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CURVATURE AND RIGIDITY OF WILLMORE

SUBMANIFOLDS*

By

Shichang Shu

Abstract. Let M be an n-dimensional compact Willmore sub-

manifold in an ðnþ pÞ-dimensional unit sphere Snþp. Denote by S

and H the square of the length of the second fundamental form and

the mean curvature of M. Let r be the non-negative function on M

defined by r2 ¼ S � nH 2 and K be the function which assigns to

each point of M the infimum of the sectional curvature at the point.

In this paper, first of all, we prove that, if K , H and r satisfy

Kb
p�1

2p�1 þ ðn� 2Þ Hrffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p þH 2, then either M is totally umbilic; or

a Willmore torus W1;n�1; or the Veronese surface in S4; if the Ricci

curvature Rii, H and r satisfy Rii b ðn� 2Þ þ ðn� 2ÞHrþH 2, for

nb 5, then either M is totally umbilic or a Willmore torus Wm;m.

Secondly, we consider the Willmore submanifold with flat normal

connection, we obtain that, if 0a r2 a n then eigher M is totally

umbilic or a Willmore torus Wm;n�m; if K b ðn� 2Þ Hrffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p þH 2,

then M is totally umbilic or na r2 a np.

1. Introduction

Let M be an n-dimensional compact submanifold of an ðnþ pÞ-dimensional

unit sphere Snþp. Let ha
ij , S, ~HH and H be the second fundamental form, the

square of the length of the second fundamental form, the mean curvature vector

and the mean curvature of M. We denote by WðxÞ the Willmore functional on M

(see [1], [12], [14]), that is, WðxÞ ¼
Ð
M
ðS � nH 2Þn=2

dv. From [1], [12] and [14], we

know that WðxÞ is an invariant under Moebius (or conformal) transformations of

Snþp. The Willmore submanifold was defined by Li [7], that is, a submanifold is

called a Willmore submanifold if it is a extremal submanifold to the Willmore
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functional. When n ¼ 2, the functional essentially coincides with the well-known

Willmore functional and its critical points are the Willmore surfaces. In [7] (also

see [12], [6]), Li obtained a Willmore equation in terms of Euclidean geometry,

which is very important to the study of rigidity and geometry of Willmore sub-

manifold. Li [7] obtained the following.

Theorem 1.1 ([7]). Let M be an n-dimensional submanifold in an ðnþ pÞ-
dimensional unit sphere Snþp. Then M is Willmore submanifold if and only if for

nþ 1a aa nþ p

�rn�2 SH a þ
X
i; j;b

H bh
b
ij h

a
ij �

X
i; j;k;b

ha
ijh

b
ikh

b
kj � nH 2H a

" #
ð1:1Þ

þ ðn� 1Þrn�2D?H a þ 2ðn� 1Þ
X
i

ðrn�2ÞiH a
; i þ ðn� 1ÞH aDðrn�2Þ

�raðrn�2Þ ¼ 0;

where Dðrn�2Þ ¼
P
i

ðrn�2Þi; i, D
?H a ¼

P
i

H a
; ii, r

aðrn�2Þ ¼
P
i; j

ðrn�2Þi; jðnH adij � ha
ijÞ,

and ðrn�2Þi; j is the Hessian of rn�2 with respect to the induced metric dx � dx, H a
; i

and H a
; ij are the components of the first and second covariant derivative of the mean

curvature vector field ~HH.

Remark 1.1. Fix the index a with nþ 1a aa nþ p, define ra : M ! R by

raf ¼
X
i; j

ðnH adij � ha
ijÞ fi; j;

where f is any smooth function on M. We know that ra is a self-adjoint

operator (cf. Cheng-Yau [3] and Li [8]). We can see that this operator naturally

appears in the Willmore equation (1.1). This operator will play an important role

in the proofs of our theorems.

It is well know that in the theory of minimal submanifolds in Snþp (i.e.

H1 0), Simons J. [13], Chern-Do Carmo-Kobayashi [4], Yau [15] and Ejiri N. [5]

had obtained some important rigidity Theorems in terms of the squared norm of

the second fundamental form, the sectional curvatures and the Ricci curvatures.

It is natural idea to establish the rigidity Theorems of Willmore submanifolds in

a unit sphere Snþp. The rigidity generally involve the scalar curvatures, the Ricci

curvatures, the sectional curvatures and the mean curvatures of the submanifolds.
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In [7], [9] and [10], Li obtained some rigidity Theorems in terms of r, which

vanishes exactly at the umbilical points of M.

Li [7] obtained the following

Theorem 1.2 ([7]). Let M be an n-dimensional ðnb 2Þ compact Willmore

submanifold in Snþp. Then

ð
M

rn n

2 � 1
p

� r2

 !
dva 0:ð1:2Þ

In particular, if 0a r2 a n
2�1

p

, then either r2 1 0 and M is totally umbilic, or

r2 ¼ n
2�1

p

. In that latter case, either p ¼ 1 and M is a Willmore torus Wm;n�m; or

n ¼ 2, p ¼ 2 and M is the Veronese surface.

In this paper, we continue the study of the rigidity of n-dimensional compact

Willmore submanifolds in a unit sphere Snþp. First of all, we obtain some

important integral equalities of Willmore submanifolds by use of the self-adjoint

operator ra (see Proposition 3.2 and 3.3). Secondly, we obtain a rigidity

Theorem and give a characterization of Willmore torus and Veronese surface in

terms of sectional curvatures (see Theorem 4.1). We also study the rigidity of

Willmore Submanifols in terms of the Ricci curvatures and obtain Theorem 4.2.

