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ON THE EXCEPTIONAL SET IN GOLDBACH’S PROBLEM

By

Hiroshi MikAwA

1. Introduction.

Let E(x) denote the number of even integers not exceeding x that are not
representable as a sum of two primes. The Goldbach conjecture asserts FE(x)
«1. Unfortunately this is far from our reach. In 1923 G.H. Hardy and J.E.
Littlewood [4] showed, on assuming the extended Riemann hypothesis, that

ey E(x)<& xt2+e

for any ¢>0. After the fundamental work of [.M. Vinogradov [I8], several

authors have unconditionally given the non-trivial bounds for E(x). The best
one of these is due to H.L. Montgomery and R.C. Vaughan. In 1975 they
showed that there exists a positive constant d such that

E(x)gx'0.

Chen J.-r. gave an explicit value of 4, which is very small.
In 1973 K. Ramachandra proved that, for any A>0,

(2) E(x+x9—E(x)<x%log x)~4
providing

7
3) ﬁ<0§1.

This bound 7/12 comes from a zero density estimate for the Dirichlet L-series.
In 1981 Lou S.-t. and Yao Q. [9] attempted to sharpen the inequality (2). Later
Yao replaced, in the same range of # as (3), the right hand side of (2)
by x%¢-% with some d>0.

It is of some interest, from the point of veiw of (1), to demonstrate the
formula (2) for 6 less than 1/2. We shall present such a result.

THEOREM. Let A>0 and 7/48<6=<1 be given. Then we have
E(x+x9)—E(x)< x%log x)~4
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where the implied constant depends only on A and 6.

This work is inspired by the article of D. Wolke [19]. On combining the
argument of with the result of [19], one may prove our assertion for
6>(7/12)-(5/8), which is less than 1/2 surely. We appeal to the device of H.
Iwaniec and M. Jutila [7]. See also [14]. Using the method in our previous
papers [10, 117, we then conclude the bound & >(7/12)-(1/4).

Our notation is standard or self-explanatory. For a real number {, we
write ¢(x)=[x]—x+1/2, e(x)=e**** and |]x||:ryx}eirzllx—n|. The convention

n~N means that N<n<N'<2N. p in % runs through the set of non-trivial
11§

zeros of L(s, X). c¢,;’s denote certain positive absolute constants. For simplicity,
we write L=log x. F in .L£¥ stands for a positive numerical constant, which
is not the same at each occurrence.

I would like to thank Professor S. Uchiyama for suggestion and encourage-
ment. [ would also like to thank the referee for careful reading of this long
paper.

2. Lemmas.

LEMMA 1. Let 1<a=<gq, (a, g)=1. The Hurwitz zeta-function (s, a/q) is
regular, except for a simple pole at s=1, of residue 1. Also, it satisfies the
growth conditions:
g-+exp(c,(loglog x)*); 1—cy(log x)~**<Re(s)<1+(log x)*

|Im(s)| =x
|s—1|=(log x)~*

Us, 2)<{ g+ x"%(log x); Re(s)=1/2
? |Im(s)] <

gx-Ree3(log x); 1/2<Re(s)=1+(log x)!
e:=|Im(s)|=x .

LEMMA 2. Let N(a, T, X) denote the number of zeros of L(s,X) in the
rectangle; Re(s)=o, |Im(s)|<T. Let A>0 be given. If q<(logT)4 and o=
1—c,(log T)=*® then

3 N, T, %)=0.

X¢(mod q)

For Lemmas 1 and 2, see [15, Kap. VI Satz 5.3. Kap. IV Satz 5.3. Kap.
IX Satz 4.2. Anhang Satz 9.1. Kap. Vi Satz 6.2.7. The following Lemma 3
is due to H.L. Montgomety [12, Theorem 12.1] and M. N. Huxley [5]. Lemma
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4 follows from [12, Theorem 7.6] immediately.

LEMMA 3. Let 1/2<0<1. For any ¢>0,
> No, T, H)K(@T) 23+ 2(og gT)*

X (mod q)

where the implied constant depends only on e.

LEMMA 4. For k=1, 2,
> | ZNX(n)A(n)n“’l”<<(qT+N")N"<““’<log gN)*=.

X (mod ¢) o0

Let 2 be a non-negative arithmetical function with a compact support, and
¢ a set of primes. For z>2, put

S(2,2,2= 3

(a,P(2))=1

where

P(z)= II p.

peEP

Suppose that, for a square-free d composed by primes =@,

w(d)

Nay=—7>X+r(8, d)

aso(mod d)
where X is an approximation of 332(a) and w(d) is a multiplicative function

which satisfies some conditions of regularity. Write

Viz)=T1I(1—

w(p))
IJ<z p ’
LEMMA 5. Let z, D>2 and s=log D/log z. For 2<s<4 we have

{ 2o’ log(s 1)

SR, @, 2)=V(2)X +0((log log D)~ 1)}+R

where ¥ is the Euler constant and the vemainder term R has the form
R:d'g‘_,(z)zd(D, 2)r(2, d).
Here, the weights (1.)=Aq«(D, 2)) satisfy that
A¢=0 if d=D,
|2l = p?(d).

Moreover, on writing z;—=exp((log D)(log log D)~/'%), if 2,#0 for d>zz then Aq
1s decomposed into the shape
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(2.1) A= 22 25 X alh,m)
hslog Dd=‘”7linhSP<Ph'
where

ZgéPh<D”4, Ph':thg and la'(h., m)| él.

This is the Rosser-lwaniec linear sieve [6, 14]. We explain the decomposi-
tion (2.1). It follows from [6, 147 that if 1,0 then d is the form

d=y or vp,- p,.

Here,

vz, D;<pi<Dyzy

v| P(zy) pi|P(2)/P(z,),
(D,, -+, D,) is a subsequence of (z,z,"),-, such that

Dlg te zDT »
D, Dy Dy’ <D for all 1<I<r/2.

