9.2. The trajectory of the open scaled sets in 2, and the set 21, 1= V3. (t’k stands for
T*U(Dy) if £€{0,1,2,3,4}, for T*(D,) else.)
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Figure 9.3. The trajectory of the scaled lines and the set 21, 4= V3. (¢% stands for T*Uy(D,) if
¢ e{1,5,6,7,8,9}, for T¥(D,) else.)
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V24

Figure 9.4. Small parts of 2|, 2 =+/3. (¢* stands for T*(D,) for /¢ {1,6}.)

ze TU(Dy) : §(z) = —1, s(z) = =5 mod 12, #(z) = (2,V/3)
ze T?U (Do) UT?U (D)) : §(z) = =2, s(z) = 0 mod 12, () = (1 — V3)(2,V3)
We have 0; = (v3+1)2/(v/3 + 1) =2 since
{(vV3,2)4" :he 2} = £{(v3,2),(2,V3),(v3,1),(1,0), (0, 1), (1,V3)}.

The only point z e V1 (Z[V3]*NZy) with ||z/],,
If Vi(z) = (V/3+1/4,7/4), then we have

<2is (1,1) e Mi(D,).

V18(z) = 2+ V3)(Vi(2) + (1 = V3)(2,V3)) = (3/2+V3/4,3V3/4 + 1/2),



Periodicity of certain piecewise affine planar maps 233

V18%(2) = 24+ V3)(V1S(2) + (1 = V3)(2,V3)) = (7/4,V3 + 1/4),
V183(2) = 2+ V3)(1S%(2) + (1 — V3)(V3,2)) = (3V3/4 +1/2,3/2 + V3/4),
V1S4(Z) =W (Z) O

REMARK. The primitive part of g is again 0 — 010, 1 — 01110.

Figure 9.5. The trajectory of the scaled domains in &, and the set 25, /. = V3. (¢F stands for T*(Dy)
if /e {y,w}, for T¥U,(D,) else.)
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9.2. The Scaling Domain 2,

Figure 9.5 shows the trajectory of the the scaled domains in Z,. Here,
V2(25) is split up into x < V341 and x> +V3+ 1. With ¢&; =1 and

0+— 01222222210 3 +— 012242210
oy : 1— 012210 4 +— 030
2—0

the conditions in Section 3 are satisfied. The set 2, = {z € @, : T"(2) ¢ Uy(Z3)
for all meZ} consists of the orbits of D,, D,, Dy, D, and several isolated
(periodic) points. Since |g5(/)] — oo for all /€{0,1,2,3,4}, we can use
Proposition 3.5 to show the following proposition.

PROPOSITION 9.2. 7(z) is finite for all z e Z[\V3|*NZ,, but n(V51(5/7,
3v/3/7)) = .

0.998

T

0.996

T

0.994

T
1

0.992

T

0.99

T

0.988

-
T A

0.986 i 1 1 1
0.986 0.988 0.99 0.992

1 1 1
0.994 0.996 0.998 1

06 07

Figure 9.6. Aperiodic points, 4 = /3. Figure 9.7. Aperiodic points in &, U %Z,, A= /3.

Proor. Similarly to &, we see that all points in D3 and D4 are periodic.
Choose §(z) as follows:

ze TUL(Dy)UT Uy (Dy) : 8(z) = 1, 5(z) =7 mod 12, #(z) = (2,V/3)
ze TPUy(Do) UT*Uy(Dy) : 5(z) =2, 5(z) =3 mod 12, #(z) = (1 — V3,3 = 1)

ze T8Uy(Dy) UT Us(D1) : 8(2) = 3, 5(2) = 10 mod 12, (z) = (1 — V3, -3)
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ze TTUy(Dy) : §(z) = 4, s(z) =5 mod 12, #(z) = V3(V/3,2)
= -2(v3,2)

For the remaining ze 7" U,(DyUDy), §(z), s(z) and #(z) are obtained by
symmetry. The sets {(1 —+v3,V/3—-1)4":heZ} and {(v3-1,3)4" :heZ}
are