Finally, from the Theorem 1.2 of Li [7] and the Theorem 4.1 in section 4 we

consider the following

Problem 1.1. Let M be an n-dimensional compact Willmore Submanifold

in unit sphere Snþp. If 0a r2 a n (resp. Kb ðn� 2Þ Hrffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p þH 2), is Theorem

1.2 (resp. Theorem 4.1) also true?

This problem seems to be very di‰culty. If it is true, all the existing results

may be improved. However, it is not known whether it holds even in dimension

2. We obtain some results in section 5 (see Theorem 5.1 and 5.2), which can be

considered as partial a‰rmative answers to above problem. It should note that

the assumption of the flat normal connection plays an important role in the proof

of these results.

2. Preliminaries

Let x : M ! Snþp be an n-dimensional submanifold in an ðnþ pÞ-
dimensional unit sphere Snþp. Let fe1; . . . ; eng be a local orthonormal basis of
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M with respect to the induced metric, fy1; . . . ; yng are their dual form. Let

enþ1; . . . ; enþp be the local unit orthonormal normal vector field. We make the

following convention on the range of indices:

1a i; j; k; . . .a n; nþ 1a a; b; g; . . .a nþ p

Then the structure equations are

dx ¼
X
i

yiei;ð2:1Þ

dei ¼
X
j

yijej þ
X
j;a

ha
ijyjea � yix;ð2:2Þ

dea ¼ �
X
i; j

ha
ijyjei þ

X
b

yabeb:ð2:3Þ

The Gauss equations are

Rijkl ¼ ðdikdjl � dildjkÞ þ
X
a

ðha
ikh

a
jl � ha

ilh
a
jkÞ;ð2:4Þ

Rik ¼ ðn� 1Þdik þ n
X
a

H aha
ik �

X
j;a

ha
ijh

a
jk;ð2:5Þ

nðn� 1ÞR ¼ nðn� 1Þ þ n2H 2 � S;ð2:6Þ

where S ¼
P
i; j;a

ðha
ijÞ

2, ~HH ¼
P
a

H aea, H a ¼ 1
n

P
k

ha
kk, H ¼ j~HHj. R is the normalized

scalar curvature of M.

The first covariant derivative fha
ijkg and the second covariant derivative fha

ijklg
of ha

ij are defined by

X
k

ha
ijkyk ¼ dha

ij þ
X
k

ha
kjyki þ

X
k

ha
ikykj þ

X
b

h
b
ijyba;ð2:7Þ

X
l

ha
ijklyl ¼ dha

ijk þ
X
l

ha
ljkyli þ

X
l

ha
ilkylj þ

X
l

ha
ijlylk þ

X
b

h
b
ijkyba:ð2:8Þ

Then, we have the Codazzi equations and the Ricci identities

ha
ijk ¼ ha

ikj ;ð2:9Þ
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ha
ijkl � ha

ijlk ¼
X
m

ha
mjRmikl þ

X
m

ha
imRmjkl þ

X
b

h
b
ijRbakl :ð2:10Þ

The Ricci equations are

Rabij ¼
X
k

ðha
ikh

b
kj � h

b
ikh

a
kjÞ:ð2:11Þ

Denote by r2 ¼ S � nH 2 the non-negative function on M. We know that

r2 ¼ 0 exactly at the umbilical points of M. Define the first, second covariant

derivatives and Laplacian of the mean curvature vector field ~HH ¼
P
a

H aea in the

normal bundle NðMÞ as follows

X
i

H a
; iyi ¼ dH a þ

X
b

H byba;ð2:12Þ

X
j

H a
; ijyj ¼ dH a

; i þ
X
j

H a
; jyji þ

X
b

H
b
; iyba;ð2:13Þ

D?H a ¼
X
i

H a
; ii; H a ¼ 1

n

X
k

ha
kk:ð2:14Þ

Let f be a smooth function on M. The first, second covariant derivatives fi,

fi; j and Laplacian of f are defined by

df ¼
X
i

fiyi;
X
j

fi; jyj ¼ dfi þ
X
j

fjyji; Df ¼
X
i

fi; i:ð2:15Þ

For the fix index aðnþ 1a aa nþ pÞ, we introduce an operator ra due to

Cheng-Yau [3] by

raf ¼
X
i; j

ðnH adij � ha
ijÞ fi; j:ð2:16Þ

Since M is compact, the operator ra is self-adjoint (see [3]) if and only if

ð
M

ðraf Þg dv ¼
ð
M

f ðragÞ dv;ð2:17Þ

where f and g are any smooth functions on M.

In general, for a matrix A ¼ ðaijÞ we denote by NðAÞ the square of the norm

of A, that is,

179Curvature and rigidity of Willmore submanifolds



NðAÞ ¼ traceðA � AtÞ ¼
X
i; j

ðaijÞ2:

Clearly, NðAÞ ¼ NðT tATÞ for any orthogonal matrix T .

We need the following Lemmas due to Chern-Do Carmo-Kobayashi [4], Li

[7] and Cheng [2].

Lemma 2.1 ([4]). Let A and B be symmetric ðn� nÞ-matrices. Then

NðAB� BAÞa 2NðAÞNðBÞ;ð2:18Þ

and the equality holds for nonzero matrices A and B if and only if A and B can be

transformed simultaneously by on orthogonal matrix into multiples of ~AA and ~BB

respectively, where

~AA ¼

0 1 0 � � � 0

1 0 0 � � � 0

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0

0
BBBBBB@

1
CCCCCCA

~BB ¼

1 0 0 � � � 0

0 �1 0 � � � 0

0 0 0 � � � 0

..

