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1. Introduction.

This paper deals with the Dirichlet problem
) — 31 Diay(x, WD)+ e(x)u=>b(x, u, Du) in Q,
i, j=n

2 u(x)=¢(x) on 0Q,

in a bounded domain QC R, with the boundary aQ of class C? and a function
¢ which, in general, is not a trace of an element from the space W% Q). We
consider two cases: ¢= L=(0Q) (Section 3 and 4) and ¢= L%9Q) (Section 5).

In case where ¢=L~(0Q) we establish some existence theorems for the
problem (1), (2) under the assumption that the nonlinearity b(x, u, p) grows
quadratically in p. In recent years the problem (1), (2), with the nonlinearity
b growing quadratically in p, has attracted some interest (see [1], [2], [7] and
the references given there). In paper [I] the existence result was established
in the space W'*Q)NL=(Q) (that is, $=0 on 8Q). The results of show
that under suitable assumptions on b(x, u, p) one can also obtain unbounded
solutions in W*% Q). The use of a weighted Sobolev space in [7] allowed one
to obtain an existence theorem for the problem (1), (2) with ¢= L=(@Q). In the
case where ¢= L*0Q), we assume that the nonlinearity has a linear growth in
p. The present paper is a generalization of [7].

The paper 1s organized as follows. In Section 2 we assemble definitions,
assumptions and some terminology adopted in this work. Lemma 1, proved in
this section, justifies our approach to the problem (1), (2) with the nonlinearity
growing quadratically in p. Section 3 contains the main existence result of
this paper which is closely related to Theorem 2.1 in and Theorem 2 in
[7]. The existence result in was proved for more general quasilinear
elliptic equations under the assumption of the existence of bounded sub and
supersolutions but it can be applied only to the boundary data from H*0Q).
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The paper [7] contains some generalizations of this result for the problem (1),
(2) with ¢ in L=(@Q). The method used in this paper requires the existence
of bounded sequences of sub and supersolutions. The aim of this section is to
relax this hypothesis by requiring the local boundedness of sequences of sub
and supersolutions. In Section 4 we briefly discuss the existence of positive
solutions of the problem (1), (2) with a;; depending also on a gradient of u.
In the final Section 5, we solve the Dirichlet problem with the L2-boundary
data. Finally, we point out that the methods used in this paper are not new

and have appeared in [1], [2], [7], and [12].

2. Preliminaries.
Throughout this paper we make the following assumptlons:
(A) There exists a constant 7>0 such that

rERS 3 au(x, DEESTIEL

i 1

for all =R, and (x, )eQXR. We also assume that a;;cC(QXR), a;;=a;;
(4, =1, ---, n) and that a.(-, )eCY Q) for each t=R with bounded partial
derivatives D;a.(x,t) on QXR (i, j=1, -, n). Moreover, we assume that
ce L=(Q).
(B) The nonlinearity b(x, t, p) satisfies the Carathéodory conditions, i.e.
(i) for each (¢, p)&RXR,, the function x—b(x, t, p) is measurable on Q.
(ii) for a.e. x=Q, the function (¢, p)—b(x, t, p) is continuous on RXR,,.
We also assume there exist a constant B>0 and a non-negative function
feL=(Q) such that '

3) 1b(x, t, IS f()+B(tI"+1p1*)

for all (x,t, p)eQ@XRXR, and some 0=r<1.
We briefly recall that a function u=Wi2(Q) is said to be a weak solution
of (1) if u satisfies

@) Sq(iélaw(x, u)DiuDjv—}—c(x)uv)dx—:qu(x, u, Duydx

for every ve CY{Q) with compact support in Q.

In Sections 3 and 4 we consider the Dirichlet problem (1), (2) with ¢
L=(@Q). In general, functions from L*(@Q) are not traces of elements from
Wt2(Q). Therefore we cannot expect a solution of (1), (2) to belong to W3 Q)

The results of papers [3], [4], [5], [6]1, [7], and show that the

suttable Sobolev space in our situation 1s
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W @={u; ucWit(Q) and §Q|Du(x)12r<x>dx+§9u<x>2dx<oo},
where r(x)=dist (x, 0Q), equipped with the norm
Il ser=| | Du(o)|*r(x)dx+( uixyds.

The explain in what sense the solution recovers the boundary function ¢, we
need some definitions and terminology.