Moreover, the coefficient of d depends only on v and (D,, ---, D,). And, the
number of (D,, ---, D,)’s is at most log D.

Now, if d>zz then zz<d=yp, - p,<z,2", whence r=2. Thus, D,<
D\D.2<D. Since D,=z,, we obtain [2.1).
Next lemma is the combinatrial identity of R.C. Vaughan [17].

LEMMA 6. [If Y<IZSXY then

10=, 2 (5 s} 100
n>Y dsX

LEMMA 7. Let 1<A<x/2. For arbitrary complex numbers a,, put

g:(A)ZS””| S ane(Bn)|dB.

2 -1/24 zx<ns2x

Then we have
2z 2
g<<§x| 5 anl*dt+a%(_sup la.l).

t<nst zns2x

LEMMA 8. Under the assumption of Lemma 7, we have

F<A 3 la:*+2Re B (AN T 3 and,

r<ns2x z<m, ns2zx
m—-n=r

2
<A 3 laal*+Asup| B S Geane,|+4%_sup laal)-

r<ns2x 0<r st x<ns2x rns2z

is [3, Lemma 1] and follows from a familiar Fourier
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integral. We, however, reproduce the proof. It is well known that

max(0, A |z)=|" K(y, Metxy)dy

where
sin TAy \2
K(y, &)=(= -
Put
D= <2 22 And, max0, A—|m—n]),
2x
Szg | S a,|2dt,
r t<nst+d
and

R:—-A3< sup lanl)z.

r<ns2x

We shall show S=9+0(R) and 9=, from which Lemmas follow immediately.
Now,

2z-d x<t<2x A
Szg Z 2 and, meas. —A<Zt<m
o T<m.n=2 —A=st<n

We note that meas.{t}=0 for |m—n|=A. If x+A<m, n<2x—A then meas.
{t} =A—|m—n|. Otherwise, the number of (m, n) is O(A?). Also, meas. {t} <A
trivially. We thus have

r+d<m,ns2x—4
im-nisd

= 2 2 amd, max(0, A—|m—n|)+O(R)

r<m, ns2x
=9+0(R).

Moreover,

H

9=" KB, &1 _3, ane@m*df

v

1/24 2
S — |, 3, ane(Bn)|*dB

—1/24

since K (y, A)=(A/2)% for |y|<1/2A.

g reminds us of Circle method or Saddle point method. Also 9, Dispersion
method or Kloostermania. &S, Large sieve or Dirichlet polynomial methods.
This observation makes a feature of our argument below.
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3. Proof of Theoreml.

Let x be a sufficiently large parameter. We take y=Y?%1(1/4<6,<1/2) and
Y =x%(7/12<6,<2/3), so that y=x? 7/48<0<1/3. Put X=(x, x+y], A=
(2Y,4Y] and @=(x—3Y, x—2Y]. Our aim is to give a lower bound of the sum

G=0@k)=, > logp,

pPESB

for 2k= XK. Moreover, define
S=82k, 2)= 3 log p
z;—-e+n
n, P2k, 2))=1
where
P2k, 2)= H p.

p)(zk
Suppose that
3.1 @y)y'r*<z<vY?':,

Since 2k =K and pe B imply n=2k—p& A, n counted by S has at most two
prime factors >z. We thus have
8—9’=2k=§+n (log p)p’(n)

PESB
where

~
n
3,
W
=

For any /=4,

log m log n

A(m)A(n)
l% Togm logn
2Y<ns4Y/2

1
= Tog(V/2) logz 1_2 AGm) An)

H/\

=5p(), say.
Here, 9=(+/2Y, 4Y /z]. We therefore have our fundamental inequality

(3.2 S—g¢<& > (log p)p(n)
2k=p+mn
PESB
=0, say.

We proceed to evaluate 2 by means of Circle method. Define

Q=y0Q,*
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Q:=(log Y)?
q a 1
Mo otes e[ty 2]
o e “7lg 9Q’ ¢ rai 9Q
=[1/Q, 1+1/Q1\M,

where D is a constant specified later, and * stands for the restriction (a, ¢)=1.
Furtheremore,

T(a):Engﬂp(n)e(an),
W(a)= 3 (log p)e(ap).
PER

For a=a/q+B<=1, ., we write

Via)= SZ(p(n)e( ) ]’*a(q)>e(,3n)

010)
where
1 8Y
= log(= )-
Then,
2= g T(a)W(a)e(—Zka)da
1/Q
:SM(T(a) V@)W (@e(—2ka)da
+SMV(a)W(a)e(—2ka)da
+S T@)W(a)e(—2ka)da
(3.3) =0,—R,—NR,, say.

We first consider Q,.

=3 540" STLE( 5 eem)( 5,002 (5 +8)1))

050,451 J-100” 10
Xe(——2k<%+ﬂ))dﬂ

- ¢ 1/2
=5 53 L8 5 (log pegp—26)- 2 S e((n+p—2k)B)d
9s@Q; SD(Q) PES 1y

ro(sr n 1£@L 4.0 S, |[W(7-+8)|dB).

qsQ; $0(¢]) a=1 J1/9Q neJl

The above O-term is
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LT (@Q-Y.LH?
qs@
(3.4) LY/,

2ke X and p= B imply 2k—pe A, namely

5 S,—/lzlze((n +p—2k)B)dB=1.

ned

Hence the main contribution of £, is equal to

= ¢(q) 1 -1
R oo B dp( % )g og p+0(L 3
Y
—5I §aO) q
21 0@ d\f:ld”(d @)
| () |
+o(.L! d| 2 log
( qSQ‘ @) 5, lpsz Hes
=YEr 3 ”ZE"; ca(2k)
3/4
3.5) +0( 3, B e G |y
By Lemmas 2 and 3, the above O-term is
(3.6) «Y.LE,
for any E>0. Put
3.7 Ro=,(2k) =Y ET 5 ”22"; ca(2).