. ..
. ..

. . .
. ..

.

0 0 0 � � � 0

0
BBBBBB@

1
CCCCCCA
:

Moreover, if A1, A2 and A3 are ðn� nÞ-symmetric matrices and if

NðAaAb � AbAaÞ ¼ 2NðAaÞNðAbÞ; 1a a; ba 3

then at least one of the matrices Aa must be zero.

Lemma 2.2 ([7]). Let M be an n-dimensional ðnb 2Þ submanifold in Snþp.

Then we have

j‘hj2 b 3n2

nþ 2
j‘? ~HHj2;ð2:19Þ

where j‘hj2 ¼
P

i; j;k;a

ðha
ijkÞ

2, j‘? ~HHj2 ¼
P
i;a

ðH a
; iÞ

2, H a
; i is defined by (2.12).

Lemma 2.3 ([2]). Let bi for i ¼ 1; . . . ; n be real numbers satisfying
Pn
i¼1

bi ¼ 0

and
Pn
i¼1

b2
i ¼ B. Then

Xn
i¼1

b4
i �

B2

n
a

ðn� 2Þ2

nðn� 1ÞB
2:ð2:20Þ
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The following well-known Lemma due to M. Okumura [11] is also needed in this

paper.

Lemma 2.4 ([11]). Let faign
i¼1 be a set of real numbers satisfying

P
i

ai ¼ 0,P
i

a2
i ¼ t2, where tb 0. Then we have

� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p t3
a
X
i

a3
i a

n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p t3;ð2:21Þ

and the equalities hold if and only if at least ðn� 1Þ of the ai are equal.

We can prove the following Lemma by making use of the method of Lagrane

multipliers (see [2], where Cheng obtained the below bound only).

Lemma 2.5. Let ai and bi for i ¼ 1; . . . ; n be real numbers satisfying
Pn
i¼1

ai ¼ 0

and
Pn
i¼1

a2
i ¼ a. Then

Xn
i¼1

aib
2
i

�����
�����a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn
i¼1

b4
i �

Pn
i¼1

b2
i

� �2

n

vuuuut ffiffiffi
a

p
:ð2:22Þ

Proof. Putting gðxÞ ¼
Pn
i¼1

xib
2
i , we calculate the maximum (or minimum) of

the function gðxÞ with constraint conditions

Xn
i¼1

xi ¼ 0;
Xn
i¼1

x2
i ¼ a:

If the function gðxÞ attains its maximum (or minimum) g0 at some points x, then

we have, at x,

b2
i þ lþ 2mxi ¼ 0; for i ¼ 1; . . . ; n;

where l and m are Lagrange multipliers. Therefore, we have

g0 ¼ �2ma; l ¼ �

Pn
i¼1

b2
i

n
;
Xn
i¼1

b4
i �

Pn
i¼1

b2
i

� �2

n
þ 2mg0 ¼ 0:

We infer that Lemma 2.5 is true.
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3. Integral Equalities of Willmore Submanifolds

In this section we shall obtain some integral equalities of Willmore sub-

manifolds. We should note that the self-adjoint operator ra, which appears in

Willmore equation (1.1) naturally, will play an important role in the proof of

these integral equalities.

Define tensors

~hha
ij ¼ ha

ij �H adij;ð3:1Þ

~ssab ¼
X
i; j

~hha
ij
~hhb
ij ; sab ¼

X
i; j

ha
ijh

b
ij :ð3:2Þ

Then the ðp� pÞ-matrix ð~ssabÞ is symmetric and can be assumed to be

diagonized for a suitable choice of enþ1; . . . ; enþp. We set

~ssab ¼ ~ssadab:ð3:3Þ

By a direct calculation, we have

X
k

~hha
kk ¼ 0; ~ssab ¼ sab � nH aH b; r2 ¼

X
a

~ssa ¼ S � nH 2;ð3:4Þ

X
i; j;k;a

h
b
kjh

a
ijh

a
ik ¼

X
i; j;k;a

~hhb
kj
~hha
ij
~hha
ik þ 2

X
i; j;a

H a~hha
ij
~hhb
ij þH br2 þ nH 2H b:ð3:5Þ

From Li [7], the Willmore equation (1.1) can be rewritten as

Proposition 3.1 ([7]). Let M be an n-dimensional submanifold in an ðnþ pÞ-
dimensional unit sphere Snþp. Then M is a Willmore submanifold if and only if for

nþ 1a aa nþ p

raðrn�2Þ ¼ ðn� 1Þrn�2D?H a þ 2ðn� 1Þ
X
i

ðrn�2ÞiH a
; ið3:6Þ

þ ðn� 1ÞH aDðrn�2Þ þ rn�2
X
b

H b~ssab þ
X
i; j;k;b

~hha
ij
~hhb
ik
~hhb
kj

 !
:

Setting f ¼ nH a in (2.16), we have

raðnH aÞ ¼
X
i; j

ðnH adij � ha
ijÞðnH aÞi; jð3:7Þ

¼
X
i

ðnH aÞðnH aÞi; i �
X
i; j

ha
ijðnH aÞi; j:

182 Shichang Shu



We also have

1

2
DðnHÞ2 ¼ 1

2
D
X
a

ðnH aÞ2 ¼ 1

2

X
a

DðnH aÞ2ð3:8Þ

¼ 1

2

X
a; i

½ðnH aÞ2�i; i ¼
X
a; i

½ðnH aÞ; i�
2 þ

X
a; i

ðnH aÞðnH aÞi; i

¼ n2j‘? ~HHj2 þ
X
a; i

ðnH aÞðnH aÞi; i:

