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A GENERAL CRITERION FOR LINEARLY
UNRELATED SEQUENCES*

By

Jaroslav HANCL and Simona SOBKOVA

Abstract. The main result of this paper is a general criterion for
linearly unrelated sequences which does not depend on divisibility.
A criterion for irrational sequences is presented as a consequence.
Applications and several examples are included.

1. Introduction

Irrationality is a special case of linear independence and many new results
on the irrationality of infinite series appeared after the second world war. For
instance the criteria of Erdés and Strauss [6], [7], of Oppenheim and es-
pecially the result of Apery in which proves the irrationality of £(3). Most
of them depend on divisibility. The second wave of these papers comes from the
eighties and nineties of the last century. Among them let us mention Badea [2],
[3], Duverney [4] and Huttner [I1]. Other results can be found in Nishioka’s book
[12], which contains a nice survey of Mahler theory. In 1975 Erdés defined the
irrationality of a sequence in [5] and this definition is generalized in the following

way.

DerFINITION 1. Let {a,},.; be a sequence of positive real numbers. If for

every sequence {c,}> , of positive integers the series
n=1 P g

5!
1 @nCn

is an irrational number, then the sequence {a,},., is irrational. If {a,} ., is not
an irrational sequence, then it is a rational sequence.
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o0
n=1

In the same paper Erdds proved the irrationality of the sequence {22"}
and also the following result.

THEOREM 1. Let nj < ny, < --- be an infinite sequence of integers satisfying

- 1/2%
lim sup n
k— o0 P k

= 00
and
ne > kl+e

for some fixed ¢ >0 and k > ko(¢). Then
=1
a=»y —
is an irrational number.

In 1993 in [9] Hanél proved.

THEOREM 2. Let {r,},.., be a nondecreasing sequence of positive real numbers
such that lim,_,o, r, = 00, let B be a positive integer, and let {an} ,, {bn},., be
sequences of positive integers such that

bpy1 <, f
and

a, >r¥
holds for every large n. Then the series

Oobn

n=1

and the sequence {a,/bn},., are irrational.

There is also a criterion for rational sequences.

THEOREM 3. Let {a,},., be a sequence of positive real numbers such that
lim,_,, sup(log, log, a,/n) < 1. Then {a,},._, is a rational sequence.
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This theorem, together with the proof of a more general result, can be found
in [8]. Let us only note that the above sequence consists of positive real numbers.
The definition of linearly unrelated sequences was introduced in [10].

DEerFINITION 2. Let {a;,}n, (i=1,...,K) be sequences of positive real
numbers. If for every sequence {c,}s, of positive integers the numbers >_>, 1/
A1.nCny D ooy 1/@2 nCny - ..y peqy 1/ak nen, and 1 are linearly independent over
rational numbers, then the sequences {a;,},.; (i=1,...,K) are linearly unre-
lated.

The same paper contains the following theorem.

THEOREM 4. Let {a;n}py> {bintpey (i=1,...,K —1) be sequences of posi-
tive integers and ¢ > 0 such that

ay, n+1 > 21{"*1
ai,n

El

, a1, divides aj ni1

2Kn—(\/§+e)\/ﬁ

bi,n< R i=1,...,K—1

. inb' . .
lim 2290 0 for all i,j=1,....K—1, i>j

n—0 Dj ndj n

2_Kn—(\/§+e)\/r_1 2Kn—(\/§+e)\/ﬁ

Qin <ayn<ain , i=1...,K-1

hold for every sufficiently large natural number n. Then the sequences {a; n/b;in}m-i
(i=1,...,K —1) are linearly unrelated.

However this criterion depends on divisibility. [Theorem 3 in Section 2 does
not depend on arithmetical properties but only on the speed of convergence of
rational numbers.

