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1. Introduction

In this paper, we are concemed with an enumeration of rooted trees. We
consider isomers of chain saturated mono-hydroxy alcohols, that is to say, having
no double, triple bonds and cyclic structure. Since the carbon atom has a valency
of four and the hydrogen atom a valency of one, the structural formulas of these
isomers form temary rooted trees. For example, the following figures indicates
that two isomers of propyl-alcohols:

$HO-C-C-\prime C$ $HO-C^{\prime^{C}}\backslash C$

Figure 1. Propyl-alcohol

In this figure, we regard that the remaining valencies of carbon atoms are bonded
with hydrogen atoms. Let $C(n)$ be the number of the isomers of the alcohols
containing $n$ carbon atoms. We define $C(O)=1$ . Clearly $C(n)\geq 1(n\geq 0)$ is
nondecreasing. We define a power series $g(z)$ by

$ g(z)=\sum_{n\geq 0}C(n)z^{n}=1+z+z^{2}+2z^{3}+4z^{4}+8z^{5}+17z^{6}+\cdots$ , (1)

which satisfies the functional equation:

$g(z)=1+\frac{Z}{6}(g(z)^{3}+3g(z)g(z^{2})+2g(z^{3}))$ (2)

(cf. Temperley [5], Polya [4]). Regarding the alcohol enumeration problem
considered in (2) Polya concluded that the number of isomeric hydrocarbons of
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formula $C_{n}H_{2n+2}$ is asymptotically equal to

$An^{-5/2}l^{-n}$ ,

where $A>0$ and $l$ are constants with

$0.35<l<0.36$

(cf. Polya [4]). We can deduce from this result that

$l=r(g)$ , (3)

where $r(h)$ is the convergence radius of power series $h(z)$ .
We replace the carbon atoms by boron atoms which have a valency of three.

Then these structural formulas form binary rooted trees. In this paper, we study
these rooted trees as purely mathematical model and do not care about the real
existence of such chemical substances.

Let $B(n)$ be the number of isomers containing $n$ boron atoms. We put $B(O)=$

$1$ , as above. Clearly $B(n)\geq 1(n\geq 0)$ is nondecreasing. We define a power series
$f(z)$ by

$ f(z)=\sum_{n\geq 0}B(n)z^{n}=1+z+z^{2}+2z^{3}+3z^{4}+6z^{5}+11z^{6}+\cdots$ . (4)

We can see that $f(z)$ satisfies the functional equation (cf. Temperley [5]):

$f(z)=1+\frac{Z}{2}(f(z)^{2}+f(z^{2}))$ . (5)

The purpose of this paper is to estimate the convergence radius of $f(z)$ and
$g(z)$ . Also we prove the transcendency of the function $f(z)$ over $C(z)$ and its
values at algebraic points. Our theorem for $g(z)$ improves the result of Polya
mentioned above.

THEOREM 1. Let $f(z)$ be the power series defined by (4). Then

0.402696 $<r(f)<0.402699$ ,

and hence $B(n)<0.402696^{-n}$ for all large $n$ and $B(n)>0.402699^{-n}$ for infinitely
many $n$ .

THEOREM 2. Let $g(z)$ be the power series defined by (1). Then

0.355179 $<r(g)<0.355183$ ,

and hence $C(n)<0.355179^{-n}$ for all large $n$ and $C(n)>0.355183^{-n}$ for infinitely
many $n$ .
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A power series satisfying the functional equation such as (5) is one of the so-
called Mahler functions. Then the transcendency of values of $f(\alpha)$ for algebraic
numbers $\alpha$ are deduced from the transcendency of $f(z)$ as a function (cf. Ku.
Nishioka [2], [3]). We state our results.

THEOREM 3. The function $f(z)$ is transcendental over $C(z)$ .

COROLLARY. If $\alpha$ is an algebraic number with $0<|\alpha|<r(f)$ , then the value
$f(\alpha)$ is transcendental.