Therefore, from (3.7), (3.8), we get

X
a

raðnH aÞ ¼ 1

2
DðnHÞ2 � n2j‘? ~HHj2 �

X
i; j;a

ha
ijðnH aÞi; jð3:9Þ

¼ 1

2
D½nðn� 1ÞH 2 � r2 þ S� � n2j‘? ~HHj2 �

X
i; j;a

ha
ijðnH aÞi; j

¼ 1

2
DS þ 1

2
nðn� 1ÞDH 2 � 1

2
Dr2 � n2j‘? ~HHj2

�
X
i; j;a

ha
ijðnH aÞi; j :

On the other hand, we have

1

2
DS ¼

X
i; j;k;a

ðha
ijkÞ

2 þ
X
i; j;a

ha
ijDh

a
ijð3:10Þ

¼ j‘hj2 þ
X
i; j;a

ha
ijðnH aÞi; j þ

X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ

þ
X
a;b

X
i; j;k

ha
ijh

b
kiRbajk:

Putting (3.10) into (3.9), we have

X
a

raðnH aÞ ¼ j‘hj2 � n2j‘? ~HHj2 þ 1

2
nðn� 1ÞDH 2 � 1

2
Dr2ð3:11Þ

þ
X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ þ

X
a;b

X
i; j;k

ha
ijh

b
kiRbajk:

Multiplying (3.11) by rn�2 and taking integration, using (2.17), we have
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X
a

ð
M

ðnH aÞraðrn�2Þ dv ¼
ð
M

rn�2ðj‘hj2 � n2j‘? ~HHj2Þ dvð3:12Þ

þ 1

2
nðn� 1Þ

ð
M

rn�2DH 2 dv� 1

2

ð
M

rn�2Dr2 dv

þ
ð
M

rn�2
X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ dv

þ
ð
M

rn�2
X
a;b

X
i; j;k

ha
ijh

b
kiRbajk dv:

Taking the Willmore equation (3.6) into (3.12) and making use of the followingð
M

rn�2
X
a

H as?H a dv ¼ 1

2

ð
M

rn�2
X
a

D?ðH aÞ2
dv�

ð
M

rn�2
X
i;a

ðH a
; iÞ

2
dv

¼ 1

2

ð
M

rn�2DH 2 dv�
ð
M

rn�2j‘~HHj2 dv;

ð
M

H 2Dðrn�2Þ dv ¼
ð
M

X
a

ðH aÞ2
X
i

ðrn�2Þi; i dv

¼
X
a; i

ð
M

ðH aÞ2ðrn�2Þi; i dv ¼ �
X
a; i

ð
M

ðrn�2ÞiððH aÞ2Þ; i dv

¼ �2

ð
M

X
a

H a
X
i

ðrn�2ÞiH a
; i dv;

� 1

2

ð
M

rn�2Dr2 dv ¼ � 1

2

X
i

ð
M

rn�2ðr2Þi; i dv

¼ 1

2

X
i

ð
M

ðr2Þiðrn�2Þi dv ¼ ðn� 2Þ
ð
M

rn�2j‘rj2 dv;

we have, by a direct calculation, the following

Proposition 3.2. For any n-dimensional compact Willmore submanifold in

unit sphere Snþp, there holds the following integral equalityð
M

rn�2ðj‘hj2 � nj‘? ~HHj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð3:13Þ

�
ð
M

rn�2
X
a;b

nH a H b~ssab þ
X
i; j;k

~hha
ij
~hhb
ik
~hhb
kj

 !
dv
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þ
ð
M

rn�2
X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ dv

þ
ð
M

rn�2
X
a;b

X
i; j;k

ha
ijh

b
kiRbajk dv ¼ 0:

From (2.11), we have

X
a;b

X
i; j;k

ha
ijh

b
kiRbajk ¼

X
a;b

X
i; j;k; l

ha
ijh

b
kiðh

b
jl h

a
lk � h

b
klh

a
ljÞð3:14Þ

¼ � 1

2

X
a;b; j;k

X
l

h
b
jl h

a
lk �

X
l

ha
jlh

b
lk

 !2

¼ � 1

2

X
a;b; j;k

X
l

~hhb
jl
~hha
lk �

X
l

~hha
jl
~hhb
lk

 !2

¼ � 1

2

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞ;

where ~AAa :¼ ð~hha
ijÞ ¼ ðha

ij �H adijÞ.
By use of (2.4), (2.11), (3.2), (3.4), (3.5) and (3.14), we concludeX

a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞð3:15Þ

¼ nr2 �
X
a;b

X
i; j;k; l

ha
ijh

b
ij h

a
lkh

b
lk þ n

X
a;b

X
i; j;k

H bh
b
kjh

a
ijh

a
ik þ

X
a;b; i; j;k

ha
jih

b
ikRbajk

¼ nr2 �
X
a;b

s2
ab þ n

X
a;b

X
i; j;k

H b~hhb
kj
~hha
ij
~hha
ik þ 2n

X
a;b

X
i; j

H aH b~hha
ij
~hhb
ij

þ n
X
b

ðH bÞ2r2 þ n2H 2
X
b

ðH bÞ2 � 1

2

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞ

¼ nr2 �
X
a;b

~ss2
ab þ nH 2r2 þ n

X
a;b

X
i; j;k

H b~hhb
kj
~hha
ij
~hha
ik

� 1

2

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞ:

Putting (3.14) and (3.15) into (3.13), we have the following
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Proposition 3.3. For any n dimensional compact Willmore submanifold in

unit sphere Snþp, there holds the following integral equalityð
M

rn�2ðj‘hj2 � nj‘? ~HHj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð3:16Þ

þ n

ð
M

rn�2 H 2r2 �
X
a;b

H aH b~ssab

 !
dvþ n

ð
M

rn dv

�
ð
M

rn�2
X
a;b

ðNð ~AAa
~AAb � ~AAb

~AAaÞ þ ~ss2
abÞ dv ¼ 0:

If the codimension p ¼ 1, denote hnþ1
ij ¼ hij, ~hh

nþ1
ij ¼ ~hhij , for any i, j and note

that H ¼ Hnþ1, j‘? ~HHj2 ¼ j‘Hj2 and ~ssnþ1;nþ1 ¼ r2, we have from (3.13) and

(3.16).