Then, by [15, Kap. VI p. 201], we see
2 R(2R1PKL YO,

2ke K

3.8

In conjuction with (3.4)-(3.7) we obtain

3.9) 2,=8@2k)Y El—R,+0Y L%,
where

_ 1 p—1

(2 =2]1(1 (p_l)z)ggz(p_z).

Next we consider R,. Let Iy o, 14,.CM, a’/q¢"#a/q.

I, . then we find

e

olg) dn )

oD [)+0(Q 7

If a’el, . and ac=



On the Exceptional Set in Goldbach’s Problem 521

la'—alz|
S b1 1
T q¢q ¢0Q qQ
=(2Q)".

We therefore have

2 R.(2k)°
2keX

<<SMSM|V(a’)W(a’)| |V (@W (e min(y, T———)da da

all

<@(| lv@w@ida)+y 2 S|, 1V@W@]da)

2. a

<<Q,2SM V(@) \%iaSM W) da

4y sup S: IV(a)W(a)Ida-SMIV(a)W(a)Ida
q,a

aq)l
£Q

«Qevir+yyers sup (| (v@ida)”,

aq 1 Iq_a

by Cauchy’s inequality. Here we appeal to the following lemma. We shall
prove in the next section.

LEMMA 9. Let e, B, E>0 be given. If YV**<A<Y'? and 4Y /z<Y?/¢

then
1/24
AZ
S—l/zd
uniformly for (a, ¢)=1 and ¢g<(log Y)2. Here the implied constant depends only
on e, B and E.

V(i +ﬁ)|2dﬁ<<A2y,c—E

Now, we take 2A=Q and
(3.10) Z=Y /18+3

with a sufficiently small 6>0. Then this choice of z satisfies the assumption

of Lemma 9, also [3.1]. We thus obtain
3.11) 2 KRR yYEL-E

2reX
for any E>0.
We turn to ®,. For 2A<y, we have
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S meera | 11w T@W@imin(y, 1) da'da
<A([, 1T@W@lda)
+3| IT@W@ I(Sﬂ’—msmdlT(a’)W(a’)lda’)da
<Al 1T@l*dal 1W@)|"da
+y(sup| T i) ([ 1T@1*da)"| 1Wa)|*da

ha'—~als1/24

1/24 1/2
(3.12) AV LityYdrce sup(g_l,w|T(a+ﬁ)|2dﬁ) ,

acm

since T(a) has the period 1.
We now use the following lemma. We postpone the proof of
until the final section.

LEMMA 10. Let 1<A<Y'Y?. Suppose that |a—a/ql<1/q* with (a, ¢)=1.
Let E, €>0 be given. If 4Y /z<Y?®/'5~¢ then

4
Azgi/‘ﬁluIT(a+ﬁ)l2dﬂ<<Ay_£-F{Y1/4+Aq—1/2+(qA)1/2} +A2Y.£"E
where the implied constant depends only on E and e.

We take A=yQ,"'=QQ,. The assumption of is satisfied, because
of [3.10). For any a=m there exist a and ¢ such that |a—a/q|<1/¢% (a, ¢)=1
and Q,<¢<Q. Thus, yields

124
sup Azg‘ 2/ | T(@+)|*dB< sup AY L7 (Y VA4 Aq™ 4 (qA 1"} +4%Y L5
aEm -1/2 1<q
LAY LFQ,v2,
Combining this with (3.12) we obtain

(3.13) 3 R2E1PLYYELFQ, M1,
2kEK

For any given E>0, we take D=4(E+F). Then [3.8), [3.1I) and [3.13) become

(3.14) S R2EELYYILAE,

i=0 2k K

Finally we calculate SI'. Because of (3.10),
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N 1_(}/2) lOg(SY/ZZ)(IOg Y)
(log Y)= /"= log(Y /2)-log z

_ (1/2)(1/15)
= (8/15)-(7/15)

+d,

(3.15) <~;——I—51,

for sufficiently large Y and small d,. In conjunction with (3.3), [(3.9), and
we therefore have ,

PROPOSITION 1.
1 Y 2 3
Q§<7 +51)@(2k)1—0-g~)—,—— 2R, +0(Y (log ).
Here, R;’s satisfy [3.14).

In the next stage of the proof we use Sieve method. We remember

S= P log p= Eﬁ log p.

2k=p+n
V=
(n, 2k, 2))=1

For d with (d, 2k)=1, put

pE
(2k—p, P (2k, 2)) =1

Y
(8, d, 2k)= Eﬂ* log _T

PE2k(d) (d)
Y
= log p—
2k1=)d§-n gp o(d)

Then yields, on taking D=Y'-9>2?

s=Y 11 (1- oW EZ)+0og £}

> =12dr(.¢B, d, 2k)

(d,2k)
a<D
(3.16) =II+2, say.
We first consider 2.
Aa
= A log p—Y —_
Fg i, T W B e
_ _ A« 49
—Epz%hpzm log p Y‘ED 7 Q'Ed o) cq(2Fk)
52
+0(,, 3,141 2 togp)
a<D =2k (d)
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=3, (og P B a)-Y 3 ”@(2 A4 cyan)

7" &b 21 ¢(q) d
()]
D.L2+Y 2
to(Drys 3 B0 g B)1)
(3.17) =Z—~ZI+EH3, say.
By [15, Kap. VI], as before, we see
(3.18) > R(LRYPLYYELQ, .
2keB
We next appeal to Circle method. Put
S(a)= Z‘ (23 Aa)e(an).

ned dtn

For a=a/g+B<1, ., we write

=2 (g a0e(E )3, eom
a<D qld

We then have

Z= S ° S(aW(@)e(—2ka)da
={, S@-U@W(ae(—2ka)da
+§MU(a>W<a)e(—2ka)da

+Sm S(a)W(a)e(—2ka)da

(319) =Zo+§R4+§R5, say.
By the argument similar to that for £, we infer that

(3.20) Zy=2Z,+0Y L™®),

/
S FUCRP QYL YL sup S: |U<a>|2da)’ :
q, a

aq—l

RIS IV +yY3/2.E3sup<S |S(a+/3)]2d,8)
We now use the following lemmas, which will be proven later.