Neither the transcendency of the function $g(z)$ over $C(z)$ nor the tran-
scendency of the value $g(\alpha)$ at an algebraic point has been proved so far.

2. Proof of Theorem 1

Assume that $u(z)$ and $v(z)$ are majorant and minorant power series of $f(z)$ ,
respectively. Then we have

$r(u)\leq r(f)\leq r(v)$ . (6)

Our idea of the proof is to choose majorant and minorant power series of $f(z)$

among algebraic functions.
By the functional equation (5), we get the following recursive formulas:

$B(n)=\frac{1}{2}\sum_{h=0}^{n-1}B(h)B(n-1-h)+\{_{0}^{B((n-1)/2)/2}$ $(n(n.\cdot.even)odd)$

,
$(n\geq 1)$ . (7)

Let $a>0$ be a parameter and $\Phi_{a}(z)$ be an algebraic function defined by

$\Phi_{a}(z)=1+\frac{Z}{2}(1+z^{2}+z^{4}+2z^{6}+\frac{3z^{8}}{1-az^{2}}+\Phi_{a}(z)^{2})$ , $\Phi_{a}(0)=1$ ,

so that we have

$\Phi_{a}(z)=\frac{1-\sqrt{1-z(2+z+z^{3}+z^{5}+2z^{7}+3z^{9}/(1-az^{2}))}}{Z}$ . (8)

We denote the Taylor expansion of $\Phi_{a}(z)$ by

$\Phi_{a}(z)=\sum_{n\geq 0}b_{a}(n)z^{n}$ .
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Then we get the following recursive formulas:

$b_{a}(n)=\frac{1}{2}\sum_{h=0}^{n-1}b_{a}(h)b_{a}(n-1-h)$

$+\left\{\begin{array}{l}B((n-1)/2)/2 (n=1,3,5,7,9),\\3a^{(n-l)/2-4}/2 (n-1\cdot.even,n\geq 11),\\0 (n-1.\cdot odd),\end{array}\right.$ $(n\geq 1)$ . (9)

We note that $b_{a}(n)>0(n\geq 0)$ . We have the following lemmas.

LEMMA 1. $\Phi_{2}(z)$ is a majorant series of $f(z)$ .

LEMMA 2. $\Phi_{1.94}(z)$ is a minorant series of $f(z)$ .

We deduce Theorem 1 from Lemma 1 and 2. By Lemma 1 and 2, we see that

$r(\Phi_{2})\leq r(f)\leq r(\Phi_{1.94})$ . (10)

First we calculate the convergence radius of $\Phi_{2}(z)$ . The roots of the following
equation can be the singular points of $\Phi_{2}(z)$ defined by (8) with $a=2$ :

$(1-2z^{2})^{2}(1-z(2+z+z^{3}+z^{5}+2z^{7}+\frac{3z^{9}}{1-2z^{2}}))=0$ . (11)

Let $\zeta_{1}$ be a root of (11) having the minimum absolute value. Using a calculator,
it is proved that $\zeta_{1}$ is a real single root and $\zeta_{1}=0.402696\cdots$ . Then $z=\zeta_{1}$ is a
branch point of $\Phi_{2}(z)$ and

$r(\Phi_{2})=\zeta_{1}$ .

Therefore we have by (10)

0.402696 $<r(\Phi_{2})\leq r(f)$ .

Next we calculate the convergence radius of $\Phi_{194}(z)$ . We see that the roots of
the following equation can be the singular points of $\Phi_{194}(z)$ :

$(1-1.94z^{2})^{2}(1-z(2+z+z^{3}+z^{5}+2z^{7}+\frac{3z^{9}}{1-1.94z^{2}}))=0$ . (12)

Let $\zeta_{2}$ be a root of (12) having the minimum absolute value. Using a calculator,
we see that $\zeta_{2}$ is a real single root and $\zeta_{2}=0.402698\cdots$ . Then $z=\zeta_{2}$ is a branch
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point of $\Phi_{194}(z)$ and

$r(\Phi_{194})=\zeta_{2}$ .