2. Main Results

THEOREM 5. Let K be a positive integer, a,¢ be positive real numbers such
that 0 < o < 1 and let {a;n}ey, {bintpey (i=1,...,K) be sequences of positive
integers with {ay n},., nondecreasing, such that

. 1/(K+1)" _
nll)nc}o sup a,’, = 0o (1)

ain > n'* . )
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by <20man’ i1 K (3)
lim %n0in

n—0o0 bi,naj,n

=0, i,j=1,....K,i>j (4)
ai1n2—(logzal,n)l < ain < ai,nz(logzal‘,,)“ (5)

hold for every sufficiently large n. Then the sequences {a; n/bin}m, (i=1,...,K)
are linearly unrelated.

THEOREM 6. Let o and ¢ be positive real numbers such that 0 < o < 1 and let
{an};oy, {bn},, be sequences of positive integers with {a,},.., nondecreasing, such
that

lim sup a)/?
n—oo

=(X)’

and
bn < 2(1082 ap)"

hold for every sufficiently large n. Then the sequence {a, /bn}le and the series
> 1 bu/an are irrational.

This theorem is an immediate consequence of Theorem 3. It is enough to put
K =1, {al,n};o=1 = {an}:o=1 and {bl,n};o:l = {bn}:‘o:l-

REMARK 1. It is clear that our is a stronger result then
2 above (see also) because the restrictions on a, and b, (n=1,...) are
weaker.

REMARK 2. In put b, =1 for each natural number n. Then we
obtain Erdds above (see [5] also).

Open problem 1. Let M and K be positive integers. Are the sequences
{ME" L }°  (i=1,...,K) linearly unrelated?

Open problem 2. Let M and S be positive integers such that M > 1. Is the
sequence {M?" + S}o, irrational?
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ExampLE 1. Let a;, =n"*"4+3" b, =n* +i (i=1,2,...,8). Then the
sequences {a; ,/bin},., are linearly unrelated. '

ExampLE 2. The sequences
n2n + 3n e}
e

{ 212" 4 p }°°
[3”23"/4 +5n23n/4] el

where [x] means the greatest integer less then or equal to x, are irrational
sequences.

and

3. Proofs

LeMMA 1. Let K,a,¢ and the sequences {ain}mys {bintney (i=1,...,K)
satisfy all conditions stated in Theorem 5. Then there is a positive real number
B = B(K,a,¢) which does not depend on n such that

E& bin+j 1
Y < (6)

i=1 j=0 dintj  %in

holds for every sufficiently large n.

Proor (of Lemma 1). From (3) and (5) we obtain
2(1082 a, n+])

3 b o9 P i @)

j=0 Ai n+j =0 al n+j =0 a1, n+j

2(1082 ap, n+]) 2(10g2 ay, n-+-j

for every sufficiently large n, where # (1 > f > «) is a constant which does not
depend on n.
Now we have

zoo: 2 (log; a1, n+j) 2(1082 al,n+j)ﬂ 2(1°g2 al,n+j)ﬂ (8)
_ 4 E _
j=0 n+j n+]<a1/(l“) yhtj n+]2a1‘/(‘+’) ynt+]j

We will estimate the first summand in the right hand side of (8). The sequence
{al,n};'lozl is nondecreasing and the function x‘12(1°g2")ﬂ is decreasing for every
sufficiently large x. It follows
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8 8
2(log; ay, e ) Qlogan)® 1
< a1 < 5 )
ay nyj a :
1/(14¢) 1,n+j L,n A n

n+j<a

Here B; (0 < By <¢/(1+¢)) is a positive real number which does not depend
on n.
Now we will estimate the second summand in the right hand side of (8).
From (2) and the fact that the function x~120°22®” is decreasing for every
sufficiently large x we obtain

2(1 &2 al,"+1')p < 2(10g2(n"'j)l E)ﬂ 1
E —._ i _
n+j>a]1/(l+s) al,”'"] n+ 1/(l+e) (n + ]) ]> l &) (n _.|_ ]) + /
+e 1+¢/3 1/(1+¢ 4 B; ’
al]-/’E] ) / (al,/n( ))6/ ah”

where B, = ¢/4(1 +¢) is a positive real constant which does not depend on n.
So (7), (8), (9) and imply