It follows from the regularity of the boundary 0@ that there is a number
0,>0 such that for d=(0, d,] the domain

Q:=QN{x; min|x—y|>ad}

y€9Q
with the boundary 0Q; possesses the following property: to each x,=0Q there
is a unique x4(x,)€0Q; such that xs(x,)=x,—0¥(x,), where v(x,) is the out-
ward normal to 0Q at x,, The above relation gives a one-to-one mapping of
class C?, of 0Q onto 9Q;.

According to Lemma 14.16 in [10], the distance r(x) belongs to CXQ—Q;,)
if d, is sufficiently small. We denote by p(x) the extension of the function
r(x) into Q satisfying the following properties: o(x)=r(x) for x=Q—Q,, o<
CHQ), p(x)=38,/4 in Q;, 77'7(x)=p(x)<77(x) in Q for some constant 7,>0,
0Qs={x; p(x)=0} for 6=(0, §,] and finally 0Q= {x; p(x)=0}.

We need the following result which justifies our approach to the Dirichlet
problem (1), (2).

LEMMA 1. Let u be a weak solution in Wi (Q) of (1) such that
5) SQ|Du(x)|Z(u(x)2+1)r(x)dx+Squ(x)2dx<oo ,
then there exists {< L*0Q) such that

tim [ u(ea(x)—C(x))*dS.=0.

PROOF. First we observe that by the hypothesis (5), « belongs to W"%Q).
The same result was proved in [5] (see Theorem 2) under the assumption that
b grows linearly in p. This proof can be adapted without any difficulty to
the present situation. We only sketch the main steps of the proof. Let us
define

u(x)(p(x)—0)  on Q;,
v(x)={

0 on Q—@Q;.
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It follows from (5) and the assumption (3) on b(x, t, p) that v is a legitimate
test function in (4). Integrating by parts we obtain

S é Su(x)aij(x, s)sdsD;p(x)dS.

Qs t,j=1J)0

u(x

n )
:‘SQ‘, ,.?:180 a;;(x, s)sdsD;;p(x)dx

0 Sum ji‘, D;a;f(x, s)sdsD;p(x)dx
3 . §=

0 i 1

+SQ5 .2, 4%, w)DuDju(p—8)dx

1

+S%c(x)uz(p-—a)dx—_—g%b(x, u, Du)u(p—d)dx .

Here the values of u on 8Q; are understood in the sense of traces (see [13],
chap. 6). Using the assumptions on a,; and b we derive the following estimate

n u(r)
. 2
ogausglga% t%;So a.(x, s)sdsDipD,pdS,chl[Squ(x) dx

+SqlDu(x)|2(u(x)”+1)p(x)dx+Squ(x)2p(x)dx

+If 1 o)l o) x +{ )7+ p(00dx]

for some constants C;>0 and 0<d,<d,. Hence, by the ellipticity assumption

Supo<asaasa%u(x)2d3,<00. Consequently the set of functions

ul(ry) =n
{So 8 tj,_,:l a;s(x; s)dsD;p(x3)D;p(x5)dS,; 0<d g&,}

is bounded in L*@Q). As in Lemma 2 from we show that there exists a
function B L¥0Q) such that '

uxy) n
S ? 2 a;5(xs, s)dsD;p(x5)D;0(x3)

0 i, j=1

converges weakly to 8 in L%*0Q). Repeating the argument of Lemma 3 from
we show that the weak convergence can be replaced by the strong con-
vergence in L%0Q). Finally, following the argument used in the proof of
Theorem 1 in we conclude the existence of {= L%*0Q) satisfying the asser-
tion of our lemma. We point out here that the following relation holds be-
tween { and S8



Existence results for quasilinear dirichlet problem 299

Cexd
a.e. on 0Q.
Lemma 1 suggests the following approach to the Dirichlet problem (1), (2).
Let ¢=L=(0Q). A weak solution usWii(Q) of (1) is a solution of the
Dirichlet problem with the boundary condition (2) if

1=

aii(x, s)dsD;p(x)D;p(x)=p(x)

6) lim | [u(xs()—g(x)]dS.=0.

3. Existence of solutions of the Dirichlet problem (1), (2).

In this section, using the method of sub and supersolutions we establish

the existence theorem for the problem (1), (2).

We briefly recall the definitions of sub and supersolution.