Therefore we have by (10)

$r(f)\leq r(\Phi_{1.94})<0.402699$ .

Hence Theorem 1 follows.
It remains to prove Lemma 1 and 2.

$PR\infty F$ OF LEMMA 1. We prove the following inequality by induction:

$b_{2}(n)\geq B(n)$ $(n\geq 0)$ .

This holds for $0\leq n\leq 26$ by Table 1. Assume that $n\geq 26$ and

$b_{2}(h)\geq B(h)$ $(0\leq h\leq n)$ .

Then we have by (7) and (9)

$b_{2}(n+1)-B(n+1)=\sum_{h=0}^{n}(b_{2}(h)b_{2}(n-h)-B(h)B(n-h))$

$+\left\{\begin{array}{l}(3\cdot 2^{n/2-4}-B(n/2))/2 (n\cdot.even),\\0 (n.odd).\end{array}\right.$

Putting $\delta(h)=b_{2}(h)-B(h)\geq 0(0\leq h\leq n)$ , we get

$\frac{1}{2}\sum_{h=0}^{n}(b_{2}(h)b_{2}(n-h)-B(h)B(n-h))$

$\geq\sum_{h=0}^{n}B(h)\delta(n-h)\geq B([n/2])\sum_{h=0}^{[(n+1)/2]}\delta(h)$ ,

and so

$b_{2}(n+1)-B(n+1)\geq B([n/2])\sum_{h=0}^{[(n+1)/2]}\delta(h)$

$+\left\{\begin{array}{l}(3\cdot 2^{n/2-4}-B(n/2))/2 (n.even),\\0 (n.odd).\end{array}\right.$

Thus, if $n$ is odd, $b_{2}(n+1)\geq B(n+1)$ . If $n$ is even, we have
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$b_{2}(n+1)-B(n+1)\geq B(m)\sum_{h=0}^{m}\delta(h)+3\cdot 2^{m-5}-\frac{1}{2}B(m)$ ,

where $n=2m$ . Since $m\geq 13$ and $\delta(13)=0.5$ , we obtain $b_{2}(n+1)\geq B(n+1)$ .
This completes the proof.

PROOF OF LEMMA 2. First we explain why the value $a=1.94$ is chosen for
$\Phi_{a}(z)$ to be a minorant series of $f(z)$ . By (7) and (9), we have

$B(n)=b_{a}(n)$ $(1 \leq n\leq 10)$

and

$B(11)-b_{a}(11)=\frac{1}{2}B(5)-\frac{3}{2}a=3(1-\frac{1}{2}a)$ .

Putting

$ a=2-\frac{2}{3}\epsilon$ $(\epsilon>0)$ ,

we get

$ B(11)-b_{a}(11)=3(1-1+\frac{1}{3}\epsilon)=\epsilon$ .

Hence we obtain

$B(12)-b_{a}(12)=\frac{1}{2}\sum_{h=0}^{11}(B(h)B(11-h)-b_{a}(h)b_{a}(11-h))$

$=\frac{1}{2}\sum_{h=0}^{11}B(h)B(11-h)-\frac{1}{2}(2b_{a}(0)b_{a}(11)+\sum_{h=1}^{10}b_{a}(h)b_{a}(11-h))$

$=\frac{1}{2}\sum_{h=0}^{11}B(h)B(11-h)-\frac{1}{2}(2B(0)(B(11)-\epsilon)+\sum_{h=1}^{10}B(h)B(11-h))$

$=\frac{1}{2}\sum_{h=0}^{11}B(h)B(11-h)-\frac{1}{2}\sum_{h=0}^{11}B(h)B(11-h)+\epsilon=\epsilon$ ,

so that we have
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$b_{a}(13)=\frac{3}{2}a^{2}+\frac{1}{2}\sum_{h=0}^{12}b_{a}(h)b_{a}(12-h)$

$=\frac{3}{2}a^{2}+\frac{1}{2}(2b_{a}(0)b_{a}(12)+2b_{a}(1)b_{a}(11)+\sum_{h=2}^{10}b_{a}(h)b_{a}(12-h))$

$=\frac{3}{2}a^{2}+\frac{1}{2}(2(B(12)-\epsilon)+2(B(11)-\epsilon)+\sum_{h=2}^{10}B(h)B(12-h))$

$=\frac{3}{2}a^{2}-2\epsilon+\frac{1}{2}\sum_{h=0}^{12}B(h)B(12-h)$ .