2(1022 al.n+j)ﬂ

ai,n+j

where B = 1/2 min(B), B;) is a positive real constant which does not depend on
n and (6) follows. O

LEMMA 2. Let K,a,¢ and the sequences {ain}o, {bintie, (i=1,...,K)
satisfy all conditions stated in Theorem S and instead of (2) we have
al’n > 2” (11)

Jor every sufficiently large n. Then there is a real number y (1 > y > o) such that

Y
K o bl oy 2(log2a|‘,,)

22

i=1 j=

(12)

ain+j ai,n

holds for every sufficiently large n.

ProoF (of Lemma 7). As in the proof of there is a positive real
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constant f# (1 > B > a) which does not depend on »n such that (7) holds for every
sufficiently large n. Then we have '

>

n+j<log, ai »

(logy ai,ni)?

>, Y/ 1y

a1,n+j ntjslogyar, GLnti

© 2 (logy a1 n-+-])

D T

=0 al n+]

2(10g2 al,n+j)ﬂ

We will estimate both sums in the right hand side of equation (13). For the first
summand, the facts that the sequence {aj ,},., is nondecreasing and the function
x~1200&:0’ is decreasing for every sufficiently large x imply

200g2an)’  ploman)’ og g,  20cmaa)

< — < , 14
Z i al,n ai,n ( )

n+ j<log, aj » a1,n+j J J

where y; (1 > y1'> B) is a positive real constant which does not depend on n.
Now we will estimate the second summand of equation (13). From and the
fact that the function x~120082%" js decreasing for sufficiently large x we obtain

2(10g; a1 ns)” 2 (log, 27)F

, 1
Y, —(——= Z—W=ZW

ai,n+j

n+j=log, ai n+j>log,; aj,n jzlogyai,n
1 2 (logz a1,»)
< 3 C < y (15)
21032‘11,"_(1032“1,") ai,n

where y, (1 >y, > B) and C are positive real constants which does not depend
on n. Therefore (7), (13), and imply

ZK ZOO ZK ©_ 5(logy a1, nes)’
i=1 j=0 Qi,n+j i=1 j=0 ai,n+j
2(log a1)"  H(log; arn) 2(log; a1,n)”
<K + <
ain ai,n ain

and here y (1 >y > max(y,;,y,) > f) is a positive real constant which does not
depend on n. So follows. O

Proor (of [Theorem J). Let {c,},.; be a sequence of positive integers. Then
the sequences {a; ncn}q and {b;,},.; (i=1,...,K) also satisfy conditions (1)-
(5) and if in addition we reorder the sequence {a1 nCn oy to be nondecreasing
then the new sequence together with the relevant reordered sequences {a; »cn}or;
(i=1,...,K) and {b;n};r; (i=1,...,K) will satisfy (1)-(5) also. It follows that
they will satisfy all conditions stated in Theorem 3§ Thus it suffices to prove if
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K,a,¢ and the sequences {a;n}pry, {bintney (i=1,...,K) satisfy all conditions
stated in then the numbers Y > b1.n/a1ny-- -, 9 ney PK,n/ak,» and the
number 1 are linearly independent over the rational numbers. To establish this we
will prove that for every K-tuple of integers o), as,...,ax (not all zero) the sum

K

00 bz
IZZdi;a

i
i=1 i,n

is an irrational number. Suppose that I is a rational number. Now we will
continue in a natural and usual way. Let R be a maximal index such that ag # 0.
Then we have

Now (4) implies that the number

R-1

b; ar
Zd’ i,n ’n+OCR

i
i=1 ai,an,n

and the number ax have the same sign for every sufficiently large n. Without loss
of generality assume
X bi,n
o
i=1