LEMMA 11. In Lemma 9, replace the sum V and the condition 4Y /z<Y 318
by U and DZY'~¢, respectively. Then, the resulting assertion holds true.

LEMMA 12. In [Lemma 10, replace the sum T and the condition 4Y /z<Y 3/15~¢
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by S and DXY'"¢, respectively. Then, the resulting assertion holds true.
On taking the parameters as before, we find
(3.21) 31 S R(2RPLIVELE,
i=8 2kEX
for any £>0. In conjunction with (3.17)-(3.20) we obtain
(3.22) D=3 RA0Y L.

We turn now to []. By Mertens’ theorem,

. P 1 p(p—2) p—1
Igg 1 <p(p)> 2p<e (p—1)* z<p<z p— —2
_ _ _1_ , 1 p—1
_pl;lz<1 p) 22<1;7[<z( (p— 1)2> %—'llk (p 2)
1 —1
—z!;[z 1_—) 22<p<z (})w_l)2 plk 2)
= for S(@EX1+O((log 2)71).
Thus,
L e 2¢"log(logD/logz—1) -
II=s2kr)Y log log D/log 2 (1+0O((log log Y)=1))
(3.23) =G((2R)Y -K, say.

Since log x>1—1/x for x>1, we see

2log(log D/logz—1)
logD/logY

(log V)K= (14+-0((log log ¥Y')=%)

>210g(————1> 3,

1
>Z“"‘52,

for sufficiently large Y and small §,. Hence, (3.23) becomes

(4 -8) S

Combining this with (3.16) and we therefore obtain

PROPOSITION 2.
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-

1 Y 5 )
S><Z———62>@(2k)ﬁ~—y—+ 2 Re+O(Y (log ¥)™).
Here R.’s satisfy [(3.21).

In conjunction with Propositions 1 and 2, we finally have
> p,log p>SQ2E)—8R(2k)

2k=D+
PEYP
1 1 - Y d s
>(Z_7_(51+52))e(2k)m+§0 R:(2k)+0(Y (log Y)™)
2k)Y
(3.22) > -1%—('%)7 +R(2k),

for sufficiently large Y. Here, R(2k)=33%-, R:(2k).

We shall derive Theorem from (3.22), (3.14) and (3.19). We first note
&(2k)>c;, see [15, Kap. VI]. Let & denote the exceptional set in Goldbach’s
problem. For all 2k=¢&, the left hand side of (3.22) is zero. If |R(2k)|<
&(2k)Y /11 logY for some 2k=X=(x, x+y], then the right hand side of (3.22)

is posititive, whence 2k £&N K. Consecuently, it follows from (3.14) and (3.19)
that, for any A>0,

Y .
#60 K (gy) €.,.F,, R0
<. 3 R
2keX

<< sz_E -(A+2)
or

E(x+y)—E(x)=#ENKXLy L4,

as required.

This completes our proof of Theorem, apart from the verification of Lemmas
9, 10, 11 and 12.

4. Major arc.
Let ¢/, B>0 be given. Throughout this section we assume
(4.1) AU SAZ 22, (a, =1, g=(log x)®.

We use the convention
2z
1= 150 A g @4d, i=1,2.

We call f(t, 4, ¢, a) “admissible” if for any E>0
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L flegA%x L7E

where the implied constant depends only on ¢/, Band E. An admissible func-
tion is abbreviated to “A.R.” in a formula. Under the assumption we
shall show Lemmas 9' and 11' below. By Lemma 7, Lemmas 9 and 11 follow
from Lemmas 9' and 11, respectively.

LEMMA 9'. Define

v=uv(t, A, q,a; M, Ny= 2] A(m)/l(n)e(—z-mn).

If x'"*<M<NZ ¥ then

N
“"E"§ Alo (M)+A. R..

PROOF. The terms with (mn, ¢)>1 contribute to v at most

S AmAm< | 3 Am(241)s

(Gl zimezlTe
zégm, ngxl-e (m,gy>1

LAx—*+1.L?,

which is admissible trivially. We then have

v= go(q) ZX( )2'() mﬂ%ﬁAX(mn)/I(m)A(n)—}—A.R..

Here y=(M, N]. By the explicit formula [15, Kap. VI Satz 4.4.],

X(m)A(m):EO%

t/yn<msct+4dy/n

_ 5 (s
lIm%golsxz npp
x/n 2 i x/n
+O( (log gx)* +(log qx)J lmm(l’ [ (t+7A)/n] >>

where E,=1 when X is the principal character and E,=0 otherwise. Thus,

b B s A
(q) Jeg, m
_ (t+A)° —t° X(n)A(n)
SD(C]) EX(a)T(X),Img’???szz o rfgﬂ n®

+0(v7;‘(.csx-1+.£2 D min( ”(ti/]"m/n” )))+A R.

jm0,1 ned
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@ 5 oo
= ot 2 °5(37)

———Swa®( Z F F )eNe D

(P( ) IIm(,o)IS.r x<|1r§<p)|sx2

— 1
2
+0 (\/ 9L 201 ned mm(l nx||(t+7A)/ n| ))+A' R.
(4.2) =v,— (v, +v,)+0w:)+A. R., say,
where

N(s, X)= %X(n)/l(n)n‘“,

0(s)=00(s, , A>_ﬁi4§)i—ts

First we consider v,.

A
vshi<v/ g2 3 | min(1, nxlt/nl )t

Vg LS x“gulnmin(nx, ﬁ)du

= Yam
LV gLt

Since v;< v ¢ L3N trivially, we have

4.3) |vs | KgNLE .