Thus we get

$ B(13)-b_{a}(13)=\frac{1}{2}B(6)-\frac{3}{2}a^{2}+2\epsilon$

$=\frac{11}{2}-\frac{3}{2}(2-\frac{2}{3}\epsilon)^{2}+2\epsilon=-\frac{2}{3}\epsilon^{2}+6\epsilon-\frac{1}{2}$ ,

and so $B(13)\geq b_{a}(13)$ if and only if

$-\frac{2}{3}\epsilon^{2}+6\epsilon-\frac{1}{2}\geq 0$ ,

which implies

$\frac{9-\sqrt{78}}{2}\leq\epsilon\leq\frac{9+\sqrt{78}}{2}$ .

Since

$ a=2-\frac{2}{3}\epsilon\leq 2-\frac{9-\sqrt{78}}{3}=\frac{\sqrt{78}-3}{3}=1.9439\cdots$ ,

we may choose $a=1.94$ .
Now we prove the inequality

$B(n)\geq 3\cdot 1.94^{n-4}$ $(n\geq 0)$ , (13)

by induction on $n$ . We see by Table 1 that (13) holds for $0\leq n\leq 7$ . Assume that
$n\geq 7$ and

$B(h)\geq 3\cdot 1.94^{h-4}$ $(0\leq h\leq n)$ .
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Then we have by (7)

$B(n+1)\geq\frac{1}{2}\sum_{h=0}^{n}B(h)B(n-h)$

$\geq\frac{1}{2}(2B(0)B(n)+2B(1)B(n-1)+2B(2)B(n-2)+2B(3)B(n-3))$

$=B(n)+B(n-1)+B(n-2)+2B(n-3)$ ,

and so
$B(n+1)\geq 3\cdot 1.94^{n-4}+3\cdot 1.94^{n-5}+3\cdot 1.94^{n-6}+6\cdot 1.94^{n-7}$

$\geq 3\cdot 1.94^{n-3}$ .

Finally we prove
$B(n)\geq b_{1.94}(n)$ $(n\geq 0)$ , (14)

by induction on $n$ . We see by Table 1 that (14) holds for $0\leq n\leq 10$ . Assume that
$n\geq 10$ and

$B(h)\geq b_{194}(h)$ $(0\leq h\leq n)$ .

By (7) and (9), we have

$B(n+1)-b_{194}(n+1)=\sum_{h=0}^{n}(B(h)B(n-h)-b_{194}(h)b_{194}(n-h))$

$+\left\{\begin{array}{l}(B(n/2)-3\cdot 1.94^{n/2-4})/2 (n.even),\\0 (n.odd).\end{array}\right.$

This and (13) imply $B(n+1)\geq b_{1.94}(n+1)$ , and the proof is completed.

3. Proof of Theorem 2

As in the proof of the proceeding theorem, we shall choose a suitable
majorant and minorant of $g(z)$ among algebraic functions.

By the functional equation (2), we get the following recursive formulas:

$C(n)=\frac{1}{6}\sum_{h=0}^{n-1}\sum_{i=0}^{n-1-h}C(h)C(i)C(n-1-h-i)+\frac{1}{2}\sum_{h=0}^{[(n-1)/2]}C(h)C(n-1-2h)$

$+\left\{\begin{array}{l}C((n-1)/3)/3 (3dividesn-1)\\0 (3doesnotdividen-l),\end{array}\right.$ $(n\geq 1)$ . (15)
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For $a>0$ and any positive integer 1, we put

$h_{a}(z)=C(0)+C(1)z+\frac{C(2)z^{2}}{1-az}=1+z+\frac{z^{2}}{1-az}$ ,

$k_{a}(z)=C(0)+C(1)z+C(2)z^{2}+\frac{C(3)z^{3}}{1-az}=1+z+z^{2}+\frac{2z^{3}}{1-az}$ .