>0 (16)

ain

for every sufficiently large n. Since 7 is a rational number there must be integers
P,q, (¢ > 0) such that

N-1 K K 0 bi
= q( Ha) Zaiz a,-’: (17)

is a positive integer for every sufficiently large N. So implies
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o

N-1 K K o
1< (n H) Sy b oy

n=1 i=1 i=1 n=N “in

for every sufficiently large N, where Q; = g max,;—; k|| is a positive integer
constant which does not depend on N. From (5) we obtaln

-1 K

N-1 K .
H [Jan <0 (H a ) 2 o (19)
i n=1

n=1 i=l1

for every sufficiently large N, where Q, is a positive real constant which does not
depend on N. Then (18) and (19) imply

1<Q(H01n> 2(K-DZ 1og2a1,,)“zi

i=1 n=N

S

nr (20)

in

8

for every sufficiently large N, where Q is a positive real constant which does not
depend on N. Now the proof falls into several cases.

1. Let us assume that holds for every sufficiently large » and there is a
0 > 0 such that

1 /(K+1+6)

lim sup q, = 00. (21)

n—oo

This implies that there exist infinitely many N such that

1/(K+1+8)%
> max al/,£++)

1/(K+1+6)Y
a, n
’ k=1,..,N—1

1t follows that

(Kl (K+1+8)Y
a\,Nn > max al/,ﬁ +1+9)"
k=1,..N-1

1/(K+1+6)k (K+8)(K+14+8) Y '+ (K+148) V24 41)
> k_lma 4,k

From this we obtain

N-1 K+6/2
afy oI (H al,,,> . (22)

n=1



350 J. HANCL and S. SOBKOVA

Lemma 2, (20) and (22) imply

1 < Q al,” 2 - n=1 08241 n Ln
n=1 i=1 n=N %i.n

N-1 Ky_1 i y
B « 2l0g2 a1 N)
< Q(H an,n) JJ 25 Pm e =
n=1 ’

n=1
— Q (H'J:/:—-ll al,n)K-Hs/2 ikl Z(K_l)(k’gz ai,n)* 2(‘082 ain)’
B (K+6/2)/(K+6) 3/2 (6/2)/(K+9)
el n= A1, a N

2(log; a1, n)’
< ———

2O/D/(K+5)

LN

for infinitely many sufficiently large N. This is a contradiction for a sufficiently

large ay p.
2. Let us assume that holds for every sufficiently large » and there is no
0 > 0 such that holds. From this we see that for every 6 > 0

apn < 2(K+l+§)" (23)

holds for every sufficiently large n. Let J be sufficiently small. Equation (1)
implies

1/(K+1)Y 1 1/(K+1)
al’/fv B (1 +'—]\75)  _max a,f,ﬁ ) (24)

for infinitely many N otherwise there exists ny such that for every n > ng

n k
AP (1+%) _max a)/ K+

0 1,..,n—1

1 1 1/(K+1)*
< — -
< (1 + nZ) (1 + n— 1)2) (AX a4y
L 1 1\ 1+
+]_2 al,no

0
< H (1 +;,15)a11,/,ff+1) ® < const.,

A
A
—
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which contradicts (1). Hence

1 \&+DY /N1 K
> (1+m> <]‘_[1 al,n) .
n=

Using [20), and we obtain

N-1 ‘K . X = .
I< Q H Al,n 2(K_1)Zn=l (log; a1, ») Z Z i,n
’ a;
n=1

i=1 n= Ln

. 2ogy ay,w)’

/N-1
< a1, | 2&-DE tog )
Q(H 1, > .