Hence v; is admissible.
We proceed to v,. We note that the number of p with T<|Im(p)|<T+1
is O(log T). By partial summation and Lemma 4, we then have

10 2
> —N(p, X)| dt

[73)
z<|1§.(p) 1sx2

2
|ve| oKL 23 S
XpJx

<rs  n P Ne o 3 L

O L il 1522 lol|® o 11m P 22 I+1p'+2|
L5 sup T (U + NYM -2 12

.2‘<USI)12 U2 q

0051
() )
4.4) Lqx¥rLe.,

Because of [4.1), v, is also admissible.



On the Exceptional Set in Goldbach’s Problem 529

1+4/
1

We turn now to v, We write 6(0)=| “ut=1du -1 for |Im(p)| = x/A. On
splitting the remaining range of |Im(p)| into intervals ((x/A)27, (x/A)27*'], we
use Cauchy’s inequality. Thus,

A 2 2x
30N DI<(Z)_sup, 171 3w N, vlYdd
e x lsusi+d/z)e lIm(s)(f)él‘/A
3x t!’ 2
+.L%  sup S —N(p, X)| dt
z/dsUsz/2) e U<ILS D 1 520
x1+2Re(p)
<.L* sup 2 [ N(p, O)|*.
z/d<sUsz oD U
IIm (o) | sU
Hence, by partial summation,
Vil —1 33| 336N,
(@) ‘@ o>
1+2¢0
S s — Np, X)|?
<L x/oilgllzéx U? 7((«1)}((1(%%‘:g I (P )I
=os un?.(z;»gu
4.5) =L% sup x'"2°U-K,(U), say.

In case of 0<g<1/2 yields

K,U)<L7(qU+N)N'=7,
since 1—2¢, 2—206=0. Moreover the supremum over U is attained at U=x/A.
This contributes to |v,].

F 2,20-1 ﬁ_ 1-2¢
LLY sup A’x (qA —|—N)N

0s0<1/2

<rrax sun (K(5)" +H(F))
<<A2x.£’f(-g— + %V)
4.6) AR

In another case 1/2<0<1, yields that the supremum may be taken
over 1/2<¢<1—7x(x) only, where n(x)=c,(log x)~*°. Furtheremore, by Lemmas
3 and 4, we have

Los=(s s 0)(Z = INen1)”

1Im (@) 1 U IIm (o) 1 U

<<_£F((qU)k(1-a))1/2( sup (qU—I—-VZ)VZ(l_M))I/Z.
MsVsN
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Here £>12/5. We see the supremum over U is attained at U=x/A again.
Then, since x/A<M? and 1—¢=0, we have that the contribution to |v,|, is
at most

4.7) AtxgLr sup ((ﬁ)k“%)z(x—a).

1/25051-9(x) A
We now note that
1\121 8 1
(-psiHED=g
Hence, there exists a constant £>0 such that
x\k/«e N
Radh N -¢
<A> xg_x .
Thus becomes
LA*xqgLf  sup  x"EU-O

17250 s1-7(2)
LA%xq.LT exp(—cq(log x)~1/%)

4.8) LA*xL7E,

for any E>0.

In conjunction with (4.5), [4.6) and [4.8), v, is admissible. Combining this
with (4.2), and we conclude that v—uv, is also admissible, as required.

LEMMA 11t. Define, for arbitrary sequence (4) with (24| =1,

u=ult, A, g, a; D)=,_5 (Se(n)-

nst+d din
d<D

For any ¢>0, if D<x'"¢ then
u= EZ—d)A-l—A.R..
i<p d
qld
PROOF. Put
(=} a —s
9= 5 (Z (g n)n™,
a<D

which is absolutely convergent for Re(s)>1, since | f(s)| <{*(Re(s)). On writing
n=dm, m=(d, ¢)l and ¢=(d, q)», we eliminate n and m. Then the conditions
on [ and » are

rlq, (, r=1.
Thus, we have
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o= F 5 £x 3 2L L))

v

4.9) = ; 1'23‘1 E“{ *D(s, g)g(s, g—), say.

Hence f(s) is regular, except for a simple pole at s=1. By Perron’s formula
[15, Anhang Satz 3.1.],

1

=5 F(5)8()ds+0((log %)),

where ¢=1+(log x)~!. Now,
b
D(s, —r—)_d§/4+x/4§<D—Dl+Dz, say .

Let the corresponding expressions be f, and f,, respectively. Put p=p5(x)=
¢y(log x)~*%. On moving the line of integration, we have

u=Res f(s)f(s)

J_Sllamf1<s>0<s)ds+0(5i:;x IZOUONER)

277 Jij2-1z
+‘z%:7§ LS000ds+0([ 7" 174901 1ds|)+A. R.
(410)  =uotu,+us+O0(us)+A. R., say
First,
(4.11) quR_els-— é ( b):A(E—'}q—).
- rer r/oo NP

Since 0(s)K xRe®-! for |Im(s)|=x, we have

usL sup |filetix)|x?!
1éisla25c

[

£ sup > ‘Z*D“”.C‘C(aiz‘x, -f%) x

1/2s0sc riq b=1

<< sup qz_fz(Dx—Z/S)l—a

1/250=s¢
<<q2x1/6 ,

by Lemma 1. Hence, because of [4.1), u, is admissible.
We proceed to u,. yields that
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le<st gup () B B, P s ) 1as
, r b ‘ b
<t zop (i) B & s[5 )N 2 )]s

o g ()

r/4sUsz
5 A2 _f_ 4/3
(4.13) <<..L‘Aq(A) .