Let ¢=H*@0Q). A function @=W* Q) is a subsolution of (1) if P(x)=<
@(x) on 9Q in the sense of trace in H'*(@Q) and

S S aux, (D)Di@Djvdx—}—S c(x)(Dvdx_S_S b(x, ®, DD dx
Q i, 5=1 Q Q

for all nonnegative veC*(Q) with compact support in Q.
A supersolution is defined by reversing the inequality sign in the above

definition.

THEOREM 1. Suppose that c(x)=c, in Q for some ¢,>0, ¢=L=(0Q), and
that there exists a sequence of C'(0Q)-functions {@.} such that limkaaQ[qSk(x)——

@(x)]*dS.=0 and such that for each k the Dirichlet problem (1), (2), with ¢=¢.,
admits a subsolution @ .(x) and a supersolution ¥,(x) in W'>(Q) satisfying
D.(x)ET(x) on Q. Moreover, we suppose that both sequences {@,} and (¥}
are locally uniformly bounded in L>(Q). Then the problem (1), (2) admits a
solution usW*Q) satisfying the estimate

@) SQ | Du(x)| Z(u(x)2+1)e”(“zr(x)dx+Squ(x)2e““"2r(x)dx

Tu(z)2 Tu(z)?
sup Sa%e dsngIS TU4S . + M,

+
0858 aQ

for some constants M,>0, M,>0, T >0 and 0<6,<0,.

PRrOOF. Let {¢.} be sequence of C!(0Q) functions satisfying the hypotheses
of our theorem. Then it follows from [1] that for each 2 the problem (1), (2)
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with u(x)=¢(x) on dQ has a solution u,cW"*(Q)NL=(Q) and such that

(8) (Dk(x)éuk(x)éwk(x) Q

for each k. Let us define
v(x)=ux(x)e"*+**p(x)

for some £>0. It is clear that v is a legitimate test function in (4) and on
substitution we obtain

(9) XQ Zn al](x; uk)DzukDJuketugkpdx
1,521
+2tSQ ‘jzn—x a.(%, ue)DeuDyusutetvkpdx
+SQ é aii(%, u")Di“k”kewinde+SQC(x)uEe‘“2"de
i.5=1

:SQb(x, Uk, Du,,)uke“‘ipdx .

Let us denote the first three integrals of the left side of (9) by J,, /. and J,,
respectively. If follows from (A) that

(10) Lt sz || 1Dulrepdxt2t| | Dusltuterdpd].

Integrating by parts we get

(11 ]3=SQ i.é‘ a:;(x, up)Diususet*D;pdx
:S i D; S:kai,-(x, s)se“‘zds)D,pdx

3 S;‘”D,a,.,(x, s)set**dsD;pd x

i ka““‘(x’ s)se***dsD;pD;pdS,

Combining [10), and the assumptions (A) and (B) we derive from (9) that
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42 7 1Durle dpd 2| | Duyudettpdr e uie pd
ze, st ohdan | fusledods ]
2Q e ¢

+B|| 1 Dusl*luslebpdx+| jusl e bpdz |,

where a constant C,>0 depends only on =z, 7, supglpl, supe|D?p|, supgxr
|D;a*(x, u)| (&, =1, ---, n), || fl. and n. Using the Young inequality we de-
duce from (12) that '

By

-1
(13) %SQIDukPe‘“ipder(Ztr-‘— 5 )SQiDuklzuzew%pdx

Col 2 0u} [—15 g% ~1S tul S tu? :I
—{-ZSQuke ‘kodx < C,|t 2e° tdS;+t o kd x4 o rpdx |,

where C,>0 depends on C,, ¢,, ¥ and B. Now taking as a test function in (4)

0 on Q_’Qay

and integrating by parts and letting 6—0 we get the following estimate

{ up(x)e'*x % p(x)—0) on Q;,
v(x)=

~1y-1 tu’ < S 2 tu’
(14) -1y oié‘g%gagf bas.<r| | Dusltetvhpdx

+IICIleQu%e‘”ipdx+2trSQ | Duy |ufe'“tpd x
-I-Ca[t“SQe‘”%edx—FSQ E7 e‘”ipdx}

+BUQIDuk 12wy ]e‘“ipdx—l—SQlukIl”e“‘ipdx:l ,

where C,>0 is a constant of the same nature as C,.