Corollary 3.1. For any n-dimensional compact Willmore hypersurface in

unit sphere Snþ1, there hold the following integral equalitiesð
M

rn�2ðj‘hj2 � nj‘Hj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð3:17Þ

�
ð
M

rn�2 nH 2r2 þ nH
X
i; j;k

~hhij~hhik~hhkj

 !
dv

þ
ð
M

rn�2
X
i; j;k; l

hijðhklRlijk þ hliRlkjkÞ dv ¼ 0;

and ð
M

rn�2ðj‘hj2 � nj‘Hj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð3:18Þ

þ
ð
M

rnðn� r2Þ dv ¼ 0:

Remark 3.1. From (3.16) and (3.18), we can obtain the results of Li [7]

and [9] easily (see Li [7], [9]). From (3.13) and (3.17), we shall obtain the rigidity

Theorem in terms of sectional curvatures.

4. Rigidity Theorems in Terms of Sectional and Ricci Curvatures

In this section, we shall obtain some rigidity Theorems of n-dimensional

Willmore submanifolds in unit sphere Snþp in terms of sectional and Ricci
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curvatures. We should note that the integral equalities (3.13), (3.16) and (3.17)

will play an important role in the proofs of these Theorems.

In order to prove our Theorems, first of all, we review the following typical

example.

Typical example 4.1 (see [7] or [6]). The torus

Wm;n�m ¼ Sm

ffiffiffiffiffiffiffiffiffiffiffiffi
n�m

n

r� �
� Sn�m

ffiffiffiffi
m

n

r� �
; 1ama n� 1

are Willmore hypersurfaces in Snþ1, which are called Willmore torus. The

principal curvatures l1; . . . ; ln of Wm;n�m are

l1 ¼ � � � ¼ lm ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
m

n�m

r
; lmþ1 ¼ � � � ¼ ln ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
n�m

m

r
:

Then, we have

H ¼ 1

n
m

ffiffiffiffiffiffiffiffiffiffiffiffi
m

n�m

r
� ðn�mÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
n�m

m

r� �
; S ¼ m2

n�m
þ ðn�mÞ2

m
; r2 ¼ n:

We also have by a direct calculation

Rijij ¼ 0; Rii ¼
nðm� 1Þ
n�m

; 1a iam; Rii ¼
nðn�m� 1Þ

m
; mþ 1a ia n;

where Rijij ði0 jÞ denotes the sectional curvature of the plane section spanned by

fei; ejg and Rii denotes the Ricci curvature of Wm;n�m, respectively.

Remark 4.1. From the typical example 4.1, we know that Rijij ¼
n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2, if and only if m ¼ 1 and Rii ¼ ðn� 2Þ þ ðn� 2ÞHrþH 2,

1a ia n, if and only if m ¼ n
2 .

From (3.13), (3.14) and (3.15), we know that for any real number a, the

following integral equality holdsð
M

rn�2ðj‘hj2 � nj‘? ~HHj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð4:1Þ

þ n

ð
M

rn�2 H 2r2 �
X
a;b

H aH b~ssab

 !
dv� ðaþ 1Þn

ð
M

H 2rn dv

þ ð1 þ aÞ
ð
M

rn�2
X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ dv
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� ð1 þ aÞn
ð
M

rn�2
X
a;b

X
i; j;k

H a~hha
ij
~hhb
ik
~hhb
kj dv� an

ð
M

rn dv

þ a

ð
M

rn�2
X
a;b

~ss2
ab dv�

1 � a

2

ð
M

rn�2
X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞ dv ¼ 0:

Now, denote by K the function which assigns to each point of M the infimum of

the sectional curvature at that point, we have the following

Theorem 4.1. Let M be an n-dimensional ðnb 2Þ compact Willmore sub-

manifold in ðnþ pÞ-dimensional unit sphere Snþp. If K , H and r satisfy

Kb
p� 1

2p� 1
þ n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p HrþH 2;

then either M is totally umbilic; or M is a Willmore torus W1;n�1 ¼
S1

ffiffiffiffiffiffi
n�1
n

q� �
� Sn�1

ffiffi
1
n

q� �
; or M is the Veronese surface in S4.

Proof. For a fixed a, nþ 1a aa nþ p, we can take a local orthonormal

frame field fe1; . . . ; eng such that ha
ij ¼ la

i dij. Then, ~hha
ij ¼ ma

i dij with ma
i ¼ la

i �H a,P
i

ma
i ¼ 0. Thus

X
a; i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞ ¼

1

2

X
a; i; j

ðla
i � la

j Þ
2
Rijijð4:2Þ

¼ 1

2

X
a; i; j

ðma
i � ma

j Þ
2
Rijij

b nKr2;

and the equality in (4.2) holds if and only if Rijij ¼ K for any i0 j.