Since A=x'**¢ yu, is admissible.
We turn now to u,. As before, by Lemma I, we have

D5 (s &) s

Kg.L*exp(2c,(log log x)*)x*~*7 sup U-2U~+N)N1-za-m

r/d4sU
x/dsN

L 1-n+iU
lus | K L2 sup xl+ea-myy- 22 E*S Y

r/dsUsx riq b=1 1-p=-iU

= D
& q.L*exp(2c,(log log x)f’)A?x(%)”

Since n=c,(log x)"*%, D<x'-¢ and ¢<(log x)®, we finally obtain
(4.14) Uyl € A%x exp (—ecy(log x)~1/%).

Thus, u, is also admissible.
In conjunction with (4.10)-(4.14), we have

u=u,+A.R.,
as required.

5. Auxiliary results.

In this section we provide for the proof of Lemmas and in the next
section. For real numbers a, b and ¢, a<b, we set

D(a, b; c)=¢b—c)—¢la—c)
=[b—c]—[a—c]—(b—a).
Let a, B, v and & be arbitrary sequences with modulus <1. Moreover, let 1

denote the arithmetical function 1(n)=1 or =log n. We consider the following
linear forms involving @.

Fl:Fl(K’ D’ M’ N; xy S, t)
- s = 2 5 adﬁml(n)ﬁk@(dzzn, max(x, ds, mns) kb mn

0<ESK d~Dm~M n~N dmn d
(d,mn)=1
mnSE
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F,=F,K, D, M, N; x, s, t)

. max(x, ds, mns) i
~o<lee2§K d;&mmg% nlg adﬂmrna d)< dmn ’ dmn ’ k mn )

mnst

Here, 1<K, D, M, N&x, MN<t and s<2x/D, 2x/MN.

533

Our aim is to prove F<Kx'~¢, ¢>0. Since FKKDMN trivially, we assume

(5.1) DMN >x'~%.

LEMMA 13. For any ¢>0, if MN, DM x?/°-*¢ then
F<Kx—¢,

PrROOF. We appeal to the Erdés-Turadn inequality [8, Lemme 2], which

runs as follows. For arbitrary real numbers x, and H>2,
| Sgeni<Y 5 L) 5 ehe)
n~N¢ n H 0<hsH h n~Ne mo
Now, by partial summation, we have

E In)®<LL su
v B

up
z/D ned
(n d)= 1 ,dC [N (n,d)=1

2N]

e

<r sp (7+. 2,5 2 - TE))

/D
EN2 ] (n, dy=1

It follows from fhe argument of [11, p. 37] that

KDMN 1 a2y P2
RQL="g—+L 5 ox (1+ DMN)z-(h)KM(D +D'EN)
KDMN » Hx .
L= L DMN)le

On taking H=DMN/x*-**>2, because of [5.1), we obtain Lemma 13.

LEMMA 14. For any ¢>0, if D, MN<x®*'%"* and N=x''® then
F, < Kx'-e.

PrROOF. We follow the argument of with a minor modification.

use a well known Fourier expansion. For H >2,

e(hb)—e(ha)

0<imISH 2nih

+O(min(1, 1/H[|b—c|)+min(l, 1/H|la—c]}).

(5.2) D(a, b; ¢)= e(—hc)

B G 2 o)

We
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Also,
(5.3) min(1, 1/H|jx|)= 3} Ape(hx)
hezZ
where
logH H
| An| min{—p—, h2>'

Now, @ in F, is expressed as a sum of the main part of Fourier series,
say @', and the tail part, say @”.

On putting the resulting linear forms to
F, and F,”, we may write

F2=F2,+F2” .
First we consider F,”. yields that

e epn(] g, 5,5, B A2 Yo he)

<ksK d~Dm~M n~N dmn
(d,mn)=

Sy s e( h max(x, ds, mns) e(—hki)‘)

0<kS K d~Dm~M n~N dmn mn
(d,mn=1)

=%[A,,|S(h), say.

+

Summing by, parts, we see

s, 8. 3, 3 (1+ D}]l\j[CN)JchZDJI = (k~—)|

G

By the same argument as that in [11, (17)(18)] with ¢=1, we then obtain
F/ < Kxt 24 L3x K {(MN)Y®/2+D(MN)!/?} .
Here we have taken H=DMNx®**-'>2, because of [5.I). Since D, MN< x?/%-*,
we have
F2// <<KX1_5.
We turn now to F,’. By [5.2),

F= 3 > 3 2 APt 0k
0ZksK d~Dm~N n~N
(d,mn)=1
mnst

2rgidmn h dy d
X0<|§|sﬁgmax(z.ds.mns)g/dmne(Ey) g .e< hk mn)’

where g is arbitrary. After some elementary rearrengement, we reach the
inequality

4 g—
54)  F/< DMNsup%%gJ B B B b me(he—-)|,
mnst
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where the supremum is over all arithmetical functions B with |B|<1. To
deal with the condition mn<{, we use a lemma in Fourier analysis [1, Lemma
2.2.7, which runs as follows. Let a, be arbitrary finite sequence. If XY
then

<[" 6. v)|Saetom|as.

2 a,
nsX
Here, the kernel f>0 satisfies

S‘” £(8,Y)dO<log Y .

Now, applying this lemma with Y =¢{/M, we may remove the condition
mn<t in with the cost of (log x) time. Thus, the method in [11, p. 38,
397 is applicable. We therefore have

FZ’<<.£‘x“{(KDM)”zx‘/?“?+Kx“/2(D”2M5/‘N3/2+DM3’4N”2)}.
Since DM < x8/15-4¢, x1/18-4e— x1-8¢  the above first term is
<<’ExseK1/2x1-Bs
LKxt®,

We may assume M=N, because of the symmetry of F,, so that M=(MN)2,
Hence, the second term is

L Kx®{DV*(MN)?>-18 L D(MN )2 M1/}

KRt (g u-ern . (s epra(pie=teyisy)

LKx'-c,
We thus obtain Lemma 14

6. Minor arc, preliminaries.

In this section we provide for the final section. We re-present the method
of [10] with a few simplifications. Let a(n), b(n) and c¢(n) be arbitrary arith-
metical functions which are bounded by

Te,(n) (log n)°s.