Let us set
==—l—S etvidx+ —1—S e'?’dS —{—S etvodx
T tle tJae e ’
Applying the Young inequality we derive from (13) and that

By
2

T—l u? - uZ
TSQIDukIZe‘ kpdx+(2t7’ 1— )SQIDuklzuie‘ kpdx

Cof L ogtul ~1p1 S el
+2SQuke pdx—+71't ogéls}gl aQ,;e ds.
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§C4K+IICIIwSQu1pdx

+(+B)| | Dusl%edpdx+Q@tr+B)| | DuslPutet*dpdx

for some C,>0 independent of t>0. Letting ¢t=7>B?%?/2 and combining the
last estimate with (13) we arrive at the inequality

(15) SQIDukIze”‘ipdx+gqlDuilzuie“ipdx

2Tu2 Tu2 <
+SQuke kpdx+0§(§ls%lga%e tdS, < C.K

. . 2 2
for some constant C;>0. To estimate the integrals SQeT“kdx and Sqe”kpdx

we observe that by the local boundedness of {®@.} and {¥,} we obtain

S e“idx:S eT”idx—%S eTrhdx <4, Supg et % dS, +M(@3,),
Q @-Qs, Q s

Q51 00s0,J9

for some constant M(,)>0. In a similar way we estimate Sqe”ipdx. Choos-

ing ¢, sufficiently small we obtain
(16) SqlDuklzeT"%pdequlDuk|2uie”%pdx

2 Tul Tul To2
+5Quke kpdx—l-oggs%lsa%e deI§L1Saqe dS:+L,

for some constants L,>0 and L,>0.

In the second step of the proof we show that for each open set Q,, with
Q.CQ, there exists ¢,>0 such that the sequence {u,} is bounded in W' ?*¢(Q,).
Since the argument of this claim was used in the proof of Theorem 2.1 in
and Theorem 2 in [6], we only sketch the proof of this fact. Let 6 be a C>-
function with properties #(x)=1 on B(0, 1/2), §(x)=0 on R,—B(0, 1/2) and
0<6(x)<1 on R,, where B(x,, ) denotes an open ball of radius » and centered
at x,. Let Q, be an open set such that §,CQ,CQ,CQ. We assign to each
Xo&Q, a number R(x,) defined by

R(xo)=sup{R; R&[0, =), B(x,, R)CQ.}.

Since Q is bounded, R(x,) is bounded independently of x,. If R<R(x,) we
define Or(x)=6(x—x,/R) and set

va(x)=0 (%)X (s — K)ot O
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with

K= TBR?”]?)_["SBWU,R) uk(x)dx .

Since the sequences }®,} and {¥,} are bounded in L>(Q,), the estimate (8)
implies that the sequence {u,} is bounded in L=(Q,). Using v, as a test func-
tion in (4) and choosing ¢ sufficiently large we arrive at the inequality

17 | Duy|?dz< M‘-SB( . [uk—K|2dx+S 8Nz,
o 0

SB(xO,R/z) = R? B(x

where M,>0 is a constant independent of R and k£ and g(x) is a bounded
function on Q,. Let 1/s=1/n+1/2 if 1/n+1/2<1 and s=1 if 1/n+1/2=1. By
the Sobolev embedding theorem we derive from that

1

TR(~. P/ 2
IB(xo’ R/2>ISB(.‘C0,R/2)IDuk i dngg

1 s
(I B(x,, R) l SB(zo,m | Du [de)2/

M,
+ | B(x,, R)ISB(zo.mgdx ’

where M,>0 and M,>0 are constants independent of R and 2. Now by a
standard argument with the aid of Gehring’s Lemma (see also Proposition
5.1 in [9]) we can show that there exists e>0 such that {Du,} is bounded in
L***(w) for each open set w with @CQ,. We note here that ¢ depends on @,.
We now observe that by Fatou’s lemma we may assume that the sequence

SaQe”idSI is bounded. Consequently, by [16) the sequence {u,} is bounded in

W"Z(Q). Therefore we may assume that there exists uesWhYQ) such that u,
converges to u weakly in W'2Q). Moreover, by virture of Theorem 14.11 in
we may also assume that u, converges to u in L*Q) and a.e. on Q.
Using the boundedness of {Du,} in L***(w) for each wCQ, with @CQ and e=
¢(w), one can show that for each open set w, with @CQ, there exists a sub-
sequence {u;,} such that Du,, convergesto Du in L*w) (for details see [7]).
It is now obvious that u is a weak solution of (1) and that the estimates (7)
asserted by our theorem holds for ». It remains to show that u satisfies the
boundary condition (2) in the sense of L2*-convergence. According to Lemma

1, there exists < L@Q) such that 1imMSaQ[u(xa)—C(x)]Zde:-O. Therefore it

suffices to show that {=¢ a.e. on dQ. The proof of this fact is similar to the
corresponding part of Theorem 2 in [7] and therefore is omitted.