Let $\Psi_{a}(z)$ be an algebraic function defined by $\Psi(0)=1$ and

$\Psi_{a}(z)=1+\frac{Z}{6}\Psi_{a}(z)^{3}+\frac{Z}{2}h_{a}(z^{2})\Psi_{a}(z)+\frac{z}{3}k_{a}(z^{3})$ . (16)

We put

$\Psi_{a}(z)=\sum_{n\geq 0}d_{a}(n)z^{n}$ .

Then it follows from (16) that

$d_{a}(n)=\frac{1}{6}\sum_{h=0}^{n-1}\sum_{i=0}^{n-1-h}d_{a}(h)d_{a}(i)d_{a}(n-1-h-i)$

$+\frac{1}{2}\sum_{h=0}^{2}d_{a}(h)d_{a}(n-1-2h)+\frac{1}{2}\sum_{h=3}^{[(n-1)/2]}a^{h-2}d_{a}(n-1-2h)$

$+\left\{\begin{array}{l}C((n-1)/3)/3 (n=1,4,7),\\2\cdot a^{(n-l)/3-3}/3 (3dividesn,n-1\geq 10),\\0 (3doesnotdividen-1),\end{array}\right.$ $(n\geq 1)$ . (17)

We have the following lemmas.

LEMMA 3. $\Psi_{2.01}(z)$ is a majorant series of $g(z)$ .

LEMMA 4. $\Psi_{2}(z)$ is a minorant series of $g(z)$ .

We deduce Theorem 2 from Lemma 3 and 4. By Lemma 3 and 4, we have

$r(\Psi_{201})\leq r(g)\leq r(\Psi_{2})$ .

Let $D_{a}(z)$ denote the discriminant of equation

$X=1+\frac{Z}{6}X^{3}+\frac{Z}{2}h_{a}(z^{2})X+\frac{Z}{3}k_{a}(z^{3})$
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corresponding to (16). Then we have

$D_{a}(z)=(zh_{a}(z^{2})-2)^{3}+z(zk_{a}(z^{3})+3)^{2}$ .

We note that

$r(\Psi_{a})\leq\zeta(a)$ ,

where $\zeta(a)$ is a root of $D_{a}(z)=0$ having the minimal absolute value. If $\zeta(a)$ is
a single root,

$r(\Psi_{a})=\zeta(a)$ .

Using a calculator, we see that

$\zeta(2)=0.355182\ldots$ , $\zeta(2.01)=0.355179\ldots$ ,

and that $\zeta(2)$ and $\zeta(2.01)$ are single roots. Hence

0.355179 $<r(g)<0.355183$ .

$PR\infty F$ OF LEMMA 3. First we show that

$d_{201}(n)\geq C(n)$ $(n\geq 0)$ (18)

by induction on $n$ . This holds for $0\leq n\leq 24$ by Table 2. Suppose that $n\geq 24$

and

$d_{2.01}(h)\geq C(h)$ $(0\leq h\leq n)$ .

We have to show that $d_{201}(n+1)\geq C(n+1)$ . Put $d(n)=d_{2.01}(n)$ for brevity and

$\delta(h)=d(h)-C(h)\geq 0$ $(0\leq h\leq n)$ .