2 (K-1)T, (logy a1,») * 9 (logy a1, )"

(1+ 1/N2)&+D”

<0

2(K-1)L,55" (log, 20K+1+97)* 5 (log, 2K+1+ )7

2(log2(1+1/N2))(K+1)

<P

(K=D)L, (K+140)%)" o (K+1+8)")"

2(log,(1+1/N2))(K+ 1)

< PK-D/(K+1+8)*~D)((K+148)") " +((K+1+8)") ¥ ~(logy (1+1/N?)) (K+1) ¥

for infinitely many N, where P is a positive real constant which does not depend
on N. This is a contradiction for a sufficiently large N and sufficiently small

positive real number J.
3. Now let us assume that for infinitely many n

ai,n <2" (25)

and there is a J > 0 such that holds. Let 4 be a sufficiently large positive
integer. From we see that there exists n such that

a/EH 5 4, . (26)
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Let k be the least positive integer satisfying (26) and s be the greatest positive
integer less than k such that holds. So

ayk > AK+146)* _ (logy A)(K+1+0)*. 27)
Then there is a positive integer n such that
5 o

Let ¢ be the least positive integer greater than s such that holds. It follows
that for every r=s,5+1,...,1—1

ai, < 2(K+1+5)' (29)
and

ap > 2&+1+0)", (30)

From and we obtain

ay > 2 (K+140)" 2 (K+8)(K+1+8) ' +(K+148) 2 4+-+1)

1 (K+9) 1 (K+0) 7 ~(K+9)
> (Hz(K+1+5)") > (Hal,,,) (Hal,,,) : (31)
n=1 n=1 n=1

The sequence {aj ,},., is nondecreasing and a; ; < 2°. It follows that

s
Hal,n < 2S2- (32)
n=1
Together with this implies
—1 (K+9)
ay,, > 2K+1+" 5 (H al,n) 2~ (K+9)s?, (33)
n=1

Suppose that a; , is sufficiently large. From this and the fact that

lim x6/32—(K—1)(log2x)' = o0
X—00

we obtain

t=1 6/3
(H al,n) = 2(K_1)Z’;:(l°8za|,n)“.
n=1
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This and imply

1 (K+6/3)
agﬁ+6/3)/(K+6) > 2((K+6/3)/(K+6))(K+1+6)’ > (Hal,n> 2—(K+5/3)s2

n=1

t—1 K
> (H al,n> 2(K—1)Zn=11(1ogza|,n)12—-(1(+5)s2. (34)
n=]

From Lemma 1 and Lemma 2 we obtain

K =2 b K k-1p K = b 2(logy ar,)” 1
Sha_y ey Sl I Lo o9
i=1 n=t %in im1 n=t %n = u=f Gin ai,t .k

Now [20), and imply

t—1 K O ] K o b
1 S Q(I I al’n) 2(K_1)Zn=l(10g2al,n) E § : l.,n
n=1

i—=1 n=t di,n

B

' ?
< Q2(K+3/3)/(K+8)(K+148)' g (K-+0)s? (2 (o 1.0 4 )
ai,: a k

B

! )7
< 2((K+5/2)/(K+6))(K+1+6)'(2(082‘11,) N 1 )
a,: ar

ploga:)”  ((K+6/2)/(K+8))(K+1+9)
S GiERe) T B
a;

ai ik

From this and we obtain

ylogar)’  ((K+8/2)/(K+6))(K+1+6)"
= PP T Blog, K17

)

and this is a contradiction for sufficiently large a;, and A.

4. Finally let us assume that for infinitely many » (25) holds and there is
no ¢ > 0 such that holds. This implies that for every 6 > 0 and sufficiently
large n (23) holds. Let ¢ be sufficiently small and A sufficiently large. From (1) we
obtain

a0 > 4 , (36)
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for infinitely many n. Let k be the least positive integer satisfying (36). Then
ar x> AEAD* _ ylog; A)(K+D)* (37)

Let s be the greatest positive integer less than k such that holds. The
equation (1) and Borel’s theorem imply (24) for infinitely many N. Let ¢ be the
least positive integer greater than s satisfying

1/(K+1)" 1 1/(K+1)?
15> (14 5), g ol o9
and
1/(K+1)" 1 1/(K+1)!
al,r( (1 + rz) jsnax 4y, ) (39)

for every r=s+1,...,t—1. From we obtain

r 1
all,/,(KH) < (l+r—2-) max all/]KH)J

.....