REMARK. Inspection of the proof of Theorem 1 shows that the assertion
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of this theorem remains true for a boundary data satisfying
2Q

where T is a constant satisfying T > B?r?/4. Obviously this condition holds
for bounded functions and one can give examples of unbounded functions satis-
fying this condition.

To illustrate Theorem 1 let us consider the problem (1), (2) with b(x, u, Du)
=f(x)—|Dul’g(x, u), where feLl>(Q), g L*(QXR) and g(x, u)u=0 for all
(x, u) QX R. Moreover, we assume that there exists functions A;;=CYQ)
such that

(1) lim a;;(x, u)=A;;(x)
1% |—o0
and
(ii) lim D,a,(x, u)=D,A;;(x)
| U | =00
(¢, j=1, ---, n) uniformly on Q. Let ¢=L=(@Q) and let {¢.} be a sequence of

C'(@Q)-functions such that
: . 2 _
lim | [6(0—ga(0)]dS,= 0.
For each k£ the Dirichlet problem
— 3 Daux, wDa)+e(xu=1f(x| in Q,

u(x)=|g«(x) on dQ,
has a solution @,=W"(Q)N\L=(Q), which by the maximum principle in non
negative on Q. Since g(x, @,)=0 on Q, @, is a supersolution of the problem
(1), (2). A subsolution ¥, is determined as a solution of the problem

— 35, Dilaux, wDa)+c(xu=—1f(x| in Q

i 1

-~ u(x)=—|¢x(x)| on 0Q.

As in one can show that the sequences {®,} and {¥,} are bounded in
W' 1(Q). We sketch the proof of this fact here for {@,}. Using as a test
function

{@k(x)(p(x)—é) xr=Qs,
v(x)=
0 on Q—Q;,

integrating by parts and letting 6—0, we get
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SQ ; ]2;1 aij(x, (Dk)Di(Dij(kadx

1 n (0 1 n (0l
———Z—SQ i.%lgo ay(x, s)dsD;pD;pdS,+ 7&2 2, So a;i(x,s)dsD0dx

n (D% .
+SQ i'jzllgu Diai(x, s)dsDjpdx—~SQc(x)®kpdx+SQ|f(x)|¢kpdx .

It is now clear that to show the boundedness of {@,} in W"%Q) it is sufficient

to show that this sequence is bounded in L% Q). In the contrary case we may

assume that lim_.||@llzecy=0c0. Letting v,=@ @72, the above identity

shows that {vs} is bounded in W*%Q). Since W"¥Q) is compactly embedded

in L*Q) (see [16]), we may assume that v,—v weakly in W’”(Q), strongly in

L*Q) and a.e. on Q. As in we can show that v satisfies the equation
-, %}1 Di(A;;(x)Dv)+c(x)v=0 in @ .

Ji=
According to or [4], v must have trace {=L*0Q), in the sense that v(x,)
—{ in L*0Q) as 0—0. It is now a routine to show that {=0 on 0Q, that is,
veW™*Q). Since ¢=0 on Q we get v=0, and this contradicts the fact that
lvlzecgy=1. If we additionally assume that D,a;;€L(QXR) (i, j=1, ---, n)
then @,cW*=(Q) for each k.

It is worth mentioning that Theorem 1 is closely related to Theorem 2
from [7]. However, applying the latter to our example, we can only conclude

the existence of a solution for ¢< L=(0Q) with small norm and some additional
restriction on the coefficient c.

4. Nonnegative solutions.

The objective of this section is to establish the existence of nonnegative
solutions. To achieve this we assume the existence of nonnegative subsolutions
and supersolutions. This assumption allows to consider the quasilinear equa-
tions with the coefficients a;; depending also on Du.