Let
P
i

ð~hhb
ii Þ

2 ¼ tb. Then tb a
P
i; j

ð~hhb
ij Þ

2 ¼ ~ssb. Since
P
i

~hhb
ii ¼ 0,

P
i

ma
i ¼ 0 andP

i

ðma
i Þ

2 ¼ ~ssa. We have from Lemma 2.3 and Lemma 2.5

X
a;b

X
i; j;k

H a~hha
ij
~hhb
kj
~hhb
ik ¼

X
b;a

X
i; j;k

H b~hhb
ij
~hha
kj
~hha
ikð4:3Þ

¼
X
a;b

H b
X
i

~hhb
ii ðma

i Þ
2
a

n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p X
a;b

jH bj~ssa
ffiffiffiffiffi
tb

p
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a
n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p X
a

~ssa
X
b

jH bj
ffiffiffiffiffi
~ssb

p

a
n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
b

ðH bÞ2
X
b

~ssb

s
¼ n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p Hr3:

From (3.3), we get

X
a;b

~ss2
ab ¼

X
a

~ss2
a b

1

p

X
a

~ssa

 !2

¼ 1

p
r4:ð4:4Þ

From Lemma 2.1, (3.2) and (3.3), we have

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞa 2
X
a0b

~ssa~ssb ¼ 2
X
a

~ssa

 !2

� 2
X
a

~ss2
að4:5Þ

a 2r4 � 2
1

p

X
a

~ssa

 !2

¼ 2
p� 1

p
r4:

Therefore, from (4.1), Lemma 2.2, (4.2)–(4.5), we obtain for 0a aa 1

0b

ð
M

rn�2ðj‘hj2 � nj‘? ~HHj2Þ dvþ ðn� 2Þ
ð
M

rn�2j‘rj2 dvð4:6Þ

þ n

ð
M

rn�2 H 2r2 �
X
a;b

H aH b~ssab

 !
dv� ð1 þ aÞn

ð
M

H 2rn dv

þ ð1 þ aÞ
ð
M

rn�2nKr2 dv� ð1 þ aÞn
ð
M

rn�2 n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Hr3 dv

� an

ð
M

rn dvþ a

ð
M

rn�2 1

p
r4 dv� ð1 � aÞ

ð
M

rn�2 p� 1

p
r4 dv

b ð1 þ aÞn
ð
M

rn K � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Hr�H 2

 !
dv� an

ð
M

rn dv

þ a

p
� ð1 � aÞ p� 1

p

� � ð
M

rnþ2 dv;

where we used

X
a;b

H aH b~ssab ¼
X
a

ðH aÞ2~ssa a
X
a

ðH aÞ2
X
b

~ssb ¼ H 2r2:ð4:7Þ
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Putting a ¼ p�1
p

, we have

0b

ð
M

rn K � p� 1

2p� 1
� n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðn� 1Þ
p Hr�H 2

 !
dv:ð4:8Þ

If Kb
p�1

2p�1 þ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2, from (4.8) we have r2 ¼ 0, that is M is

totally umbilic, or K ¼ p�1
2p�1 þ n�2ffiffiffiffiffiffiffiffiffiffiffi

nðn�1Þ
p HrþH 2 on M. In the second case, the

equality in (4.8) holds. Thus, the equality in (4.2) holds, we have Rijij ¼ K for any

i0 j. We can prove that M is not totally umbilic. In fact, if r ¼ 0, we know that

the principal curvatures la
i are equal for all i and a, that is, for all a,

la
1 ¼ � � � ¼ la

n . Therefore, we have 1 þ
P
a

ðla
i Þ

2 ¼ Rijij ¼ K ¼ p�1
2p�1 þH 2 ¼ p�1

2p�1 þP
a

ðla
i Þ

2, then p ¼ 0, this is a contradiction. Now, we may consider the case p ¼ 1

and pb 2 separately.

Case (i). If p ¼ 1, then K ¼ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2 on M. Take a local ortho-

normal frame field fe1; . . . ; eng such that hij ¼ lidij . Then ~hhij ¼ midij with mi ¼
li �H. From (3.17), Lemma 2.2, Lemma 2.4 and (4.2), we have

0b

ð
M

rn�2 j‘hj2 � 3n2

nþ 2
j‘Hj2

� �
dvþ

ð
M

rn�2 3n2

nþ 2
� n

� �
j‘Hj2 dvð4:9Þ

þ ðn� 2Þ
ð
M

rn�2j‘rj2 dv�
ð
M

rn�2 nH 2r2 þ nH
X
i

m3
i

 !
dv

þ
ð
M

rn�2nKr2 dv

b n

ð
M

rn K � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Hr�H 2

 !
dv:

Since K ¼ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2, the equalities in (4.9) hold. Therefore, we know that

the equalities in (4.2), Lemma 2.2 and Lemma 2.4 hold. Since in the second case,

we know that M is not totally umbilic. From (4.9) and Lemma 2.2, we conclude

that ‘H ¼ 0, i.e. H ¼ const. and ‘h ¼ 0, i.e., the second fundamental form of M

is parallel. From Lemma 2.4, we conclude that M has only two distinct principal

curvatures. We easily follow that M is an isoparametric Willmore hypersurface

with two distinct principal curvatures. From the result of Li [9] (cf. Theorem 5.1

in Li [9]), we know that M is one of the Willmore torus Wm;n�m, 1ama n� 1.