< (1 +l2) l—i———l~-—2 max all/](KH)l
r (r — 1) j=8,..,r=2

r
<< I <1+}_13) D" < p,

j=s+1

where D < [[2,(1 +1 /j?) is a positive real constant which does not depend on 4
and k. It follows that

< D(K+l)' — 2(logzD)(K+l)' (40)

for every r=s+1,...,t— 1. From this together with a; ; < 2° and the fact that
the sequence {a; ,}.., is nondecreasing, we obtain

-1 K s K/ K
(Hal,r) = (Hal,r) (H al,r)
r=1 r=1 r=s+1
s K
< 28 2(log2 D)(K+1)" )
(rl;ll ) (r—1:[+1

— 9 Ks?o(logy D)((K+1)'—(K+1)""") L (log; D)(K+1)' (41)

and
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2K-DT T (logyanr)* _ o(K-1T (logyar,,)* p(K~DL, ;. (logy an,)*
< 2(K=1Y (log; 2°)*p(K-1)%, 111 (logy 20082 DIK+DT)
— p(K-1)s**1 5 (K-1)T, ., ((log, D) *(K+1)™)
— 2(K~1)s**! (K~1)(log, D)*((K+1)*~(K+1)**D)/((K+1)*~1)
< 2E(K+l)"', (42)

where E = (K — 1)(log, D)*/((K + 1)* — 1) is a positive real constant which does
not depend on t,k and A. Then and imply

-1 K
(H al,,) 2(K—1)Z:;}(logza1,r)a < 2(10g2D)(K+1)’2E(K+1)a1 < 2D(K+1)'. @3)

Notice that and also imply ¢ < k. Now from with a;,; < 2° and the
fact that the sequence {aj ,},., is nondecreasing, we obtain

1 (K+1)! (K+1)*
ay: > (1 +—2) ( max all/(KH)])
t J=$,.,t—1

1 \(&+D AK(EHD T (K41 (K +1)°)
(1 +—2) ( max a;/F+) )
J

=5,..., 1—1

I\EHD' (11 s—1 —X
> (1 + tz) (Ha1,1> (Hal,j>
j=1 j=1
1 \E+D (11 K ,
> (1 +t—2) (Hal,j) 27k, (44)
j=1

As in the third case and imply for our definition of the

number .

Finally from [20), [23), [35), [37), [42), (43), we obtain

o= -1 x© b
1< Q(Hal’n> 2(K-DE;7} oz a1,0)° ZZ i
n=1

i=1 n=t %i,n

o T : K-1)F" (ogyar ) [ 20B24T1
< arn | 2K DEami(log2a1,n -~ 4+
;1[;[1 " a afk
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Q(Hn gy ) K2(K-DE, " (logy a1,0)* (logy a1,0)”
ai,:

’

O([T2} ay, ) K2K-DEsi (logs an )
+ afk

Q2E(K+1) 2(log2 ai,y) Q20(K+l)
- NE k2 | B
(1+ 1/2)&+D"y Lk

Q2£(1<+1)“’ 9 (log, 2K+1+9)")7 Q2D(K+1 )

IA

1+ 1/12)(K+1)'2—K12 * 2(log, A)B(K+1)*

22E(K+l)“‘ 2(K+1+3) 4 22D(K+1)’

(14 1/22) &+’ T 3log B+

Thus
1 < 22E(K+l)“'+(K+1+6)"—(log2(1+1/t2))(K+1)’ +22D(K+1)'—(log2A)B(K+1)".

This is a contradiction for a sufficiently large #,k and 4 and for sufficiently small
0. Now the proof of is complete. O
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