In this section we assume that the coefficients a;;(x, u, p) (7, 7=1, -+, n)
are defined and continuous on QX RX R, and satisfy the ellipticity condition
from Section 2 (see asumption (A)). The functions a;;(x, u, 0) have bounded
partial derivatives D;a;(x, u, 0) on QX R (¢, j=1, -+, n) and moreover

A ..
(18) 1aij(x; u, p)'—aij(x: u, 0)' gm (Z, J:]-; Tty n)

for all (x, u, p)€@QXRXR, and for some constant A>0. The nonlinearity
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satisfies the assumption (B) from Section (2).
We derive here the existence result for the Dirichlet problem

(19) -, j2=]l (Dja;(x, u, Du)Du)4c(x)u=b(x, u, Du) in Q,

(20) u(x)=¢(x) on aqQ.

To proceed further we observe first that Lemma 1 continues to hold for weak
solutions u Wik (Q) of [(19) satisfying the condition (5) of Lemma 1. Indeed,
using the same test function as in the proof of Lemma 1 we arrive at the
identity

SGQB i‘f—il 0 ”(x’ 5 O)SdSD“ODjpdS

”IS"”’ai,-(x, s, 0)sdsD;,pdx

0

Qs tJ

+ jZn_ a;(x, u, Du)D;uDsu(p—0d)dx

L
=
SQ& 7= 1S:(I)D‘aif(x' s, 0)sdsD;pdx
)
+|

Zn La:fx, u, Du)—a,;(x, u, 0)]JD,uuD;pdx
W=

+S%c(x)uz(p——(i)dx—s%b(x, u, Du)u(p—3ad)dx .

By virtue of the assumption [I8) the fourth integral on the right side can be
estimated by

sup | |u(x)|*dS.<oo .

0<8s01J0Q;5
Repeating the argument of the proof of Lemma 1 (see also Theorem 1 in [5])
one can show that there exists {< L%*0dQ) such that lim,MSaq[u(xa)—C(x)]zde
=0.
THEOREM 2. Suppose that c(x)=co, on Q for some ¢,>0. Let ¢ be a non-
negative function in L>(0Q) and suppose that there exists a sequence of C'(0Q)-
functions {¢,} with lim,,mgaq[gbk(x)—gb(x)]zdsx=O ana such that for each k the
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Dirichlet problem [19), [20) with ¢=¢, admits a subsolution @, and a supersolu-
tion ¥, in Wh(Q) satisfying 0@ (x)S¥ (x) on Q for each k. Moreover we
suppose that the sequence {¥',} is locally uniformly bounded in L=(Q). Then the
problem [(19), admits a solution usW2(Q) satisfying the estimate

21 SQ | Du(x)|2eT“®p(x)dx —}—SQu(x)e“““r(x)dx

-l—sups e"“"”dSngIS TID IS, + M,
0628,J0Q; 39

for some constants M,>0, M,>0 and 0<d=0,.

PrOOF. The proof is similar to that of Theorem 1. We only give the
proof of the analogue of the energy estimate (16).

Let {¢,} be sequence of C'(@Q)-functions satisfying the hypotheses of the
theorem. According of Theorem 2.1 in [1] for each % the Dirichlet problem
(19), (20), with ¢=¢, admits a solution usW"*(Q)NL=(Q) such that

Dr(x)Sup(x)<¥i(x) on Q.

Taking as a test function
v(x)=e'"*® p(x)

for some t>0 we obtain

(22) tSQ iji_laij(x, Upg, Duk)Diuijuke“‘kpdx

a;(x, ug, 0)D;ure'™+*D;pdx

1

e

+a.

+SQ ”ﬁ: Ca(x, uy, Dup)—aix, up, 0)1D;ue***D;pdx

1
+chuke‘”kpdngqb(x, Up, Duglet tpdx .

Let us denote the first three integrals on the left side by J,, /. and J;, respec--
tively. We then have

(23) Jiztr| | Dusfrerpdx
and by the assumption (18)
(24) | Js| < An® sup | Do(x)| | et*rdx.

Integrating by parts we obtain
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¢
(25) jzz—SaQ iEISO ka“-(x, s, 0)e**dsD;pD;pdx
—SQ py S:kDiaij(x, s, 0)et*dsD;pdx

—SQ ,él S:kdij(X, s, 0e*dsD;;pdx .