‘Also, 1(n)=1 or =logn. Furthermore, we put

ks =3 a(d),

lzs

jI(h; D, V)= 3 1Da(m)l(n),
mnsD
msVvV
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JM(h; D, U):h > Kha(m)b(n),
JNGh; U, V, 9= 23 a(m)b(n)c(k).

Here, s, D, U, V’s are parameters and J is an interval. We are devoted to
estimating the mean value of trigonometrical sums

Jito=Ji(a, x, A; =" MLS ith; ela+Ph)|dp

-1/24 zx<ns2x
(i=1, 0, m, 1v)

under the assumption

61). la-_%‘é?lz_ with (a, ¢9g=1 and 1<¢<A<x/2.

LEMMA 15. For any ¢>0,

J 1(s)KAxLF{Ag 12+ (gh)!'2} +AZ(§)2.£F+A3x5

PROOF. On writing w,=7 1 (n; s), yields that
JIKAS |w,? +Asupl D e(ar) D Wawnsr | +A SUp|w,|)?

n~zr tsd ogrst n~x
(6.2) LAx LF+Asup| S| +A%%¢

where
max(x, d;s, d,s)<n<2x
= 3 elar) Xy Za(dl)a(dz)#{ n: n=0(mod d,) +O(A%x®).
0T st d; dp n=r(mod d,)
The above simultaneous congruences are soluble if and only if (d,, d,)|r. We
write d,*=d;/(d,, d,) and r*=r/(d,, d,). We then have, with the notation in

section 5, that

. . max(x, d;8, d,S) d¥ _2x
inh =aft: B ORES <= )
_ 2x—max(x, d,S, d,8) max(x, d:s, dss) | Vki
[d,, de] F( gy T e )
=0,+9, say.

If d, or d,>2x/s then #{n}=0. Hence
2= 2 e(ar) E > a(d)a(d)(P,+P)+0(Ax7)

dgs2x/8
(dl da) i T

(6.3) =23,+2+0(A%x°), say.
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It follows from [15, Kap. IV Lemma 6.3.] that

Sexr s S |aﬂ<jl)a<daz| S efan)
d(ld,;l%zs;’z/s 1 ds] (3§fi'§)t|r

la @l ys, A 1
<<xo<‘?§4(54§%,3 d )e m‘n(a’uaan>

<<x(2(5 Zx la(d)l )5 )1/2( ngmm(A 1

554\ d= 0<3s Ha5!l

1/2

(6.4) <<x.L’FA‘/2(%+q) .

Also, since 9«1,
D<A 3 la@)])

X\ .p
(6.5) <<A(?) LF.
In conjunction with (6.2)-(6.5) we obtain

LEMMA 16. For any >0, if DV <x%3-2% then

JI(D, V)XAx LT {Aqg~ 24 (gA)?} +A%x 5+ A%xe.

PrROOF. We have, by the same argument as before, that
(6.6) JU KAx LT {Ag™ 24 (gA)"/%} +A%x®
+A* L xR sup 2.,

ssplite

where
2= ear) 23 2 w(d)w(d,)
o<r st dy,dg=min(2z/8,D)
(dy,do) T
( 2x max(x, d;s, d,s) . - d*)
[dl’ d2] ’ [dl, dz] ’ d*
with
w(d)=d=7§n, a(mH1(n’).
sV
Write

(d, d))=4,

d,=0mn, o=ef, m'=em, n'=fn,
d,=add,

r¥==F.

We then find

537
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Ezgdkge(aﬁk)z 2 2 2 alem)](fn)w(dd)

ef=3 mn,dsmin(D/J,2x/08)
esv msV/e
(mn,d)=1

2x/6 max(x/d, mns, ds) = ‘mn
XO(omds )-

On breaking up the ranges for m, n and 4 into O((log x)*) intervals of the
shape [2f, 2t*'], we conclude that

5 3 auBalni0|

o<rsA/5 d~D m~ n~

mnsu

. A
=* bsEA D',gl}vgm&‘pl(”g’ » M, N; 5 u)l’
MsV
where F, is defined in section 5. Since

DV D ( )2/3 8e

yields

s<x5(5)(3)

LAx'-e,
Combining this with we obtain Lemma 16.

LEMMA 17. For any €>0, if DZ<x%'2¢ and U=x"® then

JI(D, U)KAx L {Aq 2 +(qA) 2} +A%x '~ Adx ¢

ProoOF. It suffices to show

A X
sup F\—=, D', M, N; —, s, u)1<<Ax““
5sd u.D'.MNsD/3 \ 0 0
N>max(U/3, 1)
sgJ:l/z-i>s

When 0>D%*x2¢"!, we use the trivial bound

A yrD\2
F2<<§(—5—) .
Otherwise, we make use of Lemma 14. Since

%g(—;—)ﬂlﬁ—lze and %Z(

yields
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We therefore have

(5)5)

5§’sup|F2|<< ) (_A_)xl—ge+

6§D2x26—1 5 D2x2€_1<3§4

<<Axl—25 R

as required.

LEMMA 18.

. A
JNWU, V, 9 <LAxLF (U+ i é +q).

PROOF. We may assume U<A, for otherwise is trivial. We split
the ranges for m, n and % into O((log x)*) intervals of the form (M, 2M],
(N, 2N] and (K, 2K ], so that

xMNK«x and V=MZU.