Since

$\sum_{h=0}^{n}\sum_{i=0}^{n-h}(d(h)d(i)d(n-h-i)-C(h)C(i)C(n-h-i))$

$\geq 3\sum_{h=0}^{n}\sum_{i=0}^{n-h}C(h)\delta(l)C(n-h-i)\geq 3\sum_{h=0}^{[n/2]}\sum_{k=0}^{2h}C(k)\delta(2h-k)C(n-2h)$ ,

we get
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$d(n+I)-C(n+1)\geq\frac{1}{2}\sum_{h=0}^{[n/2|}\sum_{k=0}^{2h}C(k)\delta(2h-k)C(n-2h)$

$+\frac{1}{2}\sum_{h=0}^{2}(d(h)d(n-2h)-C(h)C(n-2h))$

$+\frac{1}{2}\sum_{h=3}^{[n/2]}(2.01^{h-2}d(n-2h)-C(h)C(n-2h))$

$+\{_{0}(2\cdot 201^{(n/3)-3}-C(n/3))/3$

(
$3(3doesnotddividesn)$

,

ivide $n$ ),

using (15) and (17). Noting that $d(h)d(n-2h)\geq C(h)C(n-2h)$ if $h=0,1,2$ and
2.01 $h-2>C(h)$ if $h=3,4,5$ , we have

$d(n+1)-C(n+1)\geq\frac{1}{2}\sum_{h=0}^{5}\sum_{k=0}^{2h}C(k)\delta(2h-k)C(n-2h)$

$+\frac{1}{2}\sum_{h=6}^{[n/2]}(\sum_{k=0}^{2h}C(k)\delta(2h-k)-C(h)+2.01^{h-2})C(n-2h)$

$+\{_{0}(2\cdot 201^{(n/3)-3}-C(n/3))/3$
(
$3(3dividesn)doesnotd$

ivide $n$ ).

Using a calculator and Table 2, we see that

$\sum_{k=0}^{2h}C(k)\delta(2h-k)-C(h)+2.01^{h-2}>0$ $(h=6,7)$ ,

$\sum_{k=0}^{2h}C(k)\delta(2h-k)-C(h)+2.01^{h-2}\geq 1$ $(8\leq h\leq 11)$ ,

and

$\sum_{k=0}^{2h}C(k)\delta(2h-k)\geq\sum_{k=h}^{2h}C(k)\delta(2h-k)\geq C(h)\sum_{k=0}^{12}\delta(k)>C(h)$ $(h\geq 12)$ .

Hence we get

$(\sum_{k=0}^{2h}C(k)\delta(2h-k)-C(h)+2.01^{h-2})C(n-2h)\geq C(n-2h)$ $(n\geq 8)$ ,
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and so

$d(n+1)-C(n+1)\geq\frac{1}{2}\sum_{h=8}^{[n/2|}C(n-2h)$

$+\{_{0}(2\cdot 201^{n/3-3}-C(n/3))/3$

(
$3(3doesnotddividesn)$

,

ivide $n$ ).

If $n$ is not divided by 3, then $d(n+1)\geq C(n+1)$ . Assume that $n$ is divided by 3
and write $n=3m$ . Noting that $m\geq 8$ , we have

$d(n+1)-C(n+1)\geq\frac{1}{2}C(m)+2.01^{m-3}-\frac{1}{3}C(m)>0$ ,

and (18) is proved.

PROOF OF LEMMA 4. First we prove

$C(n)\geq 2^{n-2}$ $(n\geq 0)$ (19)

by induction on $n$ . Since $\{C(n)\}_{n\geq 0}=\{1,1,1,2,4,8, \ldots\},$ (19) holds for $ 0\leq n\leq$

5. Suppose that $n\geq 5$ and

$C(h)\geq 2^{h-2}$ $(0\leq h\leq n)$ .

We show that $C(n+1)\geq 2^{n-1}$ . By (15), we have

$C(n+1)\geq\frac{1}{6}\sum_{h=0}^{n}\sum_{i=0}^{n-h}C(h)C(i)C(n-h-i)+\frac{1}{2}\sum_{h=0}^{[n/2]}C(h)C(n-2h)$ .