.

It follows from [22), [23). [(24) and [25) that

(tT"—B)SQlDu,,lze‘“kpdx—f— c—°S uret*rpdx

2J)e
grt“g t%rdS, + c,S oturd x
aQ Q

for some C,>0 independent of f. Similarly using as a test function

et ¥ ®(p(x)—0d) on Q,
u(x)=
0 on Q—-Qa N
we arrive at the estimate

sup SaQe‘“dexg Czl:gql Du, |2e“‘kpdx+SQuke‘“kpdx+SQe‘“kpdx1

0<5 561

for some C,>0 independent of ¢. Finally, using Lemma 2, we deduce from the
last two estimates, as in the proof of Theorem 1, the estimate [(2I).

REMARK. If b(x,0,0)<0 on @, then we can take @,=0 (k=1, 2, ---) as
subsolutions and to guarantee the existence of a nontrivial solution we can
assume that either b(x, 0, 0) or ¢ is not identically equal to 0.

We conclude this section with the following comment. Theorem 1, unlike
Theorem 2, has been proved for the equation (1) with the coefficients a,; inde-
pendent of Du. Comparing the proofs of these theorems we see that the de-
pendence of a;; on Du would lead, in the derivation of the energy estimate
(16), to an extra term

SQ LJZZI Lai(x, u, Du)—a.(x, u, 0)]Duue'**D;pdx .

Assuming (18), this term can be estimated by nzqulule“‘zdx and we were

unable to get the estimate (16) in this situation.
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5. The Dirichlet preblem with L*-boundary data.

In this section we extend our method to solve the problem (1), (2) with
o= L*0Q). However, we must introduce more restrictive assumptions on the
nonlinearity b. We consider the equation (1) with ¢(x)=0 on @, that is,

() — 33 Di(ay(x, WDa)+b(x, u, D=0 in Q,

with the boundary condition (2), where ¢g<= L%0Q).
We assume that b(x, u, p) satisfies the Carathéodory conditions and

(29) o(x, u, PII=f(X)+B(lul+1p])

for all (x, u, p)=eQXRXR,, where f=L*Q) and B>0 is a constant.

We point out here that, according to Theorem 1 in [5], if u is a solution
in W’"Z(Q) of (1’) then there exists {< L?0Q) such that (6) holds. Obviously
this result justifies our approach to the problem (2) with the boundary
condition (2) understood by the relation (6).

THEOREM 3. Let ¢<=L*0Q) and suppose that there exists a sequence of
CY0Q)-functions {@r} such that limkmgaq[qik(x)—-gﬁ(x)jzdsx=0 and such that for

each k the Dirichlet problem [I7), (2), with ¢=¢., admits a subsolution @, and a
supersolution ¥, in W+=(Q) satisfying @ (x)<¢(x)ST (x) on Q. Moreover, we
assume that both sequences {@,} and {¥,} are locally uniformly bounded in
L=(Q). Then the problem [1°), (2) admits a solution ucsW Q) satisfying the
estimate

@7) SQ|Du(x)|2r(x)dx+gqu(x)2dx—l— sup Sa%u(x)zde

000,
<M $(x)dS+ M,
for some constants M,>0, M,>0 and 0<8,<0,.

PROOF. The proof is similar to the proofs of Theorem 1 and 2. We only
change test functions. First, it follows from [1] that for each %2 the problem
(1), (2), with u(x)=¢.(x) on dQ, has a solution u,=W*¥Q)"\L=(Q) such that

Dp()Sup(x)STh(x) on Q.

Taking v(x)=u.(x)p(x) as a test function we obtain, integrating by parts, that
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n 1 n ¢122
SQ § a;fx, uk)Diuiju,,pdx——z—SaQ L%}}So a;ix, s)dsD;pD;pdS,

+|, 2 Suga”-(x, s)dsDypdx

Q i, j=1Jo0
1 n u%
+_2~SQ i.jz.—_l So Diaij(x’ s)dSDipdx—SQb(x) Up, Duk)ukpdx

Using the ellipticity, (6) and the Young inequality we arrive at the estimate

28) SQIDuk | pdxgcl[saq %de-{—Squidx +Sqf2dx —I—Squ%pdx] :
where C,>0 is a constant. Similarly the use of the test function