+H{(1=V3,V3-1),(V3-1,2),2,V3+1),(V3+1,V3+1),(V3+1,2),
(2’\/5* 1)}7

)
ze TUy(Dy) : 5(z) = 5, s(z) = 0 mod 12, 1(z)

+{(V3-1,3),3,2V3+1),2V3+ 1,3+ V3), 3+ V3,2 +V3), 2+ V3,V3),

(V3,1-V3)},

hence d, =4/(v/3+1)=2(v/3—1). The only xeZ[v3] with 0 <x <5 and
x| <2(v3—1) are 1, 14++/3, 2++/3 and 3++/3. Therefore the only
ze Va(Z[V3* N Z,) with ||2/||,, <2(v/3 = 1) are (1,1), the center of V2Uy(D,),
(1+\/§,1+\/§), the center of Dy, (2+\/§,2+\/§), the center of D,, and
(3+/3,3++/3), a fixed point of T3.

If Vy(z)=(5/7,3V3/7), then we have V,S8(z)=(2+3)V3(z) and
V282(z) = 24+ V3)(VaS(2) A3 + (1 = 3,V/3 1)) = (5/7,3V/3/7) = Va(z). O

By combining Propositions 9.1 and 9.2 and the fact that all points in # are
periodic (see Appendix A), we obtain the following theorem.

THEOREM 9.3.  Conjecture 1.1 holds for A =/3.

Remark. The eigenvalues corresponding to the primitive part of o
(¢ €{0,1,2}) are 5, —2 and 1.

10. The Case 1= —/3 = —2cos Z

Let 2 ={(x,y)e[0,1)”:x+V3y>5/3—6 or y++3x>5/3-6}, U
as in Section 9 and

Uz) = UP(z) = 2= V3)’z+ (4V3 - 6,43 - 6) = V" (k¥ (2)),
k= (2—-+3)% V(z) =((1,1) — z)/x. Then we have
V(Z)={(x,y):x>0,y>0,x+V3y <1 or y+V3x <1}

Figure 10.1 shows the first return map 7' on %, which is determined in Appendix
B. The sets Dy,..., D satisfy the (in)equalities
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Figure 10.1. The map T on %, 2= —/3. (/¥ stands for T*(D,).)
V(Do) | V(D) ‘ V(D)
V3x+y <1 ‘ V3x+y>1, x<vV3-1 ‘ x>V3-1, 2x+V3y #V3
V(Ds) ’ V(D) | V(s | V(Ds)

V3x+y=1 x<1/2 ‘ V3x+y=1,x>1/2 | x=v3-1 ‘ 2x+V3y =3
The remaining point z = V~1(1/2,1 —+/3/2) has return time 183 and satisfies
T'z) =z

Figure 10.2 shows that the first return map on U;(2) differs from U, TU; !
on several lines. Therefore we add the lines D7, Ds, Dy satisfying the following
(in)equalities

V(D7) | V(Ds) ‘ V(Do)
\/§x+y:1 ‘ \/§x+2y:1, x>2-43 ‘ \/§x+2y=1, x<2-43

and define Dy = Do\V~'({(x,):V3x+2y=1}), D;s=D,UDs. For ze Dy
/€{0,2} and ze D,, / =1, we have T")U(z) = U, T(z) with

0 — 020 1 — 010410 2+— 010°10

71 5,,010440 7 050 8 — 060410 9 — 060°30°40

Figure 10.3 shows that the substitution ¢ given by o(/) = g102(¢) with

0 — 020 1 — 010410 2+— 010°10

02 3,050590580 4 — 050410 5+ 010470410 6 — 010480
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Figure 10.2. Trajectory of U;(2) and large parts of 2, 2= —+/3. (/¥ stands for T*U,(D,).)

satisfies the conditions in Section 3 (with ¢ = 1). The coding of the return path of
the remaining point is a1(050470480).

TueoreM  10.1. 7(z) is finite for all ze(Z[V3]N[0,1))?,  but
n(V-1(2/7,v/3/7+1/7) = 0.