Noting that $n\geq 5$ , we get

$C(n+1)\geq\frac{1}{6}(3C(0)^{2}C(n)+6C(0)C(1)C(n-1)$

$+6C(0)C(2)C(n-2)+3C(1)^{2}C(n-2))$

$+\frac{1}{2}(C(O)C(n)+C(1)C(n-2))$ ,

and so

$C(n+1)\geq C(n)+C(n-1)+2C(n-2)$

$\geq 2^{n-2}+2^{n-3}+2\cdot 2^{n-4}=2^{n-1}$ .
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We have to prove the inequality

$C(n)\geq d_{2}(n)$ $(n\geq 0)$ . (20)

This holds for $0\leq n\leq 7$ by Table 2. Assume that $n\geq 7$ and

$C(h)\geq d_{2}(h)$ $(0\leq h\leq n)$ . (21)

It follows from (15) and (17) that

$C(n+1)-d_{2}(n+1)$

$\geq\frac{1}{6}\sum_{h=0}^{n}\sum_{i=0}^{n-h}(C(h)C(i)C(n-h-i)-d_{2}(h)d_{2}(i)d_{2}(n-h-i))$

$+\frac{1}{2}\sum_{h=0}^{2}(C(h)C(n-2h)-d_{2}(h)d_{2}(n-2h))$

$+\frac{1}{2}\sum_{h=3}^{[n/2]}(C(h)C(n-2h)-2^{h-2}d_{2}(n-2h))$

$+\{_{0}(C(n/3)-2\cdot 2^{(n/3)-3})/3$ $\{_{3}^{3}dividesn$

)

$doesnotd$ivide $n$ ).

Hence we have using (19) and (21),

$C(n+1)\geq d_{2}(n+1)$

and the inequality (20) is proved.

4. Proof of Theorem 3

We use the following lemma.

LEMMA 5 (Ke. Nishioka [1], cf. Ku. Nishioka [3]). Suppose that $h(z)\in C[zI$

satisfies the following functional equation for an integer $q>1$ :

$h(z)=\varphi(z, h(z^{q}))$ ,

where $\varphi(z, u)$ is a rational function in $z,$ $u$ over C. If $h(z)$ is algebraic over $C(z)$ ,

then $h(z)\in C(z)$ .

PROOF OF THEOREM 3. Assume that $f(z)$ is algebraic over $C(z)$ . Then by
Lemma 5, we may put
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$f(z)=\frac{a(\Leftrightarrow-)}{b(z)}$ , $a(z),$ $b(z)\in C[\overline{\angle}]$ , $(a(z), b(z))=1$ .

Then we have by the functional equation (5)

$2a(z)b(z)b(z^{2})=2a(z)^{2}b(z^{2})b(z)^{2}+za(z)^{2}b(z^{2})+za(z^{2})b(z)^{2}$ . (22)

Suppose that $b(z)$ is not a constant. Since $f(z)\in CIzI$ and $(a(z), b(z))=1$ , we
have $b(O)\neq 0$ . Let $\xi$ be a root of $b(z)$ having the minimum argument $\arg\xi\in$

$(0,2\pi]$ and let $\xi_{1}$ be one of $\sqrt{\xi}$ with $\arg\xi_{1}=(\arg\xi)/2$ . Noting that $\arg\xi>0$ , we
get $\arg\xi_{1}<\arg\xi$ , and so $b(\xi_{1})\neq 0$ . Substituting $z=\xi_{1}$ in (22), we have

$\xi_{1}a(\xi)b(\xi_{1})^{2}=0$ . (23)

Since $(a(z), b(z))=1$ and $b(\xi)=0$ , we get $a(\xi)\neq 0$ and $so$ by (23), $b(\xi_{1})=0$ ,

which contradicts $b(\xi_{1})\neq 0$ . Therefore, $b(z)$ is a constant and hence $f(z)$ is a
polynomial. This contradicts the fact that $B(n)\geq 1$ for all $n\geq 0$ .

The authors are grateful to Professor Yuri Nesterenko, Moscow University,
for his helpful advice.
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