{ up(x)p(x)—8) on Q;,
v(x)=

0 on Q—Q;,
yields the estimate

(29) sup S

0050y

< 2 2 2 2
aQ:CZD.‘ZIDu,@I pdx +SQukdx +SQu,,pdx+Sqf dx] )

The estimates and combined together give

(30) SqlDuk I20dx+ sup Sa%ugds,gcs[gqu%dx +SQu?.pdx+SQ dex]

0056,

for some constant C,>0. We now observe that for each —1<p=<1 we have
1+

h
2 " . 2 2
SQukp#de 1z ogyspalgaQ5udeI+S95lukp#dx

5{+/1 S
< A 2dS.+M ",
S Ly oS ke Mmpax 0

where M=supk;,supQ51uk(x)2. Hence taking 9, sufficiently small we get from

that

(31) SqlDukIZpdx—i— sup

000,

S uzdsxgag 24S,+Cs
Q5 Q

for some constants C,>0 and C;>0. On the other hand, according to Lemma
1 in [4], we have for 0<d<4d,/2

S uidegK[S uidx+dg uidSm‘—dS lDukl2pdx],
Qs Q ) Q

b Q

for all 0<6<d, where K>0 is a constant independent of %2, §, d and 4,. Com-
bining this with the estimate we obtain [27). The estimate shows
that the sequence {u;} is bounded in W% Q). Consequently we may assume
that u, converges weakly in W'2(Q) to a function u. By virtue of Theorem
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14.11 in we may also assume that u, converges to u in L% Q) and a.e. on
Q. It is clear that u is a solution of (1’). By Theorem 2 in u has a trace
e L*0Q) in the sense of the L2-convergence (see (6)). It is now a routine to
show that {=¢ a.e. on dQ (for more details see the proof of Theorem 3 in [5]).

Remark. Examination of the proof of Theorem 3 shows that the assump-
tion (26) on the growth of the nonlinearity » can be replaced by

|b(x, u, P)I=f(x)+Br(x)"*|pl+r(x)flul|)

for all (x, u, p)EQXRXR,, where a and B are constants such that 0<a<1
and 0<B<2.
We close up this paper with an example illustrating the use of Theorem 3.

Let

b(x, u, Du)=f(x)—~/'|Du*+1g(u)F(x),
where fp??cL*Q) for some 2<60<3, F is a measurable function such that
|F(x)| <Br(x)~® on Q with 0<a<1 and g= L>(R) with g(u)u=0 on R. We
assume that a,; satisfy the conditions (i) and (ii) (see the example following

Theorem 1) and moreover D,a;;=L>(QXR). Let {¢,} be a C'-sequence con-
verging to ¢ in L%*0Q). Since f, in general, is not in L*Q), we take a

sequence {f;} in L=(Q) such that SQ %p”dxﬁSszp”dx as [—oco. First, we

consider for each /=1 the Dirichlet problem
(32) —iﬁ Dy(a.(x, w)Da)+bi(x, u, Du)=0 in
» j=1

(33) u(x)=¢(x) 0Q,

where b,(x, u, Du)=f,(x)—+/|Du|*+1g(u)F(x). To solve the problem (32),
we construct a sequence of supersolutions {¥}} (subsolutions {@}}) obtained as
solutions of the Dirichlet problem

—iélDf(aﬁ(x, wDu)=|f(x)| in Q, (resp. —|[fu(x)])

u(x)=¢u(x) on dQ. resp. —|pu(x)|

Using the assumptions (1) and (i1) we can show that {®@}} and {¥'}} are bounded
in WxQ) independently of 2 and [. Moreover, both sequences are locally
uniformly bounded in L>(Q). By Theorem 3 for each / the problem (32),
has a solution u,=W'%(Q). It is clear that we may assume that lim,_.04x)
=@, and lim;_.ZXx)=T(x) a.e. on Q@ with {@;} and {¥,} bounded in L2(Q).
We also have for each [
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¢l(x)§ul(x)§wl(x) a.e. on Q .

Using this inequality and repeating the estimates from the proof Theorem 3

one can show that

SQ | Du Igpdx—}-SQu%dx—i— sup Saqu?degM,(Saq¢2dSI+Sszp"dx>+M2

03538,

for some constants M,>0, M,>0 and §,>0. Obviously this estimate implies the
solvability of the problem (32), with b replaced by b,.
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