Since the equality in (4.2) holds, we infer that Rijij ¼ K ¼ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2. From

Remark 4.1, we know that m ¼ 1. Therefore, we have M is the Willmore torus

W1;n�1 ¼ S1
ffiffiffiffiffiffi
n�1
n

q� �
� Sn�1

ffiffi
1
n

q� �
.
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Case (ii). If pb 2, from K ¼ p�1
2p�1 þ n�2ffiffiffiffiffiffiffiffiffiffiffi

nðn�1Þ
p HrþH 2 on M, we know that

the equalities in (4.8) or (4.6) hold. Therefore the equalities in Lemma 2.1,

Lemma 2.2, (4.4) and (4.7) hold. Since we know that M is not totally umbilic, we

have

‘? ~HH ¼ 0; ‘h ¼ 0;

Nð ~AAa
~AAb � ~AAb

~AAaÞ ¼ 2Nð ~AAaÞNð ~AAbÞ; a0 b;

p
X
a

~ss2
a ¼

X
a

~ssa

 !2

;

ð4:10Þ

that is

~ssnþ1 ¼ � � � ¼ ~ssnþp;ð4:11Þ

X
a;b

H aH b~ssab ¼ H 2r2:ð4:12Þ

From Lemma 2.1, we know that at most two of ~AAa ¼ ð~hha
ijÞ, a ¼ nþ 1; . . . ; nþ p,

are di¤erent from zero. If all of ~AAa ¼ ð~hha
ijÞ are zero, which is contradiction with

M is not totally umbilic. If only one of them, say ~AAa, is di¤erent from zero,

which is contradiction with (4.11). Therefore, we may assume that

~AAnþ1 ¼ l ~AA; ~AAnþ2 ¼ m ~BB; l; m0 0;

~AAa ¼ 0; ab nþ 3;

where ~AA and ~BB are defined in Lemma 2.1.

From (4.12), we have

l2ðHnþ1Þ2 þ m2ðHnþ2Þ2 ¼ ðl2 þ m2Þ
X
a

ðH aÞ2:

Since l; m0 0, we infer that H a ¼ 0, nþ 1a aa nþ p, that is, ~HH ¼ 0, i.e., M is

a minimal submanifold in Snþp and K ¼ p�1
2p�1 on M. From the Theorem of S. T.

Yau [15] (cf. Theorem 15 of Yau [15]), we know that M is Veronese surface in

S4. This completes the proof of Theorem 4.1.

Now, we consider the rigidity of Willmore submanifolds in terms of Ricci

curvatures. We need the following
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Lemma 4.1. For any n-dimensional submanifold in an ðnþ pÞ-dimensional unit

sphere Snþp, if the Ricci curvature Rii b ðn� 2Þ þ ðn� 2ÞHrþH 2, then there hold

the following

r2
a n;ð4:13Þ

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞa 4r2 � 4

n

X
a

~ss2
a :ð4:14Þ

Proof. From Gauss equation (2.5) and (3.1), we have

Rik ¼ ðn� 1Þdik þ ðn� 2Þ
X
a

H a~hha
ik þ ðn� 1ÞH 2dik �

X
a; j

~hha
ij
~hha
jk:

Thus, we get

Rii ¼ ðn� 1Þ þ ðn� 2Þ
X
a

H aha
ii þH 2 �

X
a; j

ð~hha
ijÞ

2:ð4:15Þ

By Cauchy-Schwarz inequality, we have

X
a

H aha
ii a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
a

ðH aÞ2
r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

a

ðha
iiÞ

2
r

aHr:ð4:16Þ

(4.16) and the assumption of Lemma 4.1 infer that

Rii b ðn� 2Þ þ ðn� 2Þ
X
a

H aha
ii þH 2:ð4:17Þ

(4.15) and (4.17) imply that

1 �
X
a; j

ð~hha
ijÞ

2
b 0;ð4:18Þ

that is, we have r2 a n.

From (4.18) and ~hha
ij ¼ ma

i dij , it is easy to seeX
b

Nð ~AAa
~AAb � ~AAb

~AAaÞ ¼
X

b0a; i; l

ð~hhb
il Þ

2ðma
i � ma

l Þ
2

a 4
X

b0a; i; l

ð~hhb
il Þ

2ðma
l Þ

2
a 4

X
l

ð1 � ðma
l Þ

2Þðma
l Þ

2

¼ 4
X
l

ðma
l Þ

2 � 4
X
l

ðma
l Þ

4
a 4

X
l

ðma
l Þ

2 � 4

n

X
l

ðma
l Þ

2

 !2

:

Therefore, we know (4.14) holds. This completes the proof of Lemma 4.1.

192 Shichang Shu



Remark 4.2. From the proof of Lemma 4.1, we infer that if r2 ¼ n, then

Rii ¼ ðn� 2Þ þ ðn� 2ÞHrþH 2.

Theorem 4.2. Let M be an n-dimensional ðnb 5Þ compact Willmore sub-

manifold in ðnþ pÞ-dimensional unit sphere Snþp. If Ricci curvature Rii of M, H

and r satisfy

Rii b ðn� 2Þ þ ðn� 2ÞHrþH 2;

then either M is totally umbilic, or M is the Willmore torus Wm;m ¼
Sm

ffiffi
1
2

q� �
� Sm

ffiffi
1
2

q� �
.