Using Cauchy’s inequality twice, we have

6.7 JNLLT sup M- 3 A* S_ ” A} 2 2b(n)c(k)e((a+ﬂ)mnk) “dp

= m~M
TLMNK<Lx
mke 9

LLFsupM-J, say.
By [Lemma 8,
JLZT A 2 (2 b))

m~M NEKIS4ANK l=nk

0<§A TZ Z b(n)e(R)b(n")e(k")] - | mgM max (0, A—mr)e(amr)]
k'~K km, k' med

KALFMNK
+NKLF 3 sup| 3 max (0, A—mr)e(amr)|

o<rsd 4 med
mzM

LAxLF+NKLF 3 sup) Z (A—mr)e(amr)|
o<rsd/M I

0<m14[§A
6.8) =AxLF4+NK.LP.g, say.

Summing by parts, we have

TL 2 Amin(-é,

1
o<rsd M m)
<<A(%+%+q),

by [15, Kap. VI Lemma 6.3.]. Combining this with (6.7) and (6.8), we finally
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obtain

JNLF sup M{Ax+NK-A(%+1—\A—/]+q>}

TEMNKLx

<<Ax.£F(U+ —2-+ é +q>.

7. Minor arc.

In this section we prove Lemmas and 12' below, which cover Lemmas
and 12, respectively. Throughout this section we assume that

LEMMA 10t. Put

1/24

T=9(a, x, A, N)=AZS

KmZnézzA(m)A(n)e((a—l—ﬁ)mn) 12dB.

~1724
Yx<nsN

For any E, >0, if N<x%'"¢ {hen
TLAx LF{xV A+ Ag~ 2+ (qA)!/?} + A*x L7E,
where the implied constant depends only on E and ¢.
PrROOF. We may assume ¢<A, for otherwise is trivial. For x<
h<2x, put

p(h)= 2 A(m)A(n), I=(vx, NJ.

=mn
ned

We shall decompose p into O(1l) sums of the ji-type weight, which is defined

in section 6. In order to apply Lemma 6, we introduce the prameters u, v
and w such that

u=2x""
p=Nzx~1/4
w=x¢, e=20¢.

Then, for x<mn<2x and n<dJ,

u<1—)\c/,—<m§2«/7<u2 and v<+x<ns=N<uv.

yields that, for x<h<2x,
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p(h)—h ME " (g‘_. ﬂ(d))/l(m’)(e%‘, ule)A(n’).
77’zln> dsu esu
n’'>v

We now divide the range of variables in p as follows.
d=(0, ul=H,UH,,
e=(0, ul=H,\UH,,
m’'E(u, co)=H\H,,
n’ &, o)=H\(H,\UH,).

Here, H,=(w, =), H,=(0, w], H;=(w, u] and H,=(u, v]. Thus, we may write

o= 3 (£1) = S (D a@Am) (S pe)An).

Oy

[N}

o
W

h=mm' nn'

1 (d,e,m',n' )EHﬁxJH xH‘uxHV

v
i
=

4

Let o, and p; be the sums corresponding to

0=2 0=2
e=2 e=2,3
and ,
l,g:_—_l #.—_1
v=1 yv=4

respectively. Moreover, let p, denote the remaining sums, so that

p(h)=p:(h)— ps(h)+04(h).

41

We first consider p,. We easily see that at least one of 4§, &, ¢ or v must

be 3. Namely, at least one of d, e, m’ or n’ lies in the interval (w, u].

We

therefore have that p, is splitted into 21 sums of the jIV(h; u, w, )-type sum,

with =4 or (0, 2x].
We proceed to p,. On writing mm’=df and nn’=eg, we have

o()= 3 2 (Zﬂ(d))/l(m’)(Zﬂ(e))/l(n’)

nn EJ d
m, m'>w
=3 3 3 ud)(F Am) 3 pe) (3 An)
eged m’ >w n >w

i

h=d |
e w ' sw n' s
2€S

@&

Thus, p,(h) is divided into 4 sums of the jII(A; w®N, w*)-type sum.
We turn now to ps.

> egZﬂ(d){(lOg f— Z‘} A(m")} pe){(log g)— 23 A(n")}
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o= B 3 (3 md))Am')(Z pe)An’)
#Jzégﬂ dsw esu
uln’ v

SIS (log )= T, AmOH S meNAn),

m
dsw m' sw esu
nn' €Y

u<ln
un’ sv

ll

since nn'ed and u<n’<v imply n>1. Hence, ps(h) is a sum of two jUI(A;
w?N, u)-type sums.
We therefore conclude that
ILJU(w?N, w)+JM(w?N, w)+ N (u, w, 4).

We note that
- I3 -
wsN_gxs/ls s+12,§x2/3 86’
- & - 2
szng/ls e+4,§xs/15 12,’
u=2x4=x",
Thus, Lemmas [16, 17 and A8 yield

ET<<Ax-CF{AQ"”2+(qA)”2}+A2x"5+Ax.EF(u+~3—+ZUA—+q)
<<Ax.£’F{x‘/‘+Aq“/2+(qA)‘/2} +Azx1-$,

as required.

LEMMA 12t. Let (24)=(A4(D, 2)) be the weights introduced in Lemma 5. Put

1/24

S=S(a, x, A, D, z):A"S |2 (Bie(a+pml*dp.

-1/24 z<ns2z
For any E, £>0, 1f 4<2®<D<x'"* then
SKLAx LF{xV 44+ Ag' 2+ (qA)' /?} + Al x LF,

where the implied constant depends only on E and .

PrROOF. We may assume ¢<A. By Lemma 5, we have
SKJ 1 (x/z:2)+L2JIV(DV 4z, 2y, (0, 2x]).
Here,
z,—exp((log D)(log log D)~%/1%),
Lemmas [5 and yield that

S<KAxLF{AG™* 4 (qA)/*} +A(z,2)° LT

+Ax.£F(D1“z9+—2—+—f— +q)
2
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<<AX-EF{D1/429+A(]‘1/2+((]A>1/2} +A2.CF2120+A23C,E['22_1
<<AX.£F{X1/4+A(]_1/2+((]A)1/2} —{—A&x.L"E,

for any E>0, as required.
This completes our proof of [Theoreml.
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