Proor. First we show that all points on the lines U/'(D/), /€ {3,...,9},
n>0, are periodic. The only possibly aperiodic part of Ds is TU, (D7),
and the only possibly aperiodic part of U;(D;7) is T*UZ(Ds). Inductively,
the set of aperiodic points in Ds converges to V~'(v/3—1,1—1/v3)¢ Ds
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Figure 10.3. Trajectory of U(%) and small parts of 2, 2= —/3. (/¥ stands for T*U(D,).)

and is therefore empty. Therefore, all points in U"(Ds) and U"U,(D7)
are periodic. Similar arguments show that all points in U"(D;3) in
U"U;(Dy) are periodic, then the same holds for U"(D4) and U"U,(Ds),
for U"(Dg) and U"U,(Dg), and finally for U”"(Dg) and U"U;(Ds). Then it
is clear that all points in U"U;(D3UD4) and U"(D;UDg) are periodic as
well.

Therefore we can limit our considerations to U{'(DyzUD; U D>), and consider
the scaling map U, instead of U. If we define §;(z), s1(z) and ¢,(z) accordingly,
we obtain:
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zeT'UN(D) :51(2) =1, s1(z) = 11 mod 12,
n(z) = V(T(z)) = V(z)4™' = (1,0)
ze TUIDNUTUN(D,) : 51(z) =2, 51(z) =5 mod 12, 11(2) = (=1,V3 = 1)
ze T°U (D) UTYU(D,) : §1(z) = 3, 51(z) =4 mod 12,
n(z)=(3-1,V3-2)
ze T*U(D)UT°Ui(Ds) : §1(z) = 4, s1(z) =3 mod 12,
t(z) = (V3 -1)(=V3,2)
ze T8U(Dy) : §1(2) = 5, s1(z) =2 mod 12,
n(z) = (2-v3)(V3,-2)
ze T"U(D,) : 51(2) = 6, s1(z) = 1 mod 12,
n(z) =(2v3-4,3V3 -4

For the remaining z, §;(z), s1(z) and #;(z) are given symmetrically. By looking
at the following sets {t;(z)A" :heZ}, we obtain §; = (3v/3+4)/(V/3+1) =
(5+V3)/2:

+{(1,0), (0,1), (1, =v3),(=v3,2), (2, =V3), (-V3, 1)},
+{(1,1 = V3),(1 = V3,2 - V3),(2 - V3,2 - V3),(2 - V3,1 - V3),(1 - V3, 1),
(1,1},
+{(2V3—4,3V3—4),(3V3 - 4,23 -5),(2V3 - 5,2v3-2),(2V3 - 2,-1),
(-1,V3-2),(2— V3,4 -2V3)}.

The only xeZ[V3] with 0 <x<1 and |x/|<(5+V3)/2 is V3 —1.
Therefore no point ze V(Z[v/3]*N %) satisfies ||z’||,, <d;, and Conjecture 1.1
holds for 4= —v/3.

If V(z)=(2/7,v/3/7+ 1/7), then we have

VS1(z) = 2+ V3)(V(2)A> + (V3 = 1)(—V/3,2) = (3V3/7 - 5/7,5V3/7 — 3/7),
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Figure 10.4. Aperiodic points, A = —+/3. Figure 10.5. Aperiodic points in &, A = —/3.

VS2(z) = 24+ V3)(VS1(2) A" + (1,0) = (V3/7+2/7,V3)1—1)7),
VS (z) = 2+ V3)(VSHz2)A> + (=1,V3 — 1) = (V3/7 - 1/7,3V3/7),
VSHz) = 2+ V3)(VSi(z) A" + (1,0) = (2/7,V3)T+ 1)) = V(=2). O

RemArRk. The eigenvalues corresponding to the primitive part of g
(¢ €{0,1,2}) are 5, —2 and 1.
11. The Thue-Morse Sequence, the Golden Mean and /3

We conclude by exhibiting a relation between the Thue-Morse sequence and
substitutions we used in golden mean cases (see [6] for a survey on links between
fractal objects and automatic sequences). The Thue-Morse sequence is a fixed
point of the substitution 0+ 01, 1+ 10:

01101001 10010110 1001011001101001 10010110011010010110100110010110 - - -
It can be written as
0'120'1'0%1%0%1'0" 120" 1010 1%0%1%0" 1'0%120%1 10" 1%0%1%0" 10?110 1%0' 1102

120211011201 L.
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By subtracting 1 from each term of the sequence of exponents (the run-lengths of
0’s and 1’s) we obtain the sequence

0100111001001001110011100111001001001110010 - - -

which is easily shown to be the fixed point of the substitution 0+~ 010,
1 — 01110 (see [5]), which is equal to ¢ in the cases A= —1/y, A=1/y, A= —y,
and to g in the case 4 = /3. In case 4 =y, we have that ¢ (1) is the image of
this word by the morphism 0~ 10, 1+ 110 since ¢(10) = (10)(110)(10) and
a(110) = (10)(110)(110)(110)(10).
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Appendix A. The Map T for 1 =+/3

As the scaling domain & is very small in case /. = /3, the determination of 7'
is done in several steps. Figure A.l shows the action of T3, which is the first
return map on the domain

(x>4V3-6,2y <V3x+2—-V3,y>V3x+1-V3}
Uf{x<1,y>12v3x =20,y > V3x+6vV3— 11},

on sets D,,...,Dy. To this end, we first determine the trajectory of sets
Dg, Dy, ..., Dy, which partition a symmetric version of this domain. Figure A.l
shows the trajectory of the open sets Dz, Dy, D., D4, D., D;, D;, Figure A.2
completes the picture with the trajectories of the lines Dy, Dy, Dy, Di. All points
which are not on these trajectories are periodic. From the symmetric first return
map, it is easy to determine T%.

Next, we consider the first return map on

{(x,9): 2y < V3x+2—3,2x < V3y+2—3,x>30V3—51 or

y >30V3 - 51}
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Figure A.1. The first return map 73 and large parts of 2, 2 =+/3. (/¥ stands for T*(D,).)
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29 8555 H2
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70 Wi p2 e 96 L = 136 pop2l

Figure A.2. Trajectories of long lines in # and Dy, D,, Dj, Dy, 72=+/3. (/¥ stands for
T(Dy).)
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Figure A.3. An intermediate first return map, 2 = /3. (/¥ stands for T¥(D;).)
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Figure A.4. The trajectory of the lines, 2 =+/3. (¢ stands for T¥(D,).)
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(L1

K° — AT3

(30v/3 — 51,30v/3 — 51)

Figure A.5. The map Ty, A= /3. (/k stands for T%(D,).)

in Figures A.3 and A.4, partitioned into open sets Dy, Dy, Dj, D;, D; and
lines Dy;, D,, D, D;. From this map, we easily obtain the first return map
Ty on {(x,¥):2y <V3x4+2—-3,2x<V3y+2—-+3,x>30/3—-51 and y >
30V3 — 51}, which is partitioned into the sets Dy, ..., D,. Observe that the return
time on D; is not constant since the trajectories of the three parts Dy, D, D,
are different. This implies that the return times on Dy, D; and D, are not
constant.
Finally, we consider in Figure A.6 the first return map on

{(x,1): 2y < V3x+2—-V3,2x < V3y+2—V3,x>72—41V3 or

y > 72— 41V3},

partitioned into sets Dy, Dy, ..., Dg, Dy, Dj, D3, from which it is easy to deduce T
on 9.
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Figure A.6. Almost the map T, A =+/3. (/* stands for Tf(D,).)

Appendix B. The Map 7 for /= —/3
For 4= —+/3, we consider in Figure B.1 the first return map on

{(x, ») €[0,1)% : 2x +V3y > 3v3 =2 or V3x+2y > 3V3 -2},
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Figure B.1. A first return map and large parts of 2, 2= —+/3. (/¥ stands for T*(D,).)
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Figure B.2. The map 7 and small parts of #, A= —+/3. (/¥ stands for T*(D,).)
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partitioned into sets Dy, ..., D;. Figure B.2 provides the first return map 7" on Z.
Again, all points in % are periodic.
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