Proof. From (3.16), Lemma 2.2, (3.3), (4.7) and Lemma 4.1, we have

0b n

ð
M

rn dv�
ð
M

rn�2 4r2 þ n� 4

n

X
a

~ss2
a

 !
dvð4:19Þ

b ðn� 4Þ
ð
M

rn dv� n� 4

n

ð
M

rn�2
X
a

~ssa

 !2

dv

¼ n� 4

n

ð
M

rnðn� r2Þ dvb 0;

where we used

X
a

~ss2
a a

X
a

~ssa

 !2

¼ r4:ð4:20Þ

From (4.19), we conclude rn ¼ 0, that is M is totally umbilic, or r2 ¼ n. In

the latter case, we have the equalities in (4.19) and (4.20) hold. From
P
a

~ss2
a ¼P

a

~ssa

� �2

, we have
P
a0b

~ssa~ssb ¼ 0. Therefore, we infer that ðp� 1Þ of the ~ssa must

be zero, this implies that ðp� 1Þ of the ~AAa ¼ ð~hha
ijÞ must be zero so that p ¼ 1.

Since p ¼ 1 and r2 ¼ n, from the Theorem 1.2 due to Li [7] or [9], we know that

M is a Willmore torus Wm;n�m, 1ama n� 1. From Remark 4.2 and Remark

4.1, we infer that m ¼ n
2 . Therefore, we know that M is the Willmore torus

Wm;m ¼ Sm
ffiffi
1
2

q� �
� Sm

ffiffi
1
2

q� �
. This completes the proof of Theorem 4.2.

5. Willmore Submanifolds with Flat Normal Connection

In this section, we try to solve Problem 1.1. If Problem 1.1 is true, we know

that all the existing results may be improved. However, this problem seems to be
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a very hard problem, we try to give some partial a‰rmative answers to this

problem.

Theorem 5.1. Let M be an n-dimensional ðnb 2Þ compact Willmore sub-

manifold in ðnþ pÞ-dimensional unit sphere Snþp with flat normal connection. If

0a r2 a n, then either M is totally umbilic or M is a Willmore torus Wm;n�m.

Proof. Since the normal connection of M is flat, we know that Rbajk ¼ 0.

From (3.14), we have

X
a;b

Nð ~AAa
~AAb � ~AAb

~AAaÞ ¼ 0:

Therefore, from (3.16), Lemma 2.2, (3.3) and (4.7), we infer that

0b n

ð
M

rn dv�
ð
M

rn�2
X
a

~ss2
a dvð5:1Þ

b n

ð
M

rn dv�
ð
M

rn�2
X
a

~ssa

 !2

dv

¼
ð
M

rnðn� r2Þ dv:

If 0a r2 a n, from (5.1), we have rn ¼ 0, i.e., M is totally umbilic, or r2 ¼ n. In

the latter case, we know that the equalities in (5.1) hold. Hence, we conclude thatP
a

~ss2
a ¼ ð

P
a

~ssaÞ2, this implies that ðp� 1Þ of the ~AAa ¼ ð~hha
ijÞ must be zero so that

p ¼ 1. From the Theorem 1.2 due to Li [7] or [9], we know that M is a Willmore

torus Wm;n�m. This completes the proof of the Theorem 5.1.

Remark 5.1. If M is an n-dimensional compact Willmore hypersurface in

unit sphere Snþ1, then the normal connection of M is flat. Therefore, we know

that Theorem 5.1 reduces to the first case ðp ¼ 1Þ of Theorem 1.2 of Li [7] or [9].

Theorem 5.2. Let M be an n-dimensional ðnb 2Þ compact Willmore sub-

manifold in ðnþ pÞ-dimensional unit sphere Snþp with flat normal connection. If

K b n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2, then M is totally umbilic or na r2 a np.

Proof. Since the normal connection of M is flat. From (3.15), (4.2), (4.3)

and the assumption of Theorem 5.2, we have
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nr2 �
X
a;b

~ss2
ab ¼

X
a

X
i; j;k; l

ha
ijðha

klRlijk þ ha
liRlkjkÞð5:2Þ

� nH 2r2 � n
X
a;b

X
i; j;k

H b~hhb
kj
~hha
ij
~hha
ik

b nr2 K � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Hr�H 2

 !
b 0:

Therefore, from (3.16), Lemma 2.2, (4.7) and (5.2), we obtain

0b

ð
M

rn�2 nr2 �
X
a;b

~ss2
ab

 !
dvð5:3Þ

b

ð
M

nrn K � n� 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðn� 1Þ

p Hr�H 2

 !
dvb 0;

this implies that rn ¼ 0, i.e., M is totally umbilic, or K ¼ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2. In the

latter case, we know that the equalities in (5.3) hold. Therefore, we have

X
a;b

~ss2
ab ¼ nr2:ð5:4Þ

From (5.4) and (3.3), we have

nr2 ¼
X
a

~ss2
a a

X
a

~ssa

 !2

¼ r4:

Thus, we know that r2 b n.

On the other hand, from (5.4) and (3.3), we have
P
a

~ss2
a ¼ n

P
a

~ssa, that is,P
a

~ssa � n
2

	 
2¼ n2p

4 .

Hence, we have

n2p

4
¼
X
a

~ssa �
n

2

� �2

b
1

p

X
a

~ssa �
n

2

� � !2

¼ 1

p
r2 � np

2

� �2

;

this infers that r2 a np. We complete the proof of Theorem 5.2.

Remark 5.2. If M is an n-dimensional compact Willmore hypersurface in

unit sphere Snþ1, we know that the normal connection of M is flat. From

Theorem 5.2, we have M is totally umbilic or r2 ¼ n. In the latter case, M is a

Willmore torus Wm;n�m. Furthermore, from the proof of Theorem 5.2, we know
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that Rijij ¼ K ¼ n�2ffiffiffiffiffiffiffiffiffiffiffi
nðn�1Þ

p HrþH 2. From Remark 4.1, we have m ¼ 1. Therefore,

we infer that Theorem 5.2 reduces to the first case ðp ¼ 1Þ of Theorem 4